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Introduction  
and motivation



Thermal relaxation in quantum systems

!e process of relaxation to thermal equilibrium is a 
part of our everyday experience. 

However, it is not always clear how macroscopic phenomena 
emerge microscopic/quantum-mechanical details.

Microscopic laws are time-reversal invariant. 
But, thermodynamic laws aren’t.

How does this irreversible behaviour emerge microscopically? 
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Microstates and thermalization

A single, pure, energy eigenstate may be good enough to  
reproduce thermodynamics. 

Criterion: Eigenstate !ermalization Hypothesis (ETH) 
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Microstates and thermalization

A single, pure, energy eigenstate may be good enough to  
reproduce thermodynamics. 

Criterion: Eigenstate !ermalization Hypothesis (ETH) 

Equilibrium

Fluctuations

PureMixed



Spreading of quantum information

Another route to understand thermalization: 
explore how information/entanglement spreads in a system. 

Information once stored in simple local operators scrambles 
into a large number of degrees of freedom at later times. 

!is phenomenon is called operator growth.  
‘Simple operators grow into ones with higher complexity.’
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Let O be a simple local operator and  
the Hamiltonian has few-body 

interactions.  
 

However, the effect of the operator spreads  
throughout the system at late times. 

Operator growth

Consider the Heisenberg evolution of a local operator

eiHt
O(0)e−iHt = O(0) + it[H,O(0)]−

t2

2
[H, [H,O(0)]]−

it3

6
[H, [H, [H,O(0)]]] + · · · .
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Operator growth

Let O be a simple local operator and  
the Hamiltonian has few-body 

interactions.  
 

However, the effect of the operator spreads  
throughout the system at late times. 
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O(t) ≡ eiLtO(0) L = [H, ∗]
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].

x

t

O(t = 0)

O(t)

Operator growth: an example
Chaotic Ising model

O = X1
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H =
X

i

(Zi · Zi+1 +BxXi +BzZi)
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13 terms

Liouvillian
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… increasingly large superpositions of Pauli strings.

How does this operator grow?



How to measure this growth?

A concrete way to diagnose this growth is to 
consider out-of-time-ordered correlators (OTOCs). 

!is object shows an exponential growth,  
showing the inability of the evolved operator to commute with 

other simple operators.

!N:6-:'#.:8+(#.0#,8+%:.F3,->*4/%:#21

h[O(t),W (0)]2iβ ⇠ ✏e
λLt

<latexit sha1_base64="72MT3Fe0dXPr1XU0xy83jsgLHbk="></latexit>

λL ≤
2π

β

<latexit sha1_base64="/br29Z+Ij8X6GrbVyz2FIWmxYik=">AAACCnicbVC7TsMwFHV4lvIKMLIYKiSmKqmKYKxgYWAoEn1ITRQ57k1r1XlgO0hVlJmFX2FhACFWvoCNv8FtM0DLkSwdnXOuru/xE86ksqxvY2l5ZXVtvbRR3tza3tk19/bbMk4FhRaNeSy6PpHAWQQtxRSHbiKAhD6Hjj+6mvidBxCSxdGdGifghmQQsYBRorTkmUcO1+E+8W6ww+EeO4EgNKs5CcszxwdFcs+sWFVrCrxI7IJUUIGmZ345/ZimIUSKciJlz7YS5WZEKEY55GUnlZAQOiID6GkakRCkm01PyfGJVvo4iIV+kcJT9fdERkIpx6GvkyFRQznvTcT/vF6qggs3Y1GSKojobFGQcqxiPOkF95kAqvhYE0IF03/FdEh0GUq3V9Yl2PMnL5J2rWrXq2e39UrjsqijhA7RMTpFNjpHDXSNmqiFKHpEz+gVvRlPxovxbnzMoktGMXOA/sD4/AEWrJqK</latexit>



How to measure this growth?

A concrete way to diagnose this growth is to 
consider out-of-time-ordered correlators (OTOCs). 

!is object shows an exponential growth,  
showing the inability of the evolved operator to commute with 

other simple operators.

!N:6-:'#.:8+(#.0#,8+%:.F3,->*4/%:#21

h[O(t),W (0)]2iβ ⇠ ✏e
λLt

<latexit sha1_base64="72MT3Fe0dXPr1XU0xy83jsgLHbk="></latexit>

λL ≤
2π

β

<latexit sha1_base64="/br29Z+Ij8X6GrbVyz2FIWmxYik=">AAACCnicbVC7TsMwFHV4lvIKMLIYKiSmKqmKYKxgYWAoEn1ITRQ57k1r1XlgO0hVlJmFX2FhACFWvoCNv8FtM0DLkSwdnXOuru/xE86ksqxvY2l5ZXVtvbRR3tza3tk19/bbMk4FhRaNeSy6PpHAWQQtxRSHbiKAhD6Hjj+6mvidBxCSxdGdGifghmQQsYBRorTkmUcO1+E+8W6ww+EeO4EgNKs5CcszxwdFcs+sWFVrCrxI7IJUUIGmZ345/ZimIUSKciJlz7YS5WZEKEY55GUnlZAQOiID6GkakRCkm01PyfGJVvo4iIV+kcJT9fdERkIpx6GvkyFRQznvTcT/vF6qggs3Y1GSKojobFGQcqxiPOkF95kAqvhYE0IF03/FdEh0GUq3V9Yl2PMnL5J2rWrXq2e39UrjsqijhA7RMTpFNjpHDXSNmqiFKHpEz+gVvRlPxovxbnzMoktGMXOA/sD4/AEWrJqK</latexit>

But.. can we quantify the growth  
without using additional probes?





The Lanczos algorithm



].

x

t

O(t = 0)

O(t)

Operator growth: an example
Chaotic Ising model

O = X1

<latexit sha1_base64="T25xWXkE1ijUHUjU7x4RKJ/HVqI=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUmkohuh6MadFewD2hAm02k7dDIJMxOlxH6KGxeKuPVL3Pk3TtostPXAwOGce7lnThBzprTjfFuFldW19Y3iZmlre2d3zy7vt1SUSEKbJOKR7ARYUc4EbWqmOe3EkuIw4LQdjK8zv/1ApWKRuNeTmHohHgo2YARrI/l2uRdiPSKYp7dTdIk6vuvbFafqzICWiZuTCuRo+PZXrx+RJKRCE46V6rpOrL0US80Ip9NSL1E0xmSMh7RrqMAhVV46iz5Fx0bpo0EkzRMazdTfGykOlZqEgZnMgqpFLxP/87qJHlx4KRNxoqkg80ODhCMdoawH1GeSEs0nhmAimcmKyAhLTLRpq2RKcBe/vExap1W3Vj27q1XqV3kdRTiEIzgBF86hDjfQgCYQeIRneIU368l6sd6tj/lowcp3DuAPrM8fGU6TPw==</latexit>

L = [H, ∗]

<latexit sha1_base64="5NgXh111Qe2RAgWpjbWN073Qv4E=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBZBREoiFd0IRTdduKhgH5CGMplO26GTBzMTsYT8ihsXirj1R9z5N07aLLT1wMDhnHu5Z44XcSaVZX0bhZXVtfWN4mZpa3tnd8/cL7dlGAtCWyTkoeh6WFLOAtpSTHHajQTFvsdpx5vcZn7nkQrJwuBBTSPq+ngUsCEjWGmpb5Z7PlZjgnlyl14jp3F26vbNilW1ZkDLxM5JBXI0++ZXbxCS2KeBIhxL6dhWpNwEC8UIp2mpF0saYTLBI+poGmCfSjeZZU/RsVYGaBgK/QKFZurvjQT7Uk59T09mSeWil4n/eU6shlduwoIoVjQg80PDmCMVoqwINGCCEsWnmmAimM6KyBgLTJSuq6RLsBe/vEza51W7Vr24r1XqN3kdRTiEIzgBGy6hDg1oQgsIPMEzvMKbkRovxrvxMR8tGPnOAfyB8fkDtlOTlA==</latexit>

Liouvillian

H =
X

i

(Zi · Zi+1 +BxXi +BzZi)

<latexit sha1_base64="uaU8h1fHB+/N7EuzwS1cD3EeICQ="></latexit>

… increasingly large superpositions of Pauli strings.

How does this operator grow?

LO = 2iY1Bz + 2iY1 · Z2

<latexit sha1_base64="g72CFq4Sf7Aq1uu+7u6a90yYNao=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0VQhJKUim6EUjcuBCvYhzYhTCaTdujkwcxEqKHf4MZfceNCEbeu3Pk3TtostHpg4HDOvdw5x40ZFdIwvrTC3PzC4lJxubSyura+oW9utUWUcExaOGIR77pIEEZD0pJUMtKNOUGBy0jHHZ5lfueOcEGj8FqOYmIHqB9Sn2IkleToB1aA5AAjll6ML0+rkMIbx4QN5/4w5xb2Iglvnaqjl42KMQH8S8yclEGOpqN/Wl6Ek4CEEjMkRM80YmmniEuKGRmXrESQGOEh6pOeoiEKiLDTSaQx3FOKB/2IqxdKOFF/bqQoEGIUuGoyCyBmvUz8z+sl0j+xUxrGiSQhnh7yEwZlBLN+oEc5wZKNFEGYU/VXiAeIIyxViyVVgjkb+S9pVytmrXJ0VSvXG3kdRbADdsE+MMExqINz0AQtgMEDeAIv4FV71J61N+19OlrQ8p1t8AvaxzdFlZtS</latexit>

2 terms

L
2
O =4BxY1 · Y2 − 4Z1BxBz − 4BxZ1 · Z2

+ 8BzX1 · Z2 + 4X1B
2

z
+ 4X1 · Z

2

2

<latexit sha1_base64="mwEQ0Rwk3NOty15owrs6uyOphgk="></latexit>

6 terms

L
3
O = − 24iBxBzX1 · Y2 − 8iBxBzY1 ·X2 − 8iBxX1 · Y2 · Z2

− 16iBxX1 · Z2 · Y2 − 8iBxY1 ·X2 · Z3 − 8iBxY1 · Z1 ·X2

+ 8iY1B
2

x
Bz + 16iB2

x
Y1 · Z2 + 16iB2

x
Z1 · Y2 + 24iB2

z
Y1 · Z2

+ 24iBzY1 · Z
2

2
+ 8iY1B

3

z
+ 8iY1 · Z

3

2

<latexit sha1_base64="+b6nHRGWVf0Ht5tWEcjDYSPOF3U="></latexit>

13 terms
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and
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O

O0 O1 O2 O3

b1 b2 b3

.

2
,

cients”

Lanczos algorithm

Note that the Liouvillian evolution gives us a set of operators

ce
)

O, LO, L2O, . . .

*

and
o orthogonalize

O
*

ze {O0, O1, O2, . . . }.

Krylov vectors/basis

orthogonalize

L|On−1) = bn|On) + bn−1|On−2)

<latexit sha1_base64="tAmCT8L7rINei7bE+23I6/YYixQ=">AAACRXicbZDNS8MwGMbT+TXnV9Wjl+AQFHG0Y6IXYejFg+AE9wHbKGmWbmFpWpJUGLX/nBfv3vwPvHhQxKumWxHdfCHw5Pm9L3nzuCGjUlnWs5Gbm19YXMovF1ZW19Y3zM2thgwigUkdBywQLRdJwigndUUVI61QEOS7jDTd4UXKm3dESBrwWzUKSddHfU49ipHSlmN2Oj5SA4xYfJXAe/hzu06cmB/ZCTyAZ9B1+AxLyaEmk66ZyXLKHbNolaxxwVlhZ6IIsqo55lOnF+DIJ1xhhqRs21aoujESimJGkkInkiREeIj6pK0lRz6R3XicQgL3tNODXiD04QqO3d8TMfKlHPmu7kx3ldMsNf9j7Uh5p92Y8jBShOPJQ17EoApgGinsUUGwYiMtEBZU7wrxAAmElQ6+oEOwp788Kxrlkl0pHd9UitXzLI482AG7YB/Y4ARUwSWogTrA4AG8gDfwbjwar8aH8TlpzRnZzDb4U8bXN++6sBM=</latexit>

action of the Liouvillian on the Krylov vectors

Lanczos coefficients

choose an 
inner product (A|B) = heHβ/2A†e−Hβ/2Biβ

IJ/7$,#*%:0#.*F,3=*"K*<:,0#,L&*%:60M

information 
compression
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.

2
,

cients”

Lanczos algorithm

Note that the Liouvillian evolution gives us a set of operators

ce
)

O, LO, L2O, . . .

*

and
o orthogonalize

O
*

ze {O0, O1, O2, . . . }.

Krylov vectors/basis

Liouvillian in the Krylov basis

orthogonalize

Lanczos  
coefficients

) =

0

B

B

B

B

B

@

0 b1 0 0 · · ·

b1 0 b2 0 · · ·

0 b2 0 b3 · · ·

0 0 b3 0
. . .

...
...

...
. . .

. . .

1

C

C

C

C

C

A

.
(O†

m
|L|On) =

<latexit sha1_base64="M+jwxKyS+TtoVao6Ud0u/d7nu3w=">AAACJHicbVDLSgMxFM34rPVVdekmWIS6KTNSURCh6MaFYAX7gLYOmUymDc1khiQjlOn4L278FTcufODCjd9i2g5iWw8EDuecS+49TsioVKb5ZczNLywuLWdWsqtr6xubua3tmgwigUkVBywQDQdJwignVUUVI41QEOQ7jNSd3sXQr98TIWnAb1U/JG0fdTj1KEZKS3butNDykepixOLrxI795K7lok6HiMGvfpXAAZxI8QQewIczO5c3i+YIcJZYKcmDFBU7995yAxz5hCvMkJRNywxVO0ZCUcxIkm1FkoQI91CHNDXlyCeyHY+OTOC+VlzoBUI/ruBI/TsRI1/Kvu/o5HBXOe0Nxf+8ZqS8k3ZMeRgpwvH4Iy9iUAVw2Bh0qSBYsb4mCAuqd4W4iwTCSvea1SVY0yfPktph0SoVj25K+fJ5WkcG7II9UAAWOAZlcAkqoAoweATP4BW8GU/Gi/FhfI6jc0Y6swMmYHz/AA69paY=</latexit>



O

O0 O1 O2 O3

b1 b2 b3

.

2
,

cients”

Lanczos algorithm

Note that the Liouvillian evolution gives us a set of operators

ce
)

O, LO, L2O, . . .

*

and
o orthogonalize

O
*

ze {O0, O1, O2, . . . }.

Krylov vectors/basis

The evolved state

orthogonalize

∂tϕn(t) = bnϕn−1(t)� bn+1ϕn+1(t)

)) =
X

n

inϕn(t)|On)|O(t)) = e
iLt|O)

<latexit sha1_base64="DfTE91VuI64pxegU7t3fB0WdQts=">AAACIXicbVDLSgMxFM3UV62vqks3wSK0mzIjFbsRim5cCFawD2jHkknTNjTzILkjlHF+xY2/4saFIt2JP2OmLWhbDwQO55xL7j1OILgC0/wyUiura+sb6c3M1vbO7l52/6Cu/FBSVqO+8GXTIYoJ7rEacBCsGUhGXEewhjO8SvzGI5OK+949jAJmu6Tv8R6nBLTUyZbxE267BAaUiOg2zkOhgC8we4j4r3wTY4jncwXcyebMojkBXibWjOTQDNVOdtzu+jR0mQdUEKValhmAHREJnAoWZ9qhYgGhQ9JnLU094jJlR5MLY3yilS7u+VI/D/BE/TsREVepkevoZLKkWvQS8T+vFUKvbEfcC0JgHp1+1AsFBh8ndeEul4yCGGlCqOR6V0wHRBIKutSMLsFaPHmZ1E+LVql4dlfKVS5ndaTRETpGeWShc1RB16iKaoiiZ/SK3tGH8WK8GZ/GeBpNGbOZQzQH4/sHPMaiWw==</latexit>

L|On−1) = bn|On) + bn−1|On−2)

<latexit sha1_base64="tAmCT8L7rINei7bE+23I6/YYixQ=">AAACRXicbZDNS8MwGMbT+TXnV9Wjl+AQFHG0Y6IXYejFg+AE9wHbKGmWbmFpWpJUGLX/nBfv3vwPvHhQxKumWxHdfCHw5Pm9L3nzuCGjUlnWs5Gbm19YXMovF1ZW19Y3zM2thgwigUkdBywQLRdJwigndUUVI61QEOS7jDTd4UXKm3dESBrwWzUKSddHfU49ipHSlmN2Oj5SA4xYfJXAe/hzu06cmB/ZCTyAZ9B1+AxLyaEmk66ZyXLKHbNolaxxwVlhZ6IIsqo55lOnF+DIJ1xhhqRs21aoujESimJGkkInkiREeIj6pK0lRz6R3XicQgL3tNODXiD04QqO3d8TMfKlHPmu7kx3ldMsNf9j7Uh5p92Y8jBShOPJQ17EoApgGinsUUGwYiMtEBZU7wrxAAmElQ6+oEOwp788Kxrlkl0pHd9UitXzLI482AG7YB/Y4ARUwSWogTrA4AG8gDfwbjwar8aH8TlpzRnZzDb4U8bXN++6sBM=</latexit>

wavefunctions

Discrete Schrödinger equation

<latexit sha1_base64="Gv0Od89BF5NpbUy+elaJTbeiZuw="></latexit>

ϕn(t = 0) = δn0



Lanczos algorithm: summary

We pick an operator and consider its Liouvillian evolution

ce
)

O, LO, L2O, . . .

*

and
o orthogonalize

O
*

ze {O0, O1, O2, . . . }.
Krylov basis Lanczos coefficients

{b1, b2, b3, . . . }

<latexit sha1_base64="vLzl2+6cOfvpBrE6cL3dvuqvpTE=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXJSS1Ioui25cVrAPaEKYTCft0MmDmRuhxC78FTcuFHHrb7jzb5y2WWjrgQuHc+5h7hw/EVyBZX0bhZXVtfWN4mZpa3tnd8/cP2irOJWUtWgsYtn1iWKCR6wFHATrJpKR0Bes449upn7ngUnF4+gexglzQzKIeMApAS155pGT+Z5d8b2anvOK049BYWfimWWras2Al4mdkzLK0fTMLx2lacgioIIo1bOtBNyMSOBUsEnJSRVLCB2RAetpGpGQKTeb3T/Bp1rp4yCWeiLAM/V3IiOhUuPQ15shgaFa9Kbif14vheDKzXiUpMAiOn8oSAWGGE/LwH0uGQUx1oRQyfWtmA6JJBR0ZSVdgr345WXSrlXtevXirl5uXOd1FNExOkFnyEaXqIFuURO1EEWP6Bm9ojfjyXgx3o2P+WrByDOH6A+Mzx8AzpTS</latexit>

{ϕ0,ϕ1,ϕ2, . . . }

<latexit sha1_base64="ON5NAGwnxP5Ivue0vGFssMkpeqs=">AAACEXicbZC7SgNBFIZn4y3G26qlzWAQUoSwGyJaBm0sI5gLZJdldjJJhsxemDkbCEtewcZXsbFQxNbOzrdxkqyiiT8MfPznHM6c348FV2BZn0ZubX1jcyu/XdjZ3ds/MA+PWipKJGVNGolIdnyimOAhawIHwTqxZCTwBWv7o+tZvT1mUvEovINJzNyADELe55SAtjyz5KTOmMh4yD2r/E32D1XLTi8ChZ2pZxatijUXXgU7gyLK1PDMDz1Kk4CFQAVRqmtbMbgpkcCpYNOCkygWEzoiA9bVGJKAKTedXzTFZ9rp4X4k9QsBz93fEykJlJoEvu4MCAzVcm1m/lfrJtC/dFMexgmwkC4W9ROBIcKzeHCPS0ZBTDQQKrn+K6ZDIgkFHWJBh2Avn7wKrWrFrlXOb2vF+lUWRx6doFNUQja6QHV0gxqoiSi6R4/oGb0YD8aT8Wq8LVpzRjZzjP7IeP8C5uudDw==</latexit>

wavefunctions

O0 O1 O2 O3

b1 b2 b3
ϕ0

<latexit sha1_base64="zLrXUPrIfFwT8iSJ9yoHJMduiMY=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKQY8BLx4jmIckS5idzCZD5rHMzAbCkq/w4kERr36ON//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj09aRqWa0CZRXOlOhA3lTNKmZZbTTqIpFhGn7Wh8N/fbE6oNU/LRThMaCjyULGYEWyc99SZYJyPW9/vlil/1F0DrJMhJBXI0+uWv3kCRVFBpCcfGdAM/sWGGtWWE01mplxqaYDLGQ9p1VGJBTZgtDp6hC6cMUKy0K2nRQv09kWFhzFRErlNgOzKr3lz8z+umNr4NMyaT1FJJlovilCOr0Px7NGCaEsunjmCimbsVkRHWmFiXUcmFEKy+vE5aV9Xgulp7uK7Ua3kcRTiDc7iEAG6gDvfQgCYQEPAMr/Dmae/Fe/c+lq0FL585hT/wPn8AotGQRA==</latexit>

ϕ1

<latexit sha1_base64="RvZCbXUVxRZYX8bT7b6SHsiMRUg=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKQY8BLx4jmIckS5idzCZD5rHMzAbCkq/w4kERr36ON//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj09aRqWa0CZRXOlOhA3lTNKmZZbTTqIpFhGn7Wh8N/fbE6oNU/LRThMaCjyULGYEWyc99SZYJyPWD/rlil/1F0DrJMhJBXI0+uWv3kCRVFBpCcfGdAM/sWGGtWWE01mplxqaYDLGQ9p1VGJBTZgtDp6hC6cMUKy0K2nRQv09kWFhzFRErlNgOzKr3lz8z+umNr4NMyaT1FJJlovilCOr0Px7NGCaEsunjmCimbsVkRHWmFiXUcmFEKy+vE5aV9Xgulp7uK7Ua3kcRTiDc7iEAG6gDvfQgCYQEPAMr/Dmae/Fe/c+lq0FL585hT/wPn8ApFWQRQ==</latexit>

ϕ2

<latexit sha1_base64="j1BbZKBhYKBmtvtqyyNXHczZBSQ=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9ktLXosePFYwX5Iu5Rsmm1Dk+ySZAtl6a/w4kERr/4cb/4b0+0etPXBwOO9GWbmBTFn2rjut1PY2t7Z3Svulw4Oj45PyqdnHR0litA2iXikegHWlDNJ24YZTnuxolgEnHaD6d3S786o0iySj2YeU1/gsWQhI9hY6WkwwyqesGFtWK64VTcD2iReTiqQozUsfw1GEUkElYZwrHXfc2Pjp1gZRjhdlAaJpjEmUzymfUslFlT7aXbwAl1ZZYTCSNmSBmXq74kUC63nIrCdApuJXveW4n9ePzHhrZ8yGSeGSrJaFCYcmQgtv0cjpigxfG4JJorZWxGZYIWJsRmVbAje+subpFOrevVq46FeaTbyOIpwAZdwDR7cQBPuoQVtICDgGV7hzVHOi/PufKxaC04+cw5/4Hz+AKXZkEY=</latexit>

ϕ3

<latexit sha1_base64="fRI8uyxPsG2l8Z4Xa0GOnResyyY=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9nVFj0WvHisYD+kXUo2zbahSXZJsoWy9Fd48aCIV3+ON/+N6XYP2vpg4PHeDDPzgpgzbVz32ylsbG5t7xR3S3v7B4dH5eOTto4SRWiLRDxS3QBrypmkLcMMp91YUSwCTjvB5G7hd6ZUaRbJRzOLqS/wSLKQEWys9NSfYhWP2eB6UK64VTcDWideTiqQozkof/WHEUkElYZwrHXPc2Pjp1gZRjidl/qJpjEmEzyiPUslFlT7aXbwHF1YZYjCSNmSBmXq74kUC61nIrCdApuxXvUW4n9eLzHhrZ8yGSeGSrJcFCYcmQgtvkdDpigxfGYJJorZWxEZY4WJsRmVbAje6svrpH1V9WrV+kOt0qjncRThDM7hEjy4gQbcQxNaQEDAM7zCm6OcF+fd+Vi2Fpx85hT+wPn8AaddkEc=</latexit>



Lanczos algorithm: summary

We pick an operator and consider its Liouvillian evolution

ce
)

O, LO, L2O, . . .

*

and
o orthogonalize

O
*

ze {O0, O1, O2, . . . }.
Krylov basis Lanczos coefficients

{b1, b2, b3, . . . }

<latexit sha1_base64="vLzl2+6cOfvpBrE6cL3dvuqvpTE=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXJSS1Ioui25cVrAPaEKYTCft0MmDmRuhxC78FTcuFHHrb7jzb5y2WWjrgQuHc+5h7hw/EVyBZX0bhZXVtfWN4mZpa3tnd8/cP2irOJWUtWgsYtn1iWKCR6wFHATrJpKR0Bes449upn7ngUnF4+gexglzQzKIeMApAS155pGT+Z5d8b2anvOK049BYWfimWWras2Al4mdkzLK0fTMLx2lacgioIIo1bOtBNyMSOBUsEnJSRVLCB2RAetpGpGQKTeb3T/Bp1rp4yCWeiLAM/V3IiOhUuPQ15shgaFa9Kbif14vheDKzXiUpMAiOn8oSAWGGE/LwH0uGQUx1oRQyfWtmA6JJBR0ZSVdgr345WXSrlXtevXirl5uXOd1FNExOkFnyEaXqIFuURO1EEWP6Bm9ojfjyXgx3o2P+WrByDOH6A+Mzx8AzpTS</latexit>

{ϕ0,ϕ1,ϕ2, . . . }

<latexit sha1_base64="ON5NAGwnxP5Ivue0vGFssMkpeqs=">AAACEXicbZC7SgNBFIZn4y3G26qlzWAQUoSwGyJaBm0sI5gLZJdldjJJhsxemDkbCEtewcZXsbFQxNbOzrdxkqyiiT8MfPznHM6c348FV2BZn0ZubX1jcyu/XdjZ3ds/MA+PWipKJGVNGolIdnyimOAhawIHwTqxZCTwBWv7o+tZvT1mUvEovINJzNyADELe55SAtjyz5KTOmMh4yD2r/E32D1XLTi8ChZ2pZxatijUXXgU7gyLK1PDMDz1Kk4CFQAVRqmtbMbgpkcCpYNOCkygWEzoiA9bVGJKAKTedXzTFZ9rp4X4k9QsBz93fEykJlJoEvu4MCAzVcm1m/lfrJtC/dFMexgmwkC4W9ROBIcKzeHCPS0ZBTDQQKrn+K6ZDIgkFHWJBh2Avn7wKrWrFrlXOb2vF+lUWRx6doFNUQja6QHV0gxqoiSi6R4/oGb0YD8aT8Wq8LVpzRjZzjP7IeP8C5uudDw==</latexit>

wavefunctions

(O†
n
|L|On−1) = bn

<latexit sha1_base64="NsUjL8KTzd2hmSF6Q5inIYCXvFE=">AAACKnicbVDLSgMxFM34rPVVdekmWIS6sMxIRTdC1Y0LwQr2AZ1xyKRpG5rJDElGKNP5Hjf+ipsulOLWDzFtB7GtBwKHc84l9x4vZFQq0xwZS8srq2vrmY3s5tb2zm5ub78mg0hgUsUBC0TDQ5IwyklVUcVIIxQE+R4jda93O/brL0RIGvAn1Q+J46MOp22KkdKSm7su2D5SXYxY/JC4MU+e7RbqdIgY/Or3CRzA2dSplcATCK88l0M3lzeL5gRwkVgpyYMUFTc3tFsBjnzCFWZIyqZlhsqJkVAUM5Jk7UiSEOEe6pCmphz5RDrx5NQEHmulBduB0I8rOFH/TsTIl7Lvezo53ljOe2PxP68ZqfalE1MeRopwPP2oHTGoAjjuDbaoIFixviYIC6p3hbiLBMJKt5vVJVjzJy+S2lnRKhXPH0v58k1aRwYcgiNQABa4AGVwByqgCjB4Be/gA3wab8bQGBlf0+iSkc4cgBkY3z92Nacy</latexit>

transition 
amplitudes

O0 O1 O2 O3

b1 b2 b3
ϕ0

<latexit sha1_base64="zLrXUPrIfFwT8iSJ9yoHJMduiMY=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKQY8BLx4jmIckS5idzCZD5rHMzAbCkq/w4kERr36ON//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj09aRqWa0CZRXOlOhA3lTNKmZZbTTqIpFhGn7Wh8N/fbE6oNU/LRThMaCjyULGYEWyc99SZYJyPW9/vlil/1F0DrJMhJBXI0+uWv3kCRVFBpCcfGdAM/sWGGtWWE01mplxqaYDLGQ9p1VGJBTZgtDp6hC6cMUKy0K2nRQv09kWFhzFRErlNgOzKr3lz8z+umNr4NMyaT1FJJlovilCOr0Px7NGCaEsunjmCimbsVkRHWmFiXUcmFEKy+vE5aV9Xgulp7uK7Ua3kcRTiDc7iEAG6gDvfQgCYQEPAMr/Dmae/Fe/c+lq0FL585hT/wPn8AotGQRA==</latexit>

ϕ1

<latexit sha1_base64="RvZCbXUVxRZYX8bT7b6SHsiMRUg=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKQY8BLx4jmIckS5idzCZD5rHMzAbCkq/w4kERr36ON//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj09aRqWa0CZRXOlOhA3lTNKmZZbTTqIpFhGn7Wh8N/fbE6oNU/LRThMaCjyULGYEWyc99SZYJyPWD/rlil/1F0DrJMhJBXI0+uWv3kCRVFBpCcfGdAM/sWGGtWWE01mplxqaYDLGQ9p1VGJBTZgtDp6hC6cMUKy0K2nRQv09kWFhzFRErlNgOzKr3lz8z+umNr4NMyaT1FJJlovilCOr0Px7NGCaEsunjmCimbsVkRHWmFiXUcmFEKy+vE5aV9Xgulp7uK7Ua3kcRTiDc7iEAG6gDvfQgCYQEPAMr/Dmae/Fe/c+lq0FL585hT/wPn8ApFWQRQ==</latexit>

ϕ2

<latexit sha1_base64="j1BbZKBhYKBmtvtqyyNXHczZBSQ=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9ktLXosePFYwX5Iu5Rsmm1Dk+ySZAtl6a/w4kERr/4cb/4b0+0etPXBwOO9GWbmBTFn2rjut1PY2t7Z3Svulw4Oj45PyqdnHR0litA2iXikegHWlDNJ24YZTnuxolgEnHaD6d3S786o0iySj2YeU1/gsWQhI9hY6WkwwyqesGFtWK64VTcD2iReTiqQozUsfw1GEUkElYZwrHXfc2Pjp1gZRjhdlAaJpjEmUzymfUslFlT7aXbwAl1ZZYTCSNmSBmXq74kUC63nIrCdApuJXveW4n9ePzHhrZ8yGSeGSrJaFCYcmQgtv0cjpigxfG4JJorZWxGZYIWJsRmVbAje+subpFOrevVq46FeaTbyOIpwAZdwDR7cQBPuoQVtICDgGV7hzVHOi/PufKxaC04+cw5/4Hz+AKXZkEY=</latexit>

ϕ3

<latexit sha1_base64="fRI8uyxPsG2l8Z4Xa0GOnResyyY=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9nVFj0WvHisYD+kXUo2zbahSXZJsoWy9Fd48aCIV3+ON/+N6XYP2vpg4PHeDDPzgpgzbVz32ylsbG5t7xR3S3v7B4dH5eOTto4SRWiLRDxS3QBrypmkLcMMp91YUSwCTjvB5G7hd6ZUaRbJRzOLqS/wSLKQEWys9NSfYhWP2eB6UK64VTcDWideTiqQozkof/WHEUkElYZwrHXPc2Pjp1gZRjidl/qJpjEmEzyiPUslFlT7aXbwHF1YZYjCSNmSBmXq74kUC61nIrCdApuxXvUW4n9eLzHhrZ8yGSeGSrJcFCYcmQgtvkdDpigxfGYJJorZWxEZY4WJsRmVbAje6svrpH1V9WrV+kOt0qjncRThDM7hEjy4gQbcQxNaQEDAM7zCm6OcF+fd+Vi2Fpx85hT+wPn8AaddkEc=</latexit>



Lanczos algorithm: summary

We pick an operator and consider its Liouvillian evolution

ce
)

O, LO, L2O, . . .

*

and
o orthogonalize

O
*

ze {O0, O1, O2, . . . }.
Krylov basis Lanczos coefficients

{b1, b2, b3, . . . }

<latexit sha1_base64="vLzl2+6cOfvpBrE6cL3dvuqvpTE=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXJSS1Ioui25cVrAPaEKYTCft0MmDmRuhxC78FTcuFHHrb7jzb5y2WWjrgQuHc+5h7hw/EVyBZX0bhZXVtfWN4mZpa3tnd8/cP2irOJWUtWgsYtn1iWKCR6wFHATrJpKR0Bes449upn7ngUnF4+gexglzQzKIeMApAS155pGT+Z5d8b2anvOK049BYWfimWWras2Al4mdkzLK0fTMLx2lacgioIIo1bOtBNyMSOBUsEnJSRVLCB2RAetpGpGQKTeb3T/Bp1rp4yCWeiLAM/V3IiOhUuPQ15shgaFa9Kbif14vheDKzXiUpMAiOn8oSAWGGE/LwH0uGQUx1oRQyfWtmA6JJBR0ZSVdgr345WXSrlXtevXirl5uXOd1FNExOkFnyEaXqIFuURO1EEWP6Bm9ojfjyXgx3o2P+WrByDOH6A+Mzx8AzpTS</latexit>

{ϕ0,ϕ1,ϕ2, . . . }

<latexit sha1_base64="ON5NAGwnxP5Ivue0vGFssMkpeqs=">AAACEXicbZC7SgNBFIZn4y3G26qlzWAQUoSwGyJaBm0sI5gLZJdldjJJhsxemDkbCEtewcZXsbFQxNbOzrdxkqyiiT8MfPznHM6c348FV2BZn0ZubX1jcyu/XdjZ3ds/MA+PWipKJGVNGolIdnyimOAhawIHwTqxZCTwBWv7o+tZvT1mUvEovINJzNyADELe55SAtjyz5KTOmMh4yD2r/E32D1XLTi8ChZ2pZxatijUXXgU7gyLK1PDMDz1Kk4CFQAVRqmtbMbgpkcCpYNOCkygWEzoiA9bVGJKAKTedXzTFZ9rp4X4k9QsBz93fEykJlJoEvu4MCAzVcm1m/lfrJtC/dFMexgmwkC4W9ROBIcKzeHCPS0ZBTDQQKrn+K6ZDIgkFHWJBh2Avn7wKrWrFrlXOb2vF+lUWRx6doFNUQja6QHV0gxqoiSi6R4/oGb0YD8aT8Wq8LVpzRjZzjP7IeP8C5uudDw==</latexit>

wavefunctions

(O†
n
|L|On−1) = bn

<latexit sha1_base64="NsUjL8KTzd2hmSF6Q5inIYCXvFE=">AAACKnicbVDLSgMxFM34rPVVdekmWIS6sMxIRTdC1Y0LwQr2AZ1xyKRpG5rJDElGKNP5Hjf+ipsulOLWDzFtB7GtBwKHc84l9x4vZFQq0xwZS8srq2vrmY3s5tb2zm5ub78mg0hgUsUBC0TDQ5IwyklVUcVIIxQE+R4jda93O/brL0RIGvAn1Q+J46MOp22KkdKSm7su2D5SXYxY/JC4MU+e7RbqdIgY/Or3CRzA2dSplcATCK88l0M3lzeL5gRwkVgpyYMUFTc3tFsBjnzCFWZIyqZlhsqJkVAUM5Jk7UiSEOEe6pCmphz5RDrx5NQEHmulBduB0I8rOFH/TsTIl7Lvezo53ljOe2PxP68ZqfalE1MeRopwPP2oHTGoAjjuDbaoIFixviYIC6p3hbiLBMJKt5vVJVjzJy+S2lnRKhXPH0v58k1aRwYcgiNQABa4AGVwByqgCjB4Be/gA3wab8bQGBlf0+iSkc4cgBkY3z92Nacy</latexit>

transition 
amplitudes

∂tϕn(t) = bnϕn−1(t)� bn+1ϕn+1(t)
Schrödinger 

equation

O0 O1 O2 O3

b1 b2 b3
ϕ0

<latexit sha1_base64="zLrXUPrIfFwT8iSJ9yoHJMduiMY=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKQY8BLx4jmIckS5idzCZD5rHMzAbCkq/w4kERr36ON//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj09aRqWa0CZRXOlOhA3lTNKmZZbTTqIpFhGn7Wh8N/fbE6oNU/LRThMaCjyULGYEWyc99SZYJyPW9/vlil/1F0DrJMhJBXI0+uWv3kCRVFBpCcfGdAM/sWGGtWWE01mplxqaYDLGQ9p1VGJBTZgtDp6hC6cMUKy0K2nRQv09kWFhzFRErlNgOzKr3lz8z+umNr4NMyaT1FJJlovilCOr0Px7NGCaEsunjmCimbsVkRHWmFiXUcmFEKy+vE5aV9Xgulp7uK7Ua3kcRTiDc7iEAG6gDvfQgCYQEPAMr/Dmae/Fe/c+lq0FL585hT/wPn8AotGQRA==</latexit>

ϕ1

<latexit sha1_base64="RvZCbXUVxRZYX8bT7b6SHsiMRUg=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKQY8BLx4jmIckS5idzCZD5rHMzAbCkq/w4kERr36ON//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj09aRqWa0CZRXOlOhA3lTNKmZZbTTqIpFhGn7Wh8N/fbE6oNU/LRThMaCjyULGYEWyc99SZYJyPWD/rlil/1F0DrJMhJBXI0+uWv3kCRVFBpCcfGdAM/sWGGtWWE01mplxqaYDLGQ9p1VGJBTZgtDp6hC6cMUKy0K2nRQv09kWFhzFRErlNgOzKr3lz8z+umNr4NMyaT1FJJlovilCOr0Px7NGCaEsunjmCimbsVkRHWmFiXUcmFEKy+vE5aV9Xgulp7uK7Ua3kcRTiDc7iEAG6gDvfQgCYQEPAMr/Dmae/Fe/c+lq0FL585hT/wPn8ApFWQRQ==</latexit>

ϕ2

<latexit sha1_base64="j1BbZKBhYKBmtvtqyyNXHczZBSQ=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9ktLXosePFYwX5Iu5Rsmm1Dk+ySZAtl6a/w4kERr/4cb/4b0+0etPXBwOO9GWbmBTFn2rjut1PY2t7Z3Svulw4Oj45PyqdnHR0litA2iXikegHWlDNJ24YZTnuxolgEnHaD6d3S786o0iySj2YeU1/gsWQhI9hY6WkwwyqesGFtWK64VTcD2iReTiqQozUsfw1GEUkElYZwrHXfc2Pjp1gZRjhdlAaJpjEmUzymfUslFlT7aXbwAl1ZZYTCSNmSBmXq74kUC63nIrCdApuJXveW4n9ePzHhrZ8yGSeGSrJaFCYcmQgtv0cjpigxfG4JJorZWxGZYIWJsRmVbAje+subpFOrevVq46FeaTbyOIpwAZdwDR7cQBPuoQVtICDgGV7hzVHOi/PufKxaC04+cw5/4Hz+AKXZkEY=</latexit>

ϕ3

<latexit sha1_base64="fRI8uyxPsG2l8Z4Xa0GOnResyyY=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9nVFj0WvHisYD+kXUo2zbahSXZJsoWy9Fd48aCIV3+ON/+N6XYP2vpg4PHeDDPzgpgzbVz32ylsbG5t7xR3S3v7B4dH5eOTto4SRWiLRDxS3QBrypmkLcMMp91YUSwCTjvB5G7hd6ZUaRbJRzOLqS/wSLKQEWys9NSfYhWP2eB6UK64VTcDWideTiqQozkof/WHEUkElYZwrHXPc2Pjp1gZRjidl/qJpjEmEzyiPUslFlT7aXbwHF1YZYjCSNmSBmXq74kUC61nIrCdApuxXvUW4n9eLzHhrZ8yGSeGSrJcFCYcmQgtvkdDpigxfGYJJorZWxEZY4WJsRmVbAje6svrpH1V9WrV+kOt0qjncRThDM7hEjy4gQbcQxNaQEDAM7zCm6OcF+fd+Vi2Fpx85hT+wPn8AaddkEc=</latexit>



Lanczos algorithm: summary

We pick an operator and consider its Liouvillian evolution

ce
)

O, LO, L2O, . . .

*

and
o orthogonalize

O
*

ze {O0, O1, O2, . . . }.
Krylov basis Lanczos coefficients

{b1, b2, b3, . . . }

<latexit sha1_base64="vLzl2+6cOfvpBrE6cL3dvuqvpTE=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXJSS1Ioui25cVrAPaEKYTCft0MmDmRuhxC78FTcuFHHrb7jzb5y2WWjrgQuHc+5h7hw/EVyBZX0bhZXVtfWN4mZpa3tnd8/cP2irOJWUtWgsYtn1iWKCR6wFHATrJpKR0Bes449upn7ngUnF4+gexglzQzKIeMApAS155pGT+Z5d8b2anvOK049BYWfimWWras2Al4mdkzLK0fTMLx2lacgioIIo1bOtBNyMSOBUsEnJSRVLCB2RAetpGpGQKTeb3T/Bp1rp4yCWeiLAM/V3IiOhUuPQ15shgaFa9Kbif14vheDKzXiUpMAiOn8oSAWGGE/LwH0uGQUx1oRQyfWtmA6JJBR0ZSVdgr345WXSrlXtevXirl5uXOd1FNExOkFnyEaXqIFuURO1EEWP6Bm9ojfjyXgx3o2P+WrByDOH6A+Mzx8AzpTS</latexit>

{ϕ0,ϕ1,ϕ2, . . . }

<latexit sha1_base64="ON5NAGwnxP5Ivue0vGFssMkpeqs=">AAACEXicbZC7SgNBFIZn4y3G26qlzWAQUoSwGyJaBm0sI5gLZJdldjJJhsxemDkbCEtewcZXsbFQxNbOzrdxkqyiiT8MfPznHM6c348FV2BZn0ZubX1jcyu/XdjZ3ds/MA+PWipKJGVNGolIdnyimOAhawIHwTqxZCTwBWv7o+tZvT1mUvEovINJzNyADELe55SAtjyz5KTOmMh4yD2r/E32D1XLTi8ChZ2pZxatijUXXgU7gyLK1PDMDz1Kk4CFQAVRqmtbMbgpkcCpYNOCkygWEzoiA9bVGJKAKTedXzTFZ9rp4X4k9QsBz93fEykJlJoEvu4MCAzVcm1m/lfrJtC/dFMexgmwkC4W9ROBIcKzeHCPS0ZBTDQQKrn+K6ZDIgkFHWJBh2Avn7wKrWrFrlXOb2vF+lUWRx6doFNUQja6QHV0gxqoiSi6R4/oGb0YD8aT8Wq8LVpzRjZzjP7IeP8C5uudDw==</latexit>

wavefunctions

(O†
n
|L|On−1) = bn

<latexit sha1_base64="NsUjL8KTzd2hmSF6Q5inIYCXvFE=">AAACKnicbVDLSgMxFM34rPVVdekmWIS6sMxIRTdC1Y0LwQr2AZ1xyKRpG5rJDElGKNP5Hjf+ipsulOLWDzFtB7GtBwKHc84l9x4vZFQq0xwZS8srq2vrmY3s5tb2zm5ub78mg0hgUsUBC0TDQ5IwyklVUcVIIxQE+R4jda93O/brL0RIGvAn1Q+J46MOp22KkdKSm7su2D5SXYxY/JC4MU+e7RbqdIgY/Or3CRzA2dSplcATCK88l0M3lzeL5gRwkVgpyYMUFTc3tFsBjnzCFWZIyqZlhsqJkVAUM5Jk7UiSEOEe6pCmphz5RDrx5NQEHmulBduB0I8rOFH/TsTIl7Lvezo53ljOe2PxP68ZqfalE1MeRopwPP2oHTGoAjjuDbaoIFixviYIC6p3hbiLBMJKt5vVJVjzJy+S2lnRKhXPH0v58k1aRwYcgiNQABa4AGVwByqgCjB4Be/gA3wab8bQGBlf0+iSkc4cgBkY3z92Nacy</latexit>

transition 
amplitudes

)) =
X

n

inϕn(t)|On)|O(t)) = e
iLt|O)

<latexit sha1_base64="DfTE91VuI64pxegU7t3fB0WdQts=">AAACIXicbVDLSgMxFM3UV62vqks3wSK0mzIjFbsRim5cCFawD2jHkknTNjTzILkjlHF+xY2/4saFIt2JP2OmLWhbDwQO55xL7j1OILgC0/wyUiura+sb6c3M1vbO7l52/6Cu/FBSVqO+8GXTIYoJ7rEacBCsGUhGXEewhjO8SvzGI5OK+949jAJmu6Tv8R6nBLTUyZbxE267BAaUiOg2zkOhgC8we4j4r3wTY4jncwXcyebMojkBXibWjOTQDNVOdtzu+jR0mQdUEKValhmAHREJnAoWZ9qhYgGhQ9JnLU094jJlR5MLY3yilS7u+VI/D/BE/TsREVepkevoZLKkWvQS8T+vFUKvbEfcC0JgHp1+1AsFBh8ndeEul4yCGGlCqOR6V0wHRBIKutSMLsFaPHmZ1E+LVql4dlfKVS5ndaTRETpGeWShc1RB16iKaoiiZ/SK3tGH8WK8GZ/GeBpNGbOZQzQH4/sHPMaiWw==</latexit>

evolved 
state

∂tϕn(t) = bnϕn−1(t)� bn+1ϕn+1(t)
Schrödinger 

equation

O0 O1 O2 O3

b1 b2 b3
ϕ0

<latexit sha1_base64="zLrXUPrIfFwT8iSJ9yoHJMduiMY=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKQY8BLx4jmIckS5idzCZD5rHMzAbCkq/w4kERr36ON//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj09aRqWa0CZRXOlOhA3lTNKmZZbTTqIpFhGn7Wh8N/fbE6oNU/LRThMaCjyULGYEWyc99SZYJyPW9/vlil/1F0DrJMhJBXI0+uWv3kCRVFBpCcfGdAM/sWGGtWWE01mplxqaYDLGQ9p1VGJBTZgtDp6hC6cMUKy0K2nRQv09kWFhzFRErlNgOzKr3lz8z+umNr4NMyaT1FJJlovilCOr0Px7NGCaEsunjmCimbsVkRHWmFiXUcmFEKy+vE5aV9Xgulp7uK7Ua3kcRTiDc7iEAG6gDvfQgCYQEPAMr/Dmae/Fe/c+lq0FL585hT/wPn8AotGQRA==</latexit>

ϕ1

<latexit sha1_base64="RvZCbXUVxRZYX8bT7b6SHsiMRUg=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKQY8BLx4jmIckS5idzCZD5rHMzAbCkq/w4kERr36ON//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj09aRqWa0CZRXOlOhA3lTNKmZZbTTqIpFhGn7Wh8N/fbE6oNU/LRThMaCjyULGYEWyc99SZYJyPWD/rlil/1F0DrJMhJBXI0+uWv3kCRVFBpCcfGdAM/sWGGtWWE01mplxqaYDLGQ9p1VGJBTZgtDp6hC6cMUKy0K2nRQv09kWFhzFRErlNgOzKr3lz8z+umNr4NMyaT1FJJlovilCOr0Px7NGCaEsunjmCimbsVkRHWmFiXUcmFEKy+vE5aV9Xgulp7uK7Ua3kcRTiDc7iEAG6gDvfQgCYQEPAMr/Dmae/Fe/c+lq0FL585hT/wPn8ApFWQRQ==</latexit>

ϕ2

<latexit sha1_base64="j1BbZKBhYKBmtvtqyyNXHczZBSQ=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9ktLXosePFYwX5Iu5Rsmm1Dk+ySZAtl6a/w4kERr/4cb/4b0+0etPXBwOO9GWbmBTFn2rjut1PY2t7Z3Svulw4Oj45PyqdnHR0litA2iXikegHWlDNJ24YZTnuxolgEnHaD6d3S786o0iySj2YeU1/gsWQhI9hY6WkwwyqesGFtWK64VTcD2iReTiqQozUsfw1GEUkElYZwrHXfc2Pjp1gZRjhdlAaJpjEmUzymfUslFlT7aXbwAl1ZZYTCSNmSBmXq74kUC63nIrCdApuJXveW4n9ePzHhrZ8yGSeGSrJaFCYcmQgtv0cjpigxfG4JJorZWxGZYIWJsRmVbAje+subpFOrevVq46FeaTbyOIpwAZdwDR7cQBPuoQVtICDgGV7hzVHOi/PufKxaC04+cw5/4Hz+AKXZkEY=</latexit>

ϕ3

<latexit sha1_base64="fRI8uyxPsG2l8Z4Xa0GOnResyyY=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9nVFj0WvHisYD+kXUo2zbahSXZJsoWy9Fd48aCIV3+ON/+N6XYP2vpg4PHeDDPzgpgzbVz32ylsbG5t7xR3S3v7B4dH5eOTto4SRWiLRDxS3QBrypmkLcMMp91YUSwCTjvB5G7hd6ZUaRbJRzOLqS/wSLKQEWys9NSfYhWP2eB6UK64VTcDWideTiqQozkof/WHEUkElYZwrHXPc2Pjp1gZRjidl/qJpjEmEzyiPUslFlT7aXbwHF1YZYjCSNmSBmXq74kUC61nIrCdApuxXvUW4n9eLzHhrZ8yGSeGSrJcFCYcmQgtvkdDpigxfGYJJorZWxEZY4WJsRmVbAje6svrpH1V9WrV+kOt0qjncRThDM7hEjy4gQbcQxNaQEDAM7zCm6OcF+fd+Vi2Fpx85hT+wPn8AaddkEc=</latexit>



Lanczos algorithm: summary

We pick an operator and consider its Liouvillian evolution

ce
)

O, LO, L2O, . . .

*

and
o orthogonalize

O
*

ze {O0, O1, O2, . . . }.
Krylov basis Lanczos coefficients

{b1, b2, b3, . . . }

<latexit sha1_base64="vLzl2+6cOfvpBrE6cL3dvuqvpTE=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXJSS1Ioui25cVrAPaEKYTCft0MmDmRuhxC78FTcuFHHrb7jzb5y2WWjrgQuHc+5h7hw/EVyBZX0bhZXVtfWN4mZpa3tnd8/cP2irOJWUtWgsYtn1iWKCR6wFHATrJpKR0Bes449upn7ngUnF4+gexglzQzKIeMApAS155pGT+Z5d8b2anvOK049BYWfimWWras2Al4mdkzLK0fTMLx2lacgioIIo1bOtBNyMSOBUsEnJSRVLCB2RAetpGpGQKTeb3T/Bp1rp4yCWeiLAM/V3IiOhUuPQ15shgaFa9Kbif14vheDKzXiUpMAiOn8oSAWGGE/LwH0uGQUx1oRQyfWtmA6JJBR0ZSVdgr345WXSrlXtevXirl5uXOd1FNExOkFnyEaXqIFuURO1EEWP6Bm9ojfjyXgx3o2P+WrByDOH6A+Mzx8AzpTS</latexit>

{ϕ0,ϕ1,ϕ2, . . . }

<latexit sha1_base64="ON5NAGwnxP5Ivue0vGFssMkpeqs=">AAACEXicbZC7SgNBFIZn4y3G26qlzWAQUoSwGyJaBm0sI5gLZJdldjJJhsxemDkbCEtewcZXsbFQxNbOzrdxkqyiiT8MfPznHM6c348FV2BZn0ZubX1jcyu/XdjZ3ds/MA+PWipKJGVNGolIdnyimOAhawIHwTqxZCTwBWv7o+tZvT1mUvEovINJzNyADELe55SAtjyz5KTOmMh4yD2r/E32D1XLTi8ChZ2pZxatijUXXgU7gyLK1PDMDz1Kk4CFQAVRqmtbMbgpkcCpYNOCkygWEzoiA9bVGJKAKTedXzTFZ9rp4X4k9QsBz93fEykJlJoEvu4MCAzVcm1m/lfrJtC/dFMexgmwkC4W9ROBIcKzeHCPS0ZBTDQQKrn+K6ZDIgkFHWJBh2Avn7wKrWrFrlXOb2vF+lUWRx6doFNUQja6QHV0gxqoiSi6R4/oGb0YD8aT8Wq8LVpzRjZzjP7IeP8C5uudDw==</latexit>

wavefunctions

(O†
n
|L|On−1) = bn

<latexit sha1_base64="NsUjL8KTzd2hmSF6Q5inIYCXvFE=">AAACKnicbVDLSgMxFM34rPVVdekmWIS6sMxIRTdC1Y0LwQr2AZ1xyKRpG5rJDElGKNP5Hjf+ipsulOLWDzFtB7GtBwKHc84l9x4vZFQq0xwZS8srq2vrmY3s5tb2zm5ub78mg0hgUsUBC0TDQ5IwyklVUcVIIxQE+R4jda93O/brL0RIGvAn1Q+J46MOp22KkdKSm7su2D5SXYxY/JC4MU+e7RbqdIgY/Or3CRzA2dSplcATCK88l0M3lzeL5gRwkVgpyYMUFTc3tFsBjnzCFWZIyqZlhsqJkVAUM5Jk7UiSEOEe6pCmphz5RDrx5NQEHmulBduB0I8rOFH/TsTIl7Lvezo53ljOe2PxP68ZqfalE1MeRopwPP2oHTGoAjjuDbaoIFixviYIC6p3hbiLBMJKt5vVJVjzJy+S2lnRKhXPH0v58k1aRwYcgiNQABa4AGVwByqgCjB4Be/gA3wab8bQGBlf0+iSkc4cgBkY3z92Nacy</latexit>

transition 
amplitudes

)) =
X

n

inϕn(t)|On)|O(t)) = e
iLt|O)

<latexit sha1_base64="DfTE91VuI64pxegU7t3fB0WdQts=">AAACIXicbVDLSgMxFM3UV62vqks3wSK0mzIjFbsRim5cCFawD2jHkknTNjTzILkjlHF+xY2/4saFIt2JP2OmLWhbDwQO55xL7j1OILgC0/wyUiura+sb6c3M1vbO7l52/6Cu/FBSVqO+8GXTIYoJ7rEacBCsGUhGXEewhjO8SvzGI5OK+949jAJmu6Tv8R6nBLTUyZbxE267BAaUiOg2zkOhgC8we4j4r3wTY4jncwXcyebMojkBXibWjOTQDNVOdtzu+jR0mQdUEKValhmAHREJnAoWZ9qhYgGhQ9JnLU094jJlR5MLY3yilS7u+VI/D/BE/TsREVepkevoZLKkWvQS8T+vFUKvbEfcC0JgHp1+1AsFBh8ndeEul4yCGGlCqOR6V0wHRBIKutSMLsFaPHmZ1E+LVql4dlfKVS5ndaTRETpGeWShc1RB16iKaoiiZ/SK3tGH8WK8GZ/GeBpNGbOZQzQH4/sHPMaiWw==</latexit>

evolved 
state

∂tϕn(t) = bnϕn−1(t)� bn+1ϕn+1(t)
Schrödinger 

equation

So what?

O0 O1 O2 O3

b1 b2 b3
ϕ0

<latexit sha1_base64="zLrXUPrIfFwT8iSJ9yoHJMduiMY=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKQY8BLx4jmIckS5idzCZD5rHMzAbCkq/w4kERr36ON//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj09aRqWa0CZRXOlOhA3lTNKmZZbTTqIpFhGn7Wh8N/fbE6oNU/LRThMaCjyULGYEWyc99SZYJyPW9/vlil/1F0DrJMhJBXI0+uWv3kCRVFBpCcfGdAM/sWGGtWWE01mplxqaYDLGQ9p1VGJBTZgtDp6hC6cMUKy0K2nRQv09kWFhzFRErlNgOzKr3lz8z+umNr4NMyaT1FJJlovilCOr0Px7NGCaEsunjmCimbsVkRHWmFiXUcmFEKy+vE5aV9Xgulp7uK7Ua3kcRTiDc7iEAG6gDvfQgCYQEPAMr/Dmae/Fe/c+lq0FL585hT/wPn8AotGQRA==</latexit>

ϕ1

<latexit sha1_base64="RvZCbXUVxRZYX8bT7b6SHsiMRUg=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKQY8BLx4jmIckS5idzCZD5rHMzAbCkq/w4kERr36ON//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj09aRqWa0CZRXOlOhA3lTNKmZZbTTqIpFhGn7Wh8N/fbE6oNU/LRThMaCjyULGYEWyc99SZYJyPWD/rlil/1F0DrJMhJBXI0+uWv3kCRVFBpCcfGdAM/sWGGtWWE01mplxqaYDLGQ9p1VGJBTZgtDp6hC6cMUKy0K2nRQv09kWFhzFRErlNgOzKr3lz8z+umNr4NMyaT1FJJlovilCOr0Px7NGCaEsunjmCimbsVkRHWmFiXUcmFEKy+vE5aV9Xgulp7uK7Ua3kcRTiDc7iEAG6gDvfQgCYQEPAMr/Dmae/Fe/c+lq0FL585hT/wPn8ApFWQRQ==</latexit>

ϕ2

<latexit sha1_base64="j1BbZKBhYKBmtvtqyyNXHczZBSQ=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9ktLXosePFYwX5Iu5Rsmm1Dk+ySZAtl6a/w4kERr/4cb/4b0+0etPXBwOO9GWbmBTFn2rjut1PY2t7Z3Svulw4Oj45PyqdnHR0litA2iXikegHWlDNJ24YZTnuxolgEnHaD6d3S786o0iySj2YeU1/gsWQhI9hY6WkwwyqesGFtWK64VTcD2iReTiqQozUsfw1GEUkElYZwrHXfc2Pjp1gZRjhdlAaJpjEmUzymfUslFlT7aXbwAl1ZZYTCSNmSBmXq74kUC63nIrCdApuJXveW4n9ePzHhrZ8yGSeGSrJaFCYcmQgtv0cjpigxfG4JJorZWxGZYIWJsRmVbAje+subpFOrevVq46FeaTbyOIpwAZdwDR7cQBPuoQVtICDgGV7hzVHOi/PufKxaC04+cw5/4Hz+AKXZkEY=</latexit>

ϕ3

<latexit sha1_base64="fRI8uyxPsG2l8Z4Xa0GOnResyyY=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9nVFj0WvHisYD+kXUo2zbahSXZJsoWy9Fd48aCIV3+ON/+N6XYP2vpg4PHeDDPzgpgzbVz32ylsbG5t7xR3S3v7B4dH5eOTto4SRWiLRDxS3QBrypmkLcMMp91YUSwCTjvB5G7hd6ZUaRbJRzOLqS/wSLKQEWys9NSfYhWP2eB6UK64VTcDWideTiqQozkof/WHEUkElYZwrHXPc2Pjp1gZRjidl/qJpjEmEzyiPUslFlT7aXbwHF1YZYjCSNmSBmXq74kUC61nIrCdApuxXvUW4n9eLzHhrZ8yGSeGSrJcFCYcmQgtvkdDpigxfGYJJorZWxEZY4WJsRmVbAje6svrpH1V9WrV+kOt0qjncRThDM7hEjy4gQbcQxNaQEDAM7zCm6OcF+fd+Vi2Fpx85hT+wPn8AaddkEc=</latexit>





Bounds on 
operator growth



Growth properties of Lanczos coefficients

Operator growth can be characterized from  
growth of Lanczos coefficients. 
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∝
√
n

<latexit sha1_base64="pfm2wxFJFHjLLej7RIo0Jbz1rG0=">AAAB+HicdZDLSgMxFIYz9VbrpVWXboJFcDVkSlvbXdGNywr2Ap2hZNJMG5qZiUlGqEOfxI0LRdz6KO58GzNtBRX9IfDznXPIOb8vOFMaoQ8rt7a+sbmV3y7s7O7tF0sHh10VJ5LQDol5LPs+VpSziHY005z2haQ49Dnt+dPLrN67o1KxOLrRM0G9EI8jFjCCtUHDUtEVMhY6hq66lRoaUkZ2s1FH1QpENkKNCqobU0NO02lCx5BMZbBSe1h6d0cxSUIaacKxUgMHCe2lWGpGOJ0X3ERRgckUj+nA2AiHVHnpYvE5PDVkBINYmhdpuKDfJ1IcKjULfdMZYj1Rv2sZ/Ks2SHTQ8FIWiUTTiCw/ChIOzaFZCnDEJCWaz4zBRDKzKyQTLDHRJquCCeHrUvi/6VZsp2rXrqvl1sUqjjw4BifgDDjgHLTAFWiDDiAgAQ/gCTxb99aj9WK9Lltz1mrmCPyQ9fYJFXSTYw==</latexit>

∝
n

<latexit sha1_base64="pYBhI8KVn2Z5iDdO6ShNopTvgiY=">AAAB8nicdVDLSgMxFM34rPVVdekmWARXQ6a0td0V3bisYB8wHUomzbShmWRIMkIZ+hluXCji1q9x59+YaSuo6IHA4Zx7yT0nTDjTBqEPZ219Y3Nru7BT3N3bPzgsHR13tUwVoR0iuVT9EGvKmaAdwwyn/URRHIec9sLpde737qnSTIo7M0toEOOxYBEj2FjJHyRKJkZCCMWwVEZus1FH1QpELkKNCqpbUkNe02tCzyo5ymCF9rD0PhhJksZUGMKx1r6HEhNkWBlGOJ0XB6mmCSZTPKa+pQLHVAfZ4uQ5PLfKCEZS2ScMXKjfNzIcaz2LQzsZYzPRv71c/MvzUxM1goyJJDVUkOVHUcqhDZnnhyOmKDF8ZgkmitlbIZlghYmxLRVtCV9J4f+kW3G9qlu7rZZbV6s6CuAUnIEL4IFL0AI3oA06gAAJHsATeHaM8+i8OK/L0TVntXMCfsB5+wTjx5EE</latexit>



Operator growth hypothesis
!<:,0#,8O:38P2-3&(0/.8+':FF/-/8P6%=:.1

“In a chaotic quantum system, the Lanczos coefficients  
should grow as fast as possible.”

!e fastest growth is linear. 

!is implies an exponential growth  
of the “size” of the operator.

bn ≤ αn+O(1)

<latexit sha1_base64="z2LTAD7qq54TWC6m07D6FQ4Tiek=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0WoKCWRii6LbtxZwT6gCWEynbRDZyZxZiKU0K0bf8WNC0Xc+gfu/BunbRZaPXDhcM693HtPmDCqtON8WYWFxaXlleJqaW19Y3PL3t5pqTiVmDRxzGLZCZEijArS1FQz0kkkQTxkpB0OLyd++55IRWNxq0cJ8TnqCxpRjLSRAhuGgYAeI3fQQywZIO8YCngEM09yeD2uuIeBXXaqzhTwL3FzUgY5GoH96fVinHIiNGZIqa7rJNrPkNQUMzIueakiCcJD1CddQwXiRPnZ9JMxPDBKD0axNCU0nKo/JzLElRrx0HRypAdq3puI/3ndVEfnfkZFkmoi8GxRlDKoYziJBfaoJFizkSEIS2puhXiAJMLahFcyIbjzL/8lrZOqW6ue3tTK9Ys8jiLYA/ugAlxwBurgCjRAE2DwAJ7AC3i1Hq1n6816n7UWrHxmF/yC9fENFcmYBw==</latexit>



Analytic evidence
!<:,0#,8O:38P2-3&(0/.8+':FF/-/8P6%=:.1

Large-q SYK model

H
(q)

SYK
= i

q/2
X

1≤i1<i2<···<iq≤N

Ji1...iq
γi1

γi2
· · · γiq

1)!J /N
− . W

a O =
√
2γ1Single Majorana fermion operator:

b
SYK

n
=

(
J
p

2/q +O(1/q) n = 1

J
p

n(n− 1) + O(1/q) n > 1 ,

Lanczos coefficients

p

where J =
√
q 2(1−q)/2

J .
YK model follows th
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Numerical evidence
!<:,0#,8O:38P2-3&(0/.8+':FF/-/8P6%=:.1

cients in a variety of strongly in-

: H1 =
P

i
XiXi+1 + 0.709Zi +P
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0.9045Xi,

1
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i
0.2Yi,

ial operator O is energy
P

i

, H3 = H1 +
P

i
0.2ZiZi+1.

y density wave with momen-

Interacting spin-1/2 lattices



O0 O1 O2 O3

b1 b2 b3

Some physical intuition 

∂tϕn(t) = bnϕn−1(t)� bn+1ϕn+1(t)
Schrödinger 

equation
Schrödinger 

equation

0.5 1 5 10 50 100 500

n

0.0

0.2

0.4

0.6

ϕ
n

t = 0.5

t = 1.0

t = 1.5

t = 2.0

t = 2.5

t = 3.0
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delocalization of 
the operator



O0 O1 O2 O3

b1 b2 b3

Some physical intuition 
!Q:,E3.89:E/.32/'/8*

+(/,8+/.(:1
∂tϕn(t) = bnϕn−1(t)� bn+1ϕn+1(t)

Schrödinger 
equation

∂tϕ(x, t) + v(x)∂xϕ(x, t) +
1

2
v0(x)ϕ(x, t) = 0

d v(x) = 2εb(εn) = 2εbn.

e x = εn.

ome ϕ(x, t) = ϕn(t) aContinuum limit:

!is leads to a first-order wave equation

Lanczos coefficients provide local velocities for operator spreading.



O

O0 O1 O2 O3

b1 b2 b3

.

2
,

cients”

A measure of operator size

!<:,0#,8O:38P2-3&(0/.8+':FF/-/8P6%=:.1

)) =
X

n

inϕn(t)|On)|O(t)) = e
iLt|O)

<latexit sha1_base64="DfTE91VuI64pxegU7t3fB0WdQts=">AAACIXicbVDLSgMxFM3UV62vqks3wSK0mzIjFbsRim5cCFawD2jHkknTNjTzILkjlHF+xY2/4saFIt2JP2OmLWhbDwQO55xL7j1OILgC0/wyUiura+sb6c3M1vbO7l52/6Cu/FBSVqO+8GXTIYoJ7rEacBCsGUhGXEewhjO8SvzGI5OK+949jAJmu6Tv8R6nBLTUyZbxE267BAaUiOg2zkOhgC8we4j4r3wTY4jncwXcyebMojkBXibWjOTQDNVOdtzu+jR0mQdUEKValhmAHREJnAoWZ9qhYgGhQ9JnLU094jJlR5MLY3yilS7u+VI/D/BE/TsREVepkevoZLKkWvQS8T+vFUKvbEfcC0JgHp1+1AsFBh8ndeEul4yCGGlCqOR6V0wHRBIKutSMLsFaPHmZ1E+LVql4dlfKVS5ndaTRETpGeWShc1RB16iKaoiiZ/SK3tGH8WK8GZ/GeBpNGbOZQzQH4/sHPMaiWw==</latexit>

evolved 
state

KO(t) ≡
X

n

n|ϕn(t)|
2

Krylov complexity:  
average position in the 1d chain

!is quantity grows exponentially 
when .

<latexit sha1_base64="njUXshgH1iRYZEays4wDE8Btl+w="></latexit>

bn ∼ αn



Lanczos algorithm and symmetry
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<latexit sha1_base64="M+jwxKyS+TtoVao6Ud0u/d7nu3w=">AAACJHicbVDLSgMxFM34rPVVdekmWIS6KTNSURCh6MaFYAX7gLYOmUymDc1khiQjlOn4L278FTcufODCjd9i2g5iWw8EDuecS+49TsioVKb5ZczNLywuLWdWsqtr6xubua3tmgwigUkVBywQDQdJwignVUUVI41QEOQ7jNSd3sXQr98TIWnAb1U/JG0fdTj1KEZKS3butNDykepixOLrxI795K7lok6HiMGvfpXAAZxI8QQewIczO5c3i+YIcJZYKcmDFBU7995yAxz5hCvMkJRNywxVO0ZCUcxIkm1FkoQI91CHNDXlyCeyHY+OTOC+VlzoBUI/ruBI/TsRI1/Kvu/o5HBXOe0Nxf+8ZqS8k3ZMeRgpwvH4Iy9iUAVw2Bh0qSBYsb4mCAuqd4W4iwTCSvea1SVY0yfPktph0SoVj25K+fJ5WkcG7II9UAAWOAZlcAkqoAoweATP4BW8GU/Gi/FhfI6jc0Y6swMmYHz/AA69paY=</latexit>

L|On−1) = bn|On) + bn−1|On−2)

<latexit sha1_base64="tAmCT8L7rINei7bE+23I6/YYixQ=">AAACRXicbZDNS8MwGMbT+TXnV9Wjl+AQFHG0Y6IXYejFg+AE9wHbKGmWbmFpWpJUGLX/nBfv3vwPvHhQxKumWxHdfCHw5Pm9L3nzuCGjUlnWs5Gbm19YXMovF1ZW19Y3zM2thgwigUkdBywQLRdJwigndUUVI61QEOS7jDTd4UXKm3dESBrwWzUKSddHfU49ipHSlmN2Oj5SA4xYfJXAe/hzu06cmB/ZCTyAZ9B1+AxLyaEmk66ZyXLKHbNolaxxwVlhZ6IIsqo55lOnF+DIJ1xhhqRs21aoujESimJGkkInkiREeIj6pK0lRz6R3XicQgL3tNODXiD04QqO3d8TMfKlHPmu7kx3ldMsNf9j7Uh5p92Y8jBShOPJQ17EoApgGinsUUGwYiMtEBZU7wrxAAmElQ6+oEOwp788Kxrlkl0pHd9UitXzLI482AG7YB/Y4ARUwSWogTrA4AG8gDfwbjwar8aH8TlpzRnZzDb4U8bXN++6sBM=</latexit>

action of the Liouvillian on the Krylov vectors

Lanczos coefficients

It might be natural to think of the Liouvillian 
in terms of ladder operators.

L = α (L+ + L
−
)

αL+|On) = bn+1|On+1), αL
−
|On) = bn|On−1).



SL(2,R) symmetry
!O:R$%:8N:7:.8<:%,:=:./&1

[L0, L±1] = ⌥L
±1,

L = α (L
−1 + L1)

algebra Liouvillian

L0 |h, ni = (h+ n) |h, ni ,

L
−1 |h, ni =

p

(n+ 1)(2h+ n) |h, n+ 1i ,

L1 |h, ni =
p

n(2h+ n� 1) |h, n� 1i ,

|h, ni =

s

Γ(2h)

n!Γ(2h+ n)
L
n

−1 |hi

orthonormal states

[L1, L−1] = 2L0,

action of 
generators 



SL(2,R) symmetry
!O:R$%:8N:7:.8<:%,:=:./&1

[L0, L±1] = ⌥L
±1,

L = α (L
−1 + L1)

algebra Liouvillian

L0 |h, ni = (h+ n) |h, ni ,

L
−1 |h, ni =

p

(n+ 1)(2h+ n) |h, n+ 1i ,

L1 |h, ni =
p

n(2h+ n� 1) |h, n� 1i ,

|h, ni =

s

Γ(2h)

n!Γ(2h+ n)
L
n

−1 |hi

orthonormal states

[L1, L−1] = 2L0,

action of 
generators 

bn

<latexit sha1_base64="WnrpaD/1ACBtUbRjTFmovRvX/F8=">AAAB63icdVDLSgMxFM3UV62vqks3wSK4Kkmptt0V3bisYB/QDiWTZtrQJDMkGaEM/QU3LhRx6w+582/MtBVU9MCFwzn3cu89QSy4sQh9eLm19Y3Nrfx2YWd3b/+geHjUMVGiKWvTSES6FxDDBFesbbkVrBdrRmQgWDeYXmd+955pwyN1Z2cx8yUZKx5ySmwmBUMFh8USKiOEMMYwI7h2iRxpNOoVXIc4sxxKYIXWsPg+GEU0kUxZKogxfYxi66dEW04FmxcGiWExoVMyZn1HFZHM+Oni1jk8c8oIhpF2pSxcqN8nUiKNmcnAdUpiJ+a3l4l/ef3EhnU/5SpOLFN0uShMBLQRzB6HI64ZtWLmCKGau1shnRBNqHXxFFwIX5/C/0mnUsbV8sVttdS8WsWRByfgFJwDDGqgCW5AC7QBBRPwAJ7Asye9R+/Fe1225rzVzDH4Ae/tE+zFji8=</latexit>

|On)

<latexit sha1_base64="Q20hWRk1Y7bb8xYkSHbuKH4u32Y=">AAAB+HicdVDNSgMxGMzWv1p/uurRS7AIeimbUm17K3rxZgXbCu2yZNNsG5rNLklWqGufxIsHRbz6KN58G7NtBRUdCAwz38c3GT/mTGnH+bByS8srq2v59cLG5tZ20d7Z7agokYS2ScQjeeNjRTkTtK2Z5vQmlhSHPqddf3ye+d1bKhWLxLWexNQN8VCwgBGsjeTZxft+iPWIYJ5eTj1x7Nklp+w4DkIIZgTVTh1DGo16BdUhyiyDElig5dnv/UFEkpAKTThWqoecWLsplpoRTqeFfqJojMkYD2nPUIFDqtx0FnwKD40ygEEkzRMaztTvGykOlZqEvpnMUqrfXib+5fUSHdTdlIk40VSQ+aEg4VBHMGsBDpikRPOJIZhIZrJCMsISE226KpgSvn4K/yedShlVyydX1VLzbFFHHuyDA3AEEKiBJrgALdAGBCTgATyBZ+vOerRerNf5aM5a7OyBH7DePgEnMpNu</latexit>



SL(2,R) symmetry
!O:R$%:8N:7:.8<:%,:=:./&1

[L0, L±1] = ⌥L
±1,

L = α (L
−1 + L1)

algebra Liouvillian

L0 |h, ni = (h+ n) |h, ni ,

L
−1 |h, ni =

p

(n+ 1)(2h+ n) |h, n+ 1i ,

L1 |h, ni =
p

n(2h+ n� 1) |h, n� 1i ,

|h, ni =

s

Γ(2h)

n!Γ(2h+ n)
L
n

−1 |hi

orthonormal states

[L1, L−1] = 2L0,

action of 
generators 

bn

<latexit sha1_base64="WnrpaD/1ACBtUbRjTFmovRvX/F8=">AAAB63icdVDLSgMxFM3UV62vqks3wSK4Kkmptt0V3bisYB/QDiWTZtrQJDMkGaEM/QU3LhRx6w+582/MtBVU9MCFwzn3cu89QSy4sQh9eLm19Y3Nrfx2YWd3b/+geHjUMVGiKWvTSES6FxDDBFesbbkVrBdrRmQgWDeYXmd+955pwyN1Z2cx8yUZKx5ySmwmBUMFh8USKiOEMMYwI7h2iRxpNOoVXIc4sxxKYIXWsPg+GEU0kUxZKogxfYxi66dEW04FmxcGiWExoVMyZn1HFZHM+Oni1jk8c8oIhpF2pSxcqN8nUiKNmcnAdUpiJ+a3l4l/ef3EhnU/5SpOLFN0uShMBLQRzB6HI64ZtWLmCKGau1shnRBNqHXxFFwIX5/C/0mnUsbV8sVttdS8WsWRByfgFJwDDGqgCW5AC7QBBRPwAJ7Asye9R+/Fe1225rzVzDH4Ae/tE+zFji8=</latexit>

|On)

<latexit sha1_base64="Q20hWRk1Y7bb8xYkSHbuKH4u32Y=">AAAB+HicdVDNSgMxGMzWv1p/uurRS7AIeimbUm17K3rxZgXbCu2yZNNsG5rNLklWqGufxIsHRbz6KN58G7NtBRUdCAwz38c3GT/mTGnH+bByS8srq2v59cLG5tZ20d7Z7agokYS2ScQjeeNjRTkTtK2Z5vQmlhSHPqddf3ye+d1bKhWLxLWexNQN8VCwgBGsjeTZxft+iPWIYJ5eTj1x7Nklp+w4DkIIZgTVTh1DGo16BdUhyiyDElig5dnv/UFEkpAKTThWqoecWLsplpoRTqeFfqJojMkYD2nPUIFDqtx0FnwKD40ygEEkzRMaztTvGykOlZqEvpnMUqrfXib+5fUSHdTdlIk40VSQ+aEg4VBHMGsBDpikRPOJIZhIZrJCMsISE226KpgSvn4K/yedShlVyydX1VLzbFFHHuyDA3AEEKiBJrgALdAGBCTgATyBZ+vOerRerNf5aM5a7OyBH7DePgEnMpNu</latexit>

bn = α

p

n(2h+ n� 1)
n→∞

' αn

<latexit sha1_base64="V1iZLsbYSEGJnSoUArfRfTR/AQE="></latexit>

Lanczos 
coefficients



SL(2,R) symmetry
!O:R$%:8N:7:.8<:%,:=:./&1

[L0, L±1] = ⌥L
±1,

L = α (L
−1 + L1)

algebra Liouvillian

L0 |h, ni = (h+ n) |h, ni ,

L
−1 |h, ni =

p

(n+ 1)(2h+ n) |h, n+ 1i ,

L1 |h, ni =
p

n(2h+ n� 1) |h, n� 1i ,

|h, ni =

s

Γ(2h)

n!Γ(2h+ n)
L
n

−1 |hi

orthonormal states

[L1, L−1] = 2L0,

action of 
generators 

bn

<latexit sha1_base64="WnrpaD/1ACBtUbRjTFmovRvX/F8=">AAAB63icdVDLSgMxFM3UV62vqks3wSK4Kkmptt0V3bisYB/QDiWTZtrQJDMkGaEM/QU3LhRx6w+582/MtBVU9MCFwzn3cu89QSy4sQh9eLm19Y3Nrfx2YWd3b/+geHjUMVGiKWvTSES6FxDDBFesbbkVrBdrRmQgWDeYXmd+955pwyN1Z2cx8yUZKx5ySmwmBUMFh8USKiOEMMYwI7h2iRxpNOoVXIc4sxxKYIXWsPg+GEU0kUxZKogxfYxi66dEW04FmxcGiWExoVMyZn1HFZHM+Oni1jk8c8oIhpF2pSxcqN8nUiKNmcnAdUpiJ+a3l4l/ef3EhnU/5SpOLFN0uShMBLQRzB6HI64ZtWLmCKGau1shnRBNqHXxFFwIX5/C/0mnUsbV8sVttdS8WsWRByfgFJwDDGqgCW5AC7QBBRPwAJ7Asye9R+/Fe1225rzVzDH4Ae/tE+zFji8=</latexit>

|On)

<latexit sha1_base64="Q20hWRk1Y7bb8xYkSHbuKH4u32Y=">AAAB+HicdVDNSgMxGMzWv1p/uurRS7AIeimbUm17K3rxZgXbCu2yZNNsG5rNLklWqGufxIsHRbz6KN58G7NtBRUdCAwz38c3GT/mTGnH+bByS8srq2v59cLG5tZ20d7Z7agokYS2ScQjeeNjRTkTtK2Z5vQmlhSHPqddf3ye+d1bKhWLxLWexNQN8VCwgBGsjeTZxft+iPWIYJ5eTj1x7Nklp+w4DkIIZgTVTh1DGo16BdUhyiyDElig5dnv/UFEkpAKTThWqoecWLsplpoRTqeFfqJojMkYD2nPUIFDqtx0FnwKD40ygEEkzRMaztTvGykOlZqEvpnMUqrfXib+5fUSHdTdlIk40VSQ+aEg4VBHMGsBDpikRPOJIZhIZrJCMsISE226KpgSvn4K/yedShlVyydX1VLzbFFHHuyDA3AEEKiBJrgALdAGBCTgATyBZ+vOerRerNf5aM5a7OyBH7DePgEnMpNu</latexit>

bn = α

p

n(2h+ n� 1)
n→∞

' αn

<latexit sha1_base64="V1iZLsbYSEGJnSoUArfRfTR/AQE="></latexit>

Lanczos 
coefficients

!is agrees with SYK calculations 
using a more direct approach.

!<:,0#,8O:38P2-3&(0/.8+':FF/-/8P6%=:.1





What happens 
in 2d CFTs?



The situation with 2d CFTs

2d CFTs have an enlarged, infinite dimensional  
Virasoro symmetry. 

V
e

rm
a

 m
o

d
u

le

!ere are exact degeneracies from the descendants. 

Irrational CFTs (c>1) should 
thermalize, owing to black hole  
formation in the gravity dual. 

How do operators (e.g. primaries or stress tensor) grow?



Evolution protocol

!e standard CFT Hamiltonian is

Hcft =
2⇡

`

⇣

L0 + L̄0 −

c

24

⌘

<latexit sha1_base64="AeCZKW6sxSlm7Fb/G28zIA7boZU="></latexit>

(Quasi)primaries are eigenstates of the above Hamiltonian. 
!erefore, the time evolution is trivial. 

We pick a different evolution/driving protocol instead:

U(t) = e
iαt(L1+L

−1)

<latexit sha1_base64="sA8Jy2GUmMgV5SR45mI7AxhaGJI=">AAACF3icbVDLSgMxFM3UV62vqks3wSK0iGVGKroRim5cuKhgH9DWcidN29DMg+SOUIb5Czf+ihsXirjVnX9j+lho9UDC4Zx7Sc5xQyk02vaXlVpYXFpeSa9m1tY3Nrey2zs1HUSK8SoLZKAaLmguhc+rKFDyRqg4eK7kdXd4Ofbr91xpEfi3OAp524O+L3qCARqpky22PMABAxlXkzwW6Dnld7GgLZDhACjS/HUndpJDcx85SSHpZHN20Z6A/iXOjOTIDJVO9rPVDVjkcR+ZBK2bjh1iOwaFgkmeZFqR5iGwIfR501AfPK7b8SRXQg+M0qW9QJnjI52oPzdi8LQeea6ZHKfQ895Y/M9rRtg7a8fCDyPkPps+1IskxYCOS6JdoThDOTIEmBLmr5QNQAFDU2XGlODMR/5LasdFp1Q8uSnlyhezOtJkj+yTPHHIKSmTK1IhVcLIA3kiL+TVerSerTfrfTqasmY7u+QXrI9vASGd7w==</latexit>



Evolution protocol

U(t) = e
iαt(L1+L

−1)

<latexit sha1_base64="sA8Jy2GUmMgV5SR45mI7AxhaGJI=">AAACF3icbVDLSgMxFM3UV62vqks3wSK0iGVGKroRim5cuKhgH9DWcidN29DMg+SOUIb5Czf+ihsXirjVnX9j+lho9UDC4Zx7Sc5xQyk02vaXlVpYXFpeSa9m1tY3Nrey2zs1HUSK8SoLZKAaLmguhc+rKFDyRqg4eK7kdXd4Ofbr91xpEfi3OAp524O+L3qCARqpky22PMABAxlXkzwW6Dnld7GgLZDhACjS/HUndpJDcx85SSHpZHN20Z6A/iXOjOTIDJVO9rPVDVjkcR+ZBK2bjh1iOwaFgkmeZFqR5iGwIfR501AfPK7b8SRXQg+M0qW9QJnjI52oPzdi8LQeea6ZHKfQ895Y/M9rRtg7a8fCDyPkPps+1IskxYCOS6JdoThDOTIEmBLmr5QNQAFDU2XGlODMR/5LasdFp1Q8uSnlyhezOtJkj+yTPHHIKSmTK1IhVcLIA3kiL+TVerSerTfrfTqasmY7u+QXrI9vASGd7w==</latexit>

ξ = reiφ α
±
= ⌥e⌥iφ tanh(r) , α0 = �2 log cosh(r)

e(ξL−1�ξ̄L1)= eα−
L
−1eα0L0eα+L1=

We can decompose the action using the SL(2,R) algebra

On the plane, this is a combination of translations, 
dilatations and special conformal translations.



Evolution of primaries

U(t) = e
iαt(L1+L

−1)

<latexit sha1_base64="sA8Jy2GUmMgV5SR45mI7AxhaGJI=">AAACF3icbVDLSgMxFM3UV62vqks3wSK0iGVGKroRim5cuKhgH9DWcidN29DMg+SOUIb5Czf+ihsXirjVnX9j+lho9UDC4Zx7Sc5xQyk02vaXlVpYXFpeSa9m1tY3Nrey2zs1HUSK8SoLZKAaLmguhc+rKFDyRqg4eK7kdXd4Ofbr91xpEfi3OAp524O+L3qCARqpky22PMABAxlXkzwW6Dnld7GgLZDhACjS/HUndpJDcx85SSHpZHN20Z6A/iXOjOTIDJVO9rPVDVjkcR+ZBK2bjh1iOwaFgkmeZFqR5iGwIfR501AfPK7b8SRXQg+M0qW9QJnjI52oPzdi8LQeea6ZHKfQ895Y/M9rRtg7a8fCDyPkPps+1IskxYCOS6JdoThDOTIEmBLmr5QNQAFDU2XGlODMR/5LasdFp1Q8uSnlyhezOtJkj+yTPHHIKSmTK1IhVcLIA3kiL+TVerSerTfrfTqasmY7u+QXrI9vASGd7w==</latexit>

|O(t)i ⌘ eiα(L−1+L1)tO(0)|0i

!e action of this unitary on a primary is

Clearly, this will lead to a superposition of descendants 
from the primary’s Verma module. 

L = α (L
−1 + L1)



Evolution of primaries

U(t) = e
iαt(L1+L

−1)

<latexit sha1_base64="sA8Jy2GUmMgV5SR45mI7AxhaGJI=">AAACF3icbVDLSgMxFM3UV62vqks3wSK0iGVGKroRim5cuKhgH9DWcidN29DMg+SOUIb5Czf+ihsXirjVnX9j+lho9UDC4Zx7Sc5xQyk02vaXlVpYXFpeSa9m1tY3Nrey2zs1HUSK8SoLZKAaLmguhc+rKFDyRqg4eK7kdXd4Ofbr91xpEfi3OAp524O+L3qCARqpky22PMABAxlXkzwW6Dnld7GgLZDhACjS/HUndpJDcx85SSHpZHN20Z6A/iXOjOTIDJVO9rPVDVjkcR+ZBK2bjh1iOwaFgkmeZFqR5iGwIfR501AfPK7b8SRXQg+M0qW9QJnjI52oPzdi8LQeea6ZHKfQ895Y/M9rRtg7a8fCDyPkPps+1IskxYCOS6JdoThDOTIEmBLmr5QNQAFDU2XGlODMR/5LasdFp1Q8uSnlyhezOtJkj+yTPHHIKSmTK1IhVcLIA3kiL+TVerSerTfrfTqasmY7u+QXrI9vASGd7w==</latexit>

|O(t)i ⌘ eiα(L−1+L1)tO(0)|0i

!e action of this unitary on a primary is

Clearly, this will lead to a superposition of descendants 
from the primary’s Verma module. 

L = α (L
−1 + L1)

We need an orthogonal basis to track the evolution. 

<latexit sha1_base64="+PDJRQI5Ann+eof4F3yrNy/xxrM="></latexit>

hh|L2L
2

−1
|hi = 6h 6= 0

<latexit sha1_base64="SEqJYDV+GPV3Kr14iJFuAvbqDIY="></latexit>

hh|L3L
3

−1
|hi = 24h 6= 0

<latexit sha1_base64="gfY9yc4STPnjYP/sBCHyXq3QFU8="></latexit>

hh|L2L1L
3

−1
|hi = 10h 6= 0

Finite overlaps with non-global descendants.



!e Virasoro generators admit a differential operator realization 

!e ingredients can be thought of  
as creation and annihilation operators.

c = 1 + 24µ2

[an, a
†
n
] = 1

Can we get an orthogonal basis?
!<365:032>*S:=363-'(/032>*Q#&0#.8+"84,:$&1

l0 = h+
∞X
n=1

nun

∂

∂un

,

lk =
∞X
n=1

nun

∂

∂un+k

�
1

4

k−1X
n=1

∂2

∂un∂uk−n

+ (µk + iλ)
∂

∂uk

, k > 0 (

l−k =
∞X
n=1

(n+ k)un+k

∂

∂un

�
k−1X
n=1

n(k � n)unuk−n + 2k(µk � iλ)uk , k > 0 .

a
†
n
7! un an 7!

∂

∂un

<latexit sha1_base64="xirqAma6V4sQTOVUH3ucKn+KBRQ="></latexit>

h = µ
2 + λ2

<latexit sha1_base64="dIJvMjrsI1flW3KasNA2JKIHPPU=">AAAB/XicbVDLSgMxFM34rPU1PnZugkUQhDJTKroRim5cVrAP6ExLJpNpQ5PMkGSEOhR/xY0LRdz6H+78G9N2Ftp6IHA45x7uzQkSRpV2nG9raXlldW29sFHc3Nre2bX39psqTiUmDRyzWLYDpAijgjQ01Yy0E0kQDxhpBcObid96IFLRWNzrUUJ8jvqCRhQjbaSefTiAV9DjabcCzzxmciHqVnp2ySk7U8BF4uakBHLUe/aXF8Y45URozJBSHddJtJ8hqSlmZFz0UkUShIeoTzqGCsSJ8rPp9WN4YpQQRrE0T2g4VX8nMsSVGvHATHKkB2rem4j/eZ1UR5d+RkWSaiLwbFGUMqhjOKkChlQSrNnIEIQlNbdCPEASYW0KK5oS3PkvL5JmpexWy+d31VLtOq+jAI7AMTgFLrgANXAL6qABMHgEz+AVvFlP1ov1bn3MRpesPHMA/sD6/AEsopPG</latexit>



An orthogonal basis is furnished by the monomials

L0Ψ =

0

@hp +

∞
X

j=1

jmj

1

AΨ

|Ψi = (a†
1
)m1(a†

2
)m2(a†

3
)m3 · · · |hpi

descendant of 

�

f(U), g(U)
�

=

Z

[dU ]f(U)g(U) [dU ] =
∞
Y

n=1

d2un

2n

π
e−2nunun

Inner product for wavefunctions

The oscillator formalism
!<365:032>*S:=363-'(/032>*Q#&0#.8+"84,:$&1

Φ{mi}
(u) ⌘

um1

1
um2

2
· · ·

N{mi}

|hi

<latexit sha1_base64="Frth7mb7MCErz8IiMfh1EhJwCBY=">AAAB8HicdVDLSgMxFM34rPVVdekmWARXQ6a0td0V3bisYB/SDiWTZtrQJDMkGaGM/Qo3LhRx6+e482/MtBVU9MCFwzn3cu89QcyZNgh9OCura+sbm7mt/PbO7t5+4eCwraNEEdoiEY9UN8CaciZpyzDDaTdWFIuA004wucz8zh1VmkXyxkxj6gs8kixkBBsr3d6P+wrLEaeDQhG59VoVlUsQuQjVSqhqSQV5da8OPatkKIIlmoPCe38YkURQaQjHWvc8FBs/xcowwuks3080jTGZ4BHtWSqxoNpP5wfP4KlVhjCMlC1p4Fz9PpFiofVUBLZTYDPWv71M/MvrJSas+SmTcWKoJItFYcKhiWD2PRwyRYnhU0swUczeCskYK0yMzShvQ/j6FP5P2iXXK7uV63KxcbGMIweOwQk4Ax44Bw1wBZqgBQgQ4AE8gWdHOY/Oi/O6aF1xljNH4Aect09zqpDb</latexit>

N{mj}
=

p

S1,m1
S2,m2

· · · =

"

∞
Y

j=1

mj!

(2j)mj

#1/2

,



!e orthogonal descendants have a one-to-one 
correspondence to integer partitions

Descendants and integer partitions

Φ{mi}
(u) ⌘

um1

1
um2

2
· · ·

N{mi}

|1m12m2 · · · i 7! Φ{mi}
(u) ,

N
X

j=1

jmj = N .

|13i 7! , |1121i 7! , |31i 7! .

Equivalently, we can also denote them by Young diagrams

o u3

1
, , u1u2 and u3

Level 3 
descendants

Also, we shall consider irrational c>1 Virasoro CFTs. 
!ere are no null-states. 





Lanczos algorithm 
in 2d CFTs



!ese Virasoro generators 
perform the job of  

adding or deleting a single box 
from a Young diagram. 

The action of the Liouvillian 

|O(t)i ⌘ eiα(L−1+L1)tO(0)|0i hu|LΦ
{mk}

i = α(l−1 + l1)Φ{mk}
(u) =

!O:R$%:8+"1



The Young’s lattice

!is is a graph with Young 
diagrams at the vertices.

!e edges correspond to 
action of addition/removal 

of a single box.

Weights of the vertices Weights of the edges

wavefunctions Lanczos coefficients+1

b
{mk}→{rj}ϕ{mj}

(t) =

!O:R$%:8+"1



The Young’s lattice

Weights of the vertices Weights of the edges

wavefunctions Lanczos coefficients+1

b
{mk}→{rj}ϕ{mj}

(t) =

Standard non-degenerate case

Degenerate 
Verma module

!O:R$%:8+"1

O0 O1 O2 O3

b1 b2 b3
ϕ0
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The Young’s lattice

Weights of the edges

Lanczos coefficients+1

b
{mk}→{rj}

Weights of the vertices

wavefunctions

ϕ{mj}
(t) =

!O:R$%:8+"1



Weights of the edges

Lanczos coefficients+1

b
{mk}→{rj}

, l−1 =
∞X

n=1

(n+ 1)un+1

∂

∂un

+ 2(µ� iλ)u1

b
{mk}→{rj} =

�
Φ

{mk}
(u),α l−1Φ{rj}(u)

�

Lanczos coefficients/matrices

!e Liouvillian matrix acquires a 
block tridiagonal form. 

L = α (L
−1 + L1)

Each block has dimensions 

p(N)×p(N±1).

!O:R$%:8+"1



Weights of the edges

Lanczos coefficients+1

b
{mk}→{rj}

Lanczos coefficients/matrices

Within the blocks, the 
non-zero matrix elements 

correspond to nearest neighbours 
in the Young’s lattice.

Graph theory lingo: 
adjacency matrix

∅
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NX

j=0

p(j)



Weights of the edges

Lanczos coefficients+1

b
{mk}→{rj}

Lanczos coefficients/matrices

Within the blocks, the 
non-zero matrix elements 

correspond to nearest neighbours 
in the Young’s lattice.

Graph theory lingo: 
adjacency matrix

∅
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NX

j=0

p(j)



Weights of the edges

Lanczos coefficients+1

b
{mk}→{rj}

Lanczos coefficients/matrices

Within the blocks, the 
non-zero matrix elements 

correspond to nearest neighbours 
in the Young’s lattice.

Graph theory lingo: 
adjacency matrix

∅
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NX

j=0

p(j)



Weights of the edges

Lanczos coefficients+1

b
{mk}→{rj}

, l−1 =
∞X

n=1

(n+ 1)un+1

∂

∂un

+ 2(µ� iλ)u1

b
{mk}→{rj} =

�
Φ

{mk}
(u),α l−1Φ{rj}(u)

�

Lanczos coefficients/matrices

actual values

!O:R$%:8+"1

adjacency matrixtridiagonal blocks



Weights of the edges

Lanczos coefficients+1

b
{mk}→{rj}

, l−1 =
∞X

n=1

(n+ 1)un+1

∂

∂un

+ 2(µ� iλ)u1

b
{mk}→{rj} =

�
Φ

{mk}
(u),α l−1Φ{rj}(u)

�

Lanczos coefficients/matrices

actual values

b
(1)

{mj}→{m1,m2,··· ,mn−1,mn+1+1,··· }
= α

p

n(n+ 1)mn(mn+1 + 1)
p

Type-1

Type-2
{ }→{ ··· − ··· }

p

b
(2)

{mj}→{m1+1,m2,··· }
= α(µ− iλ)

p

2(m1 + 1)

!O:R$%:8+"1



Weights of the edges

Lanczos coefficients+1

b
{mk}→{rj}

Lanczos coefficients/matrices

Type-1

Type-2

= α

p

n(n+ 1)mn(mn+1 + 1)
p

<latexit sha1_base64="9DVDg//BXY33kKhtYaSDQ0cMsUY="></latexit>

b
(1)

...

− ··· }

p

}
= α(µ− iλ)

p

2(m1 + 1)
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b
(2)

...

Each colour denotes transitions  
between descendant levels N to N+1.

!O:R$%:8+"1



x

Weights of the edges

Lanczos coefficients+1

b
{mk}→{rj}

Maximal Lanczos coefficients

Type-1 maxima

Type-2 maxima

∅ ! ! ! ! ! ! · · ·

··· }
= α

p

N(N + 1)
N!1⇡ αN .
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b
(1)

max

∅ ! ! ! ! ! ! · · ·
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b
(2)

max}
= α(µ� iλ)

p

2(N + 1)
N!1⇡ α(µ� iλ)

p
2N .

!O:R$%:8+"1



x

Weights of the edges

Lanczos coefficients+1

b
{mk}→{rj}

Maximal Lanczos coefficients

Type-1 maxima

Type-2 maxima

∅ ! ! ! ! ! ! · · ·

··· }
= α

p

N(N + 1)
N!1⇡ αN .
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b
(1)

max

∅ ! ! ! ! ! ! · · ·
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b
(2)

max}
= α(µ� iλ)

p

2(N + 1)
N!1⇡ α(µ� iλ)

p
2N .

Saturation of  
the upper bound!

!O:R$%:8+"1

Linear  
growth



!O:R$%:8+"1

∅

x

Type-1 m
axim

a Type-2 m
axim

a

Maximal Lanczos coefficients



!O:R$%:8+"1

∅

x

Type-1 m
axim

a Type-2 m
axim

a

Fastest 

growth

!<:,0#,8O:38P2-3&(0/.8+':FF/-/8P6%=:.1

bn ≤ αn+O(1)
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Maximal Lanczos coefficients
Satu

ra
tio

n



x

Weights of the edges

Lanczos coefficients+1

b
{mk}→{rj}

Lanczos coefficients/matrices

Type-1 maxima

Type-2 maxima

∅ ! ! ! ! ! ! · · ·

··· }
= α

p

N(N + 1)
N!1⇡ αN .
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b
(1)

max

∅ ! ! ! ! ! ! · · ·
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b
(2)

max}
= α(µ� iλ)

p

2(N + 1)
N!1⇡ α(µ� iλ)

p
2N .
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x

Weights of the edges

Lanczos coefficients+1

b
{mk}→{rj}

Lanczos coefficients/matrices

Type-1 maxima

Type-2 maxima

∅ ! ! ! ! ! ! · · ·

··· }
= α

p

N(N + 1)
N!1⇡ αN .
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b
(1)

max

∅ ! ! ! ! ! ! · · ·
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b
(2)

max}
= α(µ� iλ)

p

2(N + 1)
N!1⇡ α(µ� iλ)

p
2N .
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b
(1)
typ ⇡

p
6N

π

, b
(2)
typ ⇡ (µ� iλ)

(6N)1/4
p
π

Typical states
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mj =
1

eπ/
√

6N
− 1





Tracking the evolution



The evolved state

Weights of the vertices

wavefunctions

ϕ{mj}
(t) =

!O:R$%:8+">*Q#&0#.8+"84,:$&1

|O(t)i ⌘ eiα(L−1+L1)tO(0)|0i =

We can evaluate the evolved state  
in closed form using the oscillator basis.

!is allows us to extract the ‘wavefunctions’.

th Tj,m = (2j)mm!.
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α0 = −2 log cosh(αt)

<latexit sha1_base64="LKzWPMuWdTsOkhPnADb0zAoqJy4="></latexit>

α
−
= i tanh(αt)

ΨO(t) ⌘ hu|eiαt(l1+l
−1)O(0)|0i = eα0h

2

41 +
∞
X

N=1

(α−)
N

X

P
jmj=N

[2(µ� iλ)]
P

mj

p

T1,m1
T2,m2

· · ·
Φ{mi}

(u)

3

5



The evolved state

Weights of the vertices

wavefunctions

ϕ{mj}
(t) =

!O:R$%:8+">*Q#&0#.8+"84,:$&1

|O(t)i ⌘ eiα(L−1+L1)tO(0)|0i =

We can evaluate the evolved state  
in closed form using the oscillator basis.

!is allows us to extract the ‘wavefunctions’.

th Tj,m = (2j)mm!.
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α0 = −2 log cosh(αt)
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α
−
= i tanh(αt)

ΨO(t) ⌘ hu|eiαt(l1+l
−1)O(0)|0i = eα0h

2

41 +
∞
X

N=1

(α−)
N

X

P
jmj=N

[2(µ� iλ)]
P

mj

p

T1,m1
T2,m2

· · ·
Φ{mi}

(u)

3
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x

x

Wavefunctions and probabilities

Weights of the vertices

wavefunctions

ϕ{mj}
(t) =

!O:R$%:8+">*Q#&0#.8+"84,:$&1

|O(t)i ⌘ eiα(L−1+L1)tO(0)|0i =

!e wavefunctions and probabilities can be extracted.

th Tj,m = (2j)mm!
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α0 = −2 log cosh(αt)
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α
−
= i tanh(αt)

ϕ{mj}
(t) =

(α−)
N

cosh2h(αt)

[2(µ� iλ)]
P

mj

p

T1,m1
T2,m2

· · ·
,

X

j

jmj = N .
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p{mj}
(t) = |ϕ{mj}

(t)|2 =
tanh2N (αt)

cosh4h(αt)

[4h]
P

mj

2m1m1!4m2m2!6m3m3! · · ·



x

Probabilities and operator spreading

!O:R$%:8+"1
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p{mj}
(t) = |ϕ{mj}

(t)|2 =
tanh2N (αt)

cosh4h(αt)

[4h]
P

mj

2m1m1!4m2m2!6m3m3! · · ·

!is is the probability of reaching a specific descendant state at time t.



x

Probabilities and operator spreading

!O:R$%:8+"1

t=0 :  probability is peaked at 
the primary state
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p{mj}
(t) = |ϕ{mj}

(t)|2 =
tanh2N (αt)

cosh4h(αt)

[4h]
P

mj

2m1m1!4m2m2!6m3m3! · · ·

!is is the probability of reaching a specific descendant state at time t.



x

Probabilities and operator spreading

!O:R$%:8+"1

t=0 :  probability is peaked at 
the primary state

t>0 :  probability spreads out  

into higher descendants
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p{mj}
(t) = |ϕ{mj}

(t)|2 =
tanh2N (αt)

cosh4h(αt)

[4h]
P

mj

2m1m1!4m2m2!6m3m3! · · ·

!is is the probability of reaching a specific descendant state at time t.
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p{mj}
(t) = |ϕ{mj}

(t)|2 =
tanh2N (αt)

cosh4h(αt)

[4h]
P

mj

2m1m1!4m2m2!6m3m3! · · ·

!is is the probability of reaching a specific descendant state at time t.

=
X

P
j
m

j
=
N

p
{
m

j
}
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p{mj}
(t) = |ϕ{mj}

(t)|2 =
tanh2N (αt)

cosh4h(αt)

[4h]
P

mj

2m1m1!4m2m2!6m3m3! · · ·

!is is the probability of reaching a specific descendant state at time t.

probability of 
remaining in the 

primary state 
decreases

=
X

P
j
m

j
=
N

p
{
m

j
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p{mj}
(t) = |ϕ{mj}

(t)|2 =
tanh2N (αt)

cosh4h(αt)

[4h]
P

mj

2m1m1!4m2m2!6m3m3! · · ·

!is is the probability of reaching a specific descendant state at time t.

probability of 
remaining in the 

primary state 
decreases

x
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C(t) = hO(0)O(t)i =
1

cosh2h(αt)

Auto-correlation function

=
X

P
j
m

j
=
N

p
{
m

j
}
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p{mj}
(t) = |ϕ{mj}

(t)|2 =
tanh2N (αt)

cosh4h(αt)

[4h]
P

mj

2m1m1!4m2m2!6m3m3! · · ·

!is is the probability of reaching a specific descendant state at time t.

probability of 
remaining in the 

primary state 
decreases

late times ~ 
superposition of 

high-level 
descendants

x
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C(t) = hO(0)O(t)i =
1
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Auto-correlation function

=
X

P
j
m

j
=
N

p
{
m

j
}



x

x

Krylov complexity

!O:R$%:8+"1
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(t)|2 =
tanh2N (αt)

cosh4h(αt)
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mj
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K-variance
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Heavy primaries have small fluctuations at late-times. 
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A similar analysis can be performed if we started out 
with the stress tensor as our initial state.
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Conclusions 
& discussions



Takeaways

!O:R$%:8+"1

operator growth in 2d CFTs  

spreading along the Young’s lattice.

∅

We identified the path that saturates 
the conjectured upper bound on Lanczos coefficients.

Probabilities of reaching specific descendant states were evaluated. 
!e K-complexity shows an exponential growth.
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Some comments

!e K-complexity is not a very sensitive probe of operator growth.

It turns out to be the same as the SL(2,R) case 
and is, therefore, universal. 

!e individual Lanczos coefficients and the probabilities 
contain much more information than the K-complexity.

!e Rényi entropy associated with the probabilities 
shows sensitivity to the irrational Virasoro case. 



Generalizations

What happens in … ?

Symmetric orbifolds

Higher-spin CFTs

1/2 BPS sector of N=4 SYM

Minimal models



Generalizations

What happens in … ?

Symmetric orbifolds

Higher-spin CFTs

1/2 BPS sector of N=4 SYM

In the cases above, the states/operators  
have a Young diagram-like description.



Thank you.


