
Can we get non-perturbative 
information from the 

perturbative coefficients?

f(α) = c0 + c1α + … + cnαn + …

+e−8/α(d1 + d2α + …)

Knowing “enough” c-coefficients, can we get the d-s?

Yes!
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Definition of the model

ℒ =
1

2λ2 {∂μΦi∂μΦi + 2ih(Φ1∂0Φ2 − Φ2∂0Φ1) + h2(Φ2
3 + Φ2

4 − 1)}

Φ2
1 + … + Φ2

4 = 14 scalar fields in 2D living on the unit sphere

bare coupling

magnetic field is coupled the conserved O(N) charge Q12

Euclidean Hamiltonian ℋ = ℋ0 − hQ12

Φ2
1 = 1 − λ2(φ2

2 + φ2
3 + φ2

4) λφi = Φi

e−Vℱ(h) = ∫ 𝒟3[φ] e− ∫ dDx ℒ(x)

Perturbation theory

D = 2 − ϵ
dimensional regularisation

ρ = − ∂ℱ/∂h, ϵ(ρ) = ℱ(h) − ℱ(0) + ρh

Legendre transformation groundstate energy

density



Standard perturbation theory

Bajnok, Balog, Basso, Korchemsky, Palla, Nucl.Phys.B 811 (2009) 438 ,  0809.4952 

ℱ(h) − ℱ(0) = −
h2

2λ2
+

N − 2
4π

h2−ε { 1
ε

+
γ
2

+
1
2 } + λ2 N − 2

16π2
h2−2ε { 1

ε
+ γ +

1
2 }

λ2 = (μe
γ
2)εZ1g̃2

renormalized coupling

μ
dg̃
dμ

= β(g̃) = − β0g̃3 − β1g̃5 + …

ℱ(h) − ℱ(0) = −
h2

2 { 1
g̃2

− 2β0 (ln
μ
h

+
1
2 ) − 2β1g̃2 (ln

μ
h

+
1
4 ) + O(g̃4)}

1
α

+ (Δ − 1)ln α = ln
ρ

2β0ΛMS

After Legendre transformation

ϵ(ρ) = ρ2πΔ {α +
α2

2
+ Δ

α3

2
+ O(α4)}

Λ = μe− ∫g̃ dg
β(g) = μe− 1

2β0g̃2 g̃−β1/β2
0[1 +

1
2β0

(
β2

1

β2
0

−
β2

β0
)g̃2 + …]

running coupling

RG invariant dynamically generated scale

1
α̃

+ Δ ln α̃ = ln
h

ΛMS
ℱ(h) − ℱ(0) = − β0h2 { 1

α̃
−

1
2

−
Δα̃
2

+ O(α̃2)}

Δ =
1

N − 2

https://arxiv.org/abs/0809.4952


Integrable description

x ≡ x + L

eimL sinh θj∏
k

S(θj − θk) = 1

multiparticle state on the circle 
momentum quantization

p = m sinh θ

S(θ) = −
Γ( 1

2 − iθ
2π )Γ(Δ − iθ

2π )Γ(1 + iθ
2π )Γ( 1

2 + Δ + iθ
2π )

Γ( 1
2 + iθ

2π )Γ(Δ + iθ
2π )Γ(1 − iθ

2π )Γ( 1
2 + Δ − iθ

2π )

ρ = ∫
B

−B

dθ
2π

χ(θ) ϵ = m∫
B

−B

dθ
2π

cosh θ χ(θ) h(B) = ∂ρϵ(ρ) =
∂ϵ
∂B

/
∂ρ
∂B

density ground state energy magnetic field

χ(θ) − ∫
B

−B

dθ′ 

2π
K(θ − θ′ )χ(θ′ ) = m cosh θ

Thermodynamic Bethe Ansatz: TBA 2πK(θ) = − 2πi∂θ log S(θ)

ℋ = ℋ0 − hQ12

E = m cosh θ

E± = m cosh θ ± h
particles charged under  Q12

condense into the vacuum B−B

χ(θ)

massive particles in the vector representation

θ



Expansion of the TBA

R(θ) = 2A B
∞

∑
n,m=0

cn,m

Bm−n(θ2 − B2)n+1/2

B0

χ(θ) R̂(s) =
A

s

Γ(1 + s)

Γ( 1
2 + s)

1

s + 1
2

+
1

Bs

∞

∑
n,m=0

Qn,m

Bn+msn

A =
meB π

2 2

Wiener-Hopf

1
α

+
1
2

− B −
1
2

log Bα = log 2 ̂ρ

perturbative expansion in 1/B

ρ = A
B

π
̂ρ = A

B
π

∞

∑
m=0

c0,mB−m ϵ =
meBA

4 2π
(1 +

∞

∑
k=0

ϵkB−k−1) ϵk =
k

∑
j=0

2j+1Qj,k−j

R(θ) = ∫
B

−B
dθ′ 

χ(θ′ )
θ − θ′ 

The resolvent

R̂(s) = ∫
i∞+0

−i∞+0

dz
2πi

eszR(B + z /2)

its Laplace transform

ϵ
m

= ∫
B

−B
cosh θχ(θ)

dθ
2π

=
eB

4π
R̂(1/2)

energy:density: residue at ∞

z = 2(θ − B)
Volin,Phys.Rev.D 81 (2010) 105008 • e-Print: 0904.2744 

https://arxiv.org/abs/0904.2744


Perturbative coefficients

B =
1
α

+
1
2

− ln 2 +
α
8

+
13 − 18 ζ3

384
α3 + …free energy  in the running coupling 

f(α) =
ϵ
ρ2

=
π
2

∞

∑
n=1

χn αn =
π
2

(1 +
α
2

+
α2

4
+

10 − 3ζ3

32
α3 + χ5α4 + …
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−
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−
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2048
+
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, …}

̂ρ(B) = 1 +
∞

∑
n=1

un

Bn
density u1 = −

3
8

+
a
2

u2 = −
15
128

+
3a
16

−
a2

8

a = ln 2

̂ϵ(B) = 1 +
∞

∑
n=1

ξn

Bn
energy

u3 =
3ζ3

64
+

a3

16
−

9a2

64
+

45a
256

−
105
1024

{ 1
4

,
9
32

−
a
4

,
a2

4
−

9a
16

+
57

128
, −

a3

4
+

27a2

32
−

171a
128

−
27ζ3

256
+

1875
2048

, …}

odd zeta functions

Comparing
relation between mass and scale can be obtained

h
Λ

ordinary perturbation theory in to expansion of TBA in h
m

Hasenfratz, Maggiore, Niedermayer, Phys.Lett.B 245 (1990) 522

m /Λ = (8/e)Δ/Γ(1 + Δ)

Marino,Reis, JHEP 04 (2020) 160 • e-Print: 1909.12134 

Volin,Phys.Rev.D 81 (2010) 105008 • e-Print: 0904.2744  22 coefficients
44 coefficients 50 coefficients

https://arxiv.org/abs/1909.12134
https://arxiv.org/abs/0904.2744


Numerical data
density

free energy

̂ρ(B) = 1 +
∞

∑
n=1

un

Bn
2000 coefficients for 7000 digits

energy ̂ϵ(B) = 1 +
∞

∑
n=1

ξn

Bn
2000 coefficients for 7000 digits

̂f(α) =
̂ϵ
̂ρ2

=
∞

∑
n=1

χn αn 1400 coefficients for 4000 digits

20 40 60 80 100

-0.0001

-0.00005

0.00005

0.0001
100 200 300

-2.×10-92

-1.5×10-92

-1.×10-92

-5.×10-93

original series

1st Richardson

10th Richardson

100th Richardson

how constant is the asymptotics? cn =
χn+2 2n+1

Γ(n + 1)
= p+ + (−1)np− +

1
n

(…)

an = c2n + c2n−1 = A +
A1

n
+ … (n + 1)an+1 − nan = A +

B
n2

+ …



Asymptotic behaviour

f (±)(α) =
π
2 [χ1 α + χ2 α2 + α

∞±i0

∫
0

e− 2t
α B(t) dt]

B(t) ≈
∑n

i=1 βiti

1 + ∑m
j=1 γjt j

Pade approximant

◆ ◆ ◆◆ ◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆ ◆ ◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆

-3 -2 -1 0 1 2 3

-1

0

1

+i0

−i0

Ambiguity from the pole

iπ2αres1B(t)
4

e− 2
α

Better approximation Conformal mapping

cn =
χn+2 2n+1

Γ(n + 1)
perturbative coefficient grow factorially:
how to give meaning to the series?

B(t) =
∞

∑
n=1

cn tn

Borel function

e−Vℱ(h) = ∫ 𝒟3[φ] e−S[φ] = ∫
∞

0
dte− 2t

α ∫S[φ]= 2t
α

𝒟3[φ] e−S[φ]path integral

convergence radius 1



Conformal mapping vs numerical solution

Conformal mapping  maps the t-plane to the unit u-disk u(t) =
1 − 1 − t2

t

B̃(u) =
∞

∑
n=1

bn un

f (±)(α) =
π
2 [χ1 α + χ2 α2 + α

∞±i0

∫
0

e− 2t
α B(t) dt]

B̃(t) =
∞

∑
n=1

bnu(t)n

0

-4 -2 2 4

-2

-1

1

2

|u|=0.1
|u|=0.3
|u|=0.5
|u|=0.7
|u|=0.9

Compare to numerical solution 
in a Chebyshev basis

Im(f (+)(α)) = αc0e−2/α + αe−4/α(c1 + c2α + …)
Re(f (+)(α)) = fTBA(α) + αe−8/α(d1 + d2α + …)

χ(θ) =
(nc+1)/2

∑
j=1

sj T2j−2(θ/B), Tn(x) = cos(n arccos x)

c0 = 1.70067333(1)

c2 = 0.637752(1)
c1 = − 1.70067333(1) d1 = − 0.9206(1)

d2 = 0.575(3)

c3 = − 0.1727(1)

precision=30 digits



Asymptotic analysis

Asymptotic large n behaviour

Ψ(z) = 1+ ∑∞
n=1 sn /zn z = 2B B(t) =

∞

∑
n=0

cntncn = sn+1/n!

+(p+ +
p+

0

n
+

p+
1

n(n − 1)
+ …)cn = (−1)n(p− +

p−
0

n
+

p−
1

n(n − 1)
+ …)

+2−n(q+ +
q+

0

n
+

q+
1

n(n − 1)
+ …)

p+

1 − t
+

p−

1 + t
log(1 + t)[−p−

0 + p−
1 (1 + t) + …]

log(1 + t)Φ(1 + t)

alien derivative Δ±1Ψ(z) = ∓ i2π{p± ±
∞

∑
m=0

(±1)mp±
m

zm+1 }

Dorigoni, Annals Phys. 409 (2019) 167914 • e-Print: 1411.3585 

Aniceto, Basar, Schiappa, Phys.Rept. 809 (2019) 1-135 • e-Print: 1802.10441 

https://arxiv.org/abs/1411.3585
https://arxiv.org/abs/1802.10441


Asymptotics for ̂f(α)

imaginary ambiguity

ℑm( f (+)(α)) =
4π
e2

αe−2/α + αe−4/α(−
4π
e2

+
3π
2e2

α −
13π
32e2

α2 + …)

+i0

f (+)(α) =
π
2 [α

∞+i0

∫
0

e− 2t
α B(t) dt]

c0 = 1.70067333 c1 = − 1.70067333(1) c2 = 0.637752(1) c3 = − 0.1727(1)
real ambiguity???

numerical fitting

p− = −
e

8π p+ =
8
eπ

p+
0 = 0

for 150 digits

for 147 digits

p+
1 = 0

p−
0 = 0

p−
1 =

e
4π for 144 digits

p−
2 =

e
4π (−

1
2

−
3
4

ζ3)

Δ−1
̂f Δ1

̂f Δ2
̂f

q− =
16
e2π

q−
0 =

16
e2π (−

3
4 )

q−
0 =

16
e2π ( 13

32 )
q−

0 =
16
e2π (−

99
256

+
3
8

ζ3)

for 80 digits

http://wayback.cecm.sfu.ca/
projects/EZFace/

2.80308535473939142809960724226717498614747943851074832268840733301275 7308679469635279683810414002887



Median resummation and Stokes automorphism

S+( f ) = S−(𝔖f ) ; S−( f ) = S+(𝔖−1f ) 𝔖 = exp {−
∞

∑
n=1

e−nxΔn}
Smed( f ) = S−(𝔖1

2f ) = S+(𝔖− 1
2 f ) = S+(e 1

2 ∑ e−nxΔnf )

Median resummation

Smed( f ) = S+(f +
e−x

2
Δ1 f +

e−2x

2
Δ2 f + … +

e−4x

8
Δ1Δ3 f +

e−4x

8
Δ2

2 f + …)

Δ1 f = −
16i
e2

Δ2 f =
16i
e2 (1 −

3
4x

+
13

32x2
− ( 99

256
−

3
8

ζ3) 1
x3

+ …)

S±( f ) = f (±) = χ1 + αχ2 + ∫
∞±i0

0
e−txB(t)dt

x =
2
α

S+( f ) − S−( f ) = − S+(e−xΔ1 f + e−2xΔ2 f + … +
e−2x

2
Δ2

1 f + …)

+i0

−i0

cut of the cut of the cut…

Smed( f ) = ℜe(S+( f )) +
32
e4

e−8/α(1 −
5α
8

+ …) d1 = 0.58607
d2

d1
= − 0.6246Spoiler

S+(Δ2 f ) − S−(Δ2 f ) = − S+(e−2xΔ2Δ2 f ) + …

need the asymptotics of Δ2 fWe need Δ2Δ2 f



Resurgence in 1/B

Δ−1 ̂ρ = i ̂ϵ ̂ρ,
Δ−1 ̂ϵ = i ̂ϵ2,

Δ1 ̂ρ = 0,
Δ1 ̂ϵ = − 4i .

̂ρ(B)

̂ϵ(B)

0
Alien derivatives from asymptotics

Δ2 ̂ρ = iR /2, R = 1+ ∑∞
n=1 rn /zn .

Δ2 ̂ϵ = 2iE, E = 1+ ∑∞
n=1 en /zn

+ 60 terms

r1 = 1/2 + a r2 = − a /2 − a2/2 r3 =
21
64

+
3
4

a2 +
a3

2
+

3
8

ζ3

e1 = 1/4 e2 = 5/32 − a /2 e3 =
57
128

−
5
8

a + a2

0

R(B)

E(B)

0

Δ−1E = 2i ̂ϵE Δ1E = 0

Δ−1R = i(4 ̂ρE + ̂ϵR) Δ1R = 0 Δ2R = − i/2(1 + ( 1
4 +a)/z + . . . )

Δ2E = − i/2(1 + 3/8z2 + . . . )

asympotics of the asymptotics: analytic structure of the alien derivatives 



Resurgence structure

ϕ-=ϵ%/ρ%

i/4 Δ1

ϕ+=1/ρ%

Δ1

0

Δ-1 i Δ-1

0 1st generation

Δ2 Δ2

Δ2ϕ-

i/4 Δ1

Δ2ϕ+ 0

i Δ-1

0 2nd

Δ2 Δ2

Δ2Δ2ϕ-

i/4 Δ1

Δ2Δ2ϕ+ 0

i Δ-1

0 3rd

Δ2



Comparison with TBA

0.10 0.15 0.20 0.25 0.30
α

0.05

0.10

0.15

0.20

ⅇ8/α (fTBA - fBorel)

numerics

theory

fBorel = Smed( f ) = ℜe(S+( f )) +
32
e4

e−8/α(1 −
5α
8

+ …)

We compare to the numerical solution of TBA

Smed( f ) = S+(f +
e−x

2
Δ1 f +

e−2x

2
Δ2 f + … +

e−4x

8
Δ1Δ3 f +

e−4x

8
Δ2

2 f + …)

Median resummation

Δ2R
Δ2E

1
α

+
1
2

− B −
1
2

log Bα = log 2 ̂ρ
d1 = 0.58607

d2

d1
= − 0.6246



Trans-series

fTBA =
∞

∑
m=0

e− 2
α m

∞

∑
n=1

χ(m)
n αn−1

χ(0)
n = χn e−2/αχ(1)

n

Δ1 f = −
16i
e2

Δ2 f =
16i
e2 (1 −

3
4x

+
13

32x2
− ( 99

256
−

3
8

ζ3) 1
x3

+ …)

e−4/αχ(2)
n

Analytic structure of the free energy on the Borel plane

The expansion of the physical observable is a trans-series

perturbative 
coefficients

large n asymptotics

e−8/αχ(4)
n

large n asymptotics

Δ2
2 f =

32
e4

(1 −
5α
8

+ …)



Conclusions
• The integrable description enabled to calculate 2000 

perturbative coefficient with high precision


• The asymptotic analysis of the perturbative coefficients 
revealed the analytic structure on the Borel plane with poles 
and cuts. The leading cuts showed a nice resurgence structure


• The various alien derivatives with the median resummation 
provided a trans-series ansatz, whose leading terms matched 
perfectly with the numerical solution of the TBA equation


• We recovered non-perturbative information from the 
perturbative series!



Some open problems
• Calculate analytically the numerically determined coefficients 


• Explain the resurgence structure


• Derive the trans-series ansatz


• Derive bridge equations which could connect the sectors


• Reveal the field theoretical origin of the terms in the trans-series


• Extend for other O(N) models (O(3) has instantons)


• Investigate the large N behaviour Marino, Miravitllas, Reis, e-Print: 2102.03078 

Di Pietro, Marino, Sberveglieri, Serone, e-Print: 2108.02647  

https://arxiv.org/abs/2102.03078
https://arxiv.org/abs/2108.02647

