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General context

Integrable classical field theories in 1 + 1 dimensions

e Can be viewed as Lagrangian systems associated to an
action with Lagrangian (density) .Z[u]

Slul :/f[u]da:/\dt

NB: ¢ is a two-dimensional manifold and Z[u]dz A dt is a
volume form.

e Can also be viewed as (infinite dimensional) Hamiltonian
systems.

H[u]:/H[u]daz, vy CR
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General context: Lagrange vs Hamilton?

e (Liouville) integrability: e.g. countable number of charges in
involution defining compatible flows on the fields of the theory.

{HZ7H]}:07 at,‘ :{‘7H’i}7 [8ti7atj] =0

— natural to think of an integrable systems as being part of an
integrable hierarchy: The physical Hamiltonian is part of an
infinite family Hy, Hs,.... The physical time is part of a
hierarchy of times t1,to,....

e Integrability, both classically and quantum mechanically, has
been studied overwhelmingly from the Hamiltonian point of
view (Liouville theorem, bi-Hamiltonian systems, Quantum
Inverse Scattering method, etc.)



General context: Lagrange vs Hamilton?

Which is more
Joseph-Louis £ ?
undamental? William Rowan Hamilton
Lagrange
(1805-65)
(1736-1813)

e Question: how to capture/define (classical) integrability
solely from the Lagrangian point of view? There is only one
Lagrangian, as opposed to a hierarchy of Hamiltonians.
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1. Variational criterion for integrability: Lagrangian
multiforms

Back to the question: how to define (classical) integrability
from the Lagrangian point of view?

e Answer originally proposed in [Lobb, Nijhoff '09] (in the
discrete setting). Presented here for field theories.

1. Replace the Lagrangian volume form (denote x,t by t1,t2)
.,?[u] = Zlg[u]dtl A dtsy
by a Lagrangian multiform

L) = Lijluldt; A dt;

1<j

— a two-form on a higher dimensional manifold M whose
coordinates are the “times” t; of the hierarchy.



1. Variational criterion for in
multiforms

2. Define an associated action

9 i<y

Slu, o] = / > Lijlul dt; A dt

[m]

=

DA



1. Variational criterion for integrability: Lagrangian
multiforms

2. Define an associated action
S[u, O'] = / ZEU[U] dt; A dtj .
9 i<
and a generalised variational principle:

(1) A field u is critical for Z[u] if it is a critical configuration of
S[u, o] for “arbitrary” surface o in M.

(77) On critical configurations, the value of the action S[u, o] is
independent of o: it is stationary with respect to local
variations of the surface o.
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vectors fields in continuous setting.



2. Lagrangian multiforms: key equations and properties

Intuition behind the proposed principle: The arbitrariness of o
implements variationally the idea of commuting Hamiltonian
vectors fields in continuous setting.

e Consequences of the generalised principle on simplest case:
.i”[u] = glg[u]dtl A dty + .ﬁﬁg[u]dtl A dts + ng[u]dtQ A dts
with

Ziilu] = Lij(u, up,, ug,, up,) (first order Lagrangians)



2. Lagrangian multiforms: key equations and properties

If 0 = (t1,t2)-plane then

Slu, o] = . Lra(u, ugy , Uty Uy )dty A dio
R
and
049 0L 0L
u ) = t
duS[u, o] / ( 5 8t18 ™ — O, 8ut2>5u/\dt1/\d2

/ (5t1 (% ) + 0, (a’%? 5u)) dt1 A dt
R2 6 Uty 6ut2

—I—/ <aj]25uts> dt1 N dty
R2 8Ut5
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2. Lagrangian multiforms: key equations and properties

e Hence, one obtains:

Q@ FEuler-Lagrange equations for #s: 5‘?22 = 0;

@ boundary terms — 0;

0212 __ 0.

© New structural equation — Dury

e If 0 = 01 Uoy (union of two half-planes) then

S[U,U] :/ Ladty N dity -I-/ Ladty A dts
g1 g2



2. Lagrangian multiforms: key equations and properties

e Similar derivation gives

@ Euler-Lagrange equations for Zo and .A3;
Q 6"%2 = 0 as before and a/“ = 0;
2

(3] New structural equation

04 0.4
12 9Z13

=0
8Ut2 8ut3
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2. Lagrangian multiforms: key equations and properties

Summary: generalised variational principle gives the
multi-time Euler-Lagrange equations for the Lagrangian
Coefficients ﬂj Of f[u] . [Suris, Vermeeren ’15]

e General structure:

@ Euler-Lagrange equations for each .Z;;

@ Structural equations on .Z;, called “corner equations” —
select the .Z;; and good candidates for integrable theories.

e Multi-time Euler-Lagrange equations rederived and
generalised in several ways, e.g. [Sleigh, Nijhoff, Caudrelier '20].
e Outcome: compact formulation achieved using the variational

bicomplex formalism
ddZLu] =0

Several advantages: coordinates independent formulation, valid
for d-form d =1,2,3,..., for higher order Lagrangians
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2. Lagrangian multiforms: key equations and properties

Intuition behind the second requirement

e On solutions, the action is stationary with respect to local
variations of the surface o:

Slu.o = Slu.c1= | Ll _O:>/d£

— Closure relation: d.Z [u] = 0 on-shell.

With
= Z .iﬂij [u]dtl VAN dtj
1<J
AL = > (0nLijlu] + O, Lrslul + 0, Lyxlu]) dt; A dt; A dty,

i<j<k

S0, in components,
atkcgij [u] + 8,5],,%@[71] + 8tl,,2”jk[u] =0
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2. Lagrangian multiforms: key equations and properties

Why is it a good criterion?

e It works!

Many examples of integrable hierarchies (1,2 even 3D) are now
constructed which fulfill all the requirements: the theory is not
empty and captures integrability. See examples and
construction below.

e d.¥ = 0 linked to commutativity of Hamiltonian flows and
closure relation linked to known criterion {H;, H;} = 0 (for
certain Lagrangian 1-forms and 2-forms (suris *13; Vermeeren '21])

e The main topic today: link to classical r-matrix and classical
Yang-Baxter equation.
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3. How to construct a Lagrangian multiform?

e Problem: how to get the Lagrangians £;; for all 7,5 > 07

e In principle, .21, not so hard: Legendre transform the known
hierarchy of Hamiltonians H,. The other .%;; are the main
problem.

e Technical and difficult problem: several methods (brute force,
variational symmetries, discrete to continuum). Results
essentially for a finite number of levels in the hierarchy [Suris,
Vermeeren ’16; Sleigh, Nijhoff, Caudrelier ’19; Vermeeren ’19; Petrera,
Vermeeren '19]



3. How to construct a Lagrangian multiform?

Example: Nonlinear Schrodinger and modified KdV levels in
Ablowitz-Kaup-Newell-Segur hierarchy

7 i 2 .
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3. How to construct a Lagrangian multiform?

Example: Nonlinear Schrodinger and modified KdV levels in
Ablowitz-Kaup-Newell-Segur hierarchy

1 .
ro + =711 — zqr2 =0,

0 — %QM +ig’r =0, 5
1 3 1 3
g3+ 0~ 5era = 0, 3t T T ST = 0.
Lagrangians
Lo = 1(7“(12 —qra) + zthﬁ + iq27“2
2 2 2

1 1 3qr
L3 = 5(7“(]3 —qr3) — g(ﬁqH —qirn) — %(T(h —qry)



3. How to construct a Lagrangian multiform?

Example: Nonlinear Schrodinger and modified KdV levels in
Ablowitz-Kaup-Newell-Segur hierarchy

i , i :
@ — squ +i¢°r =0, ro 4 ST —igrt =0,

2 2
+ L 3 0 + L 3 0
- — —qrq1 = rs 4+ =ri;; — =qrr; = 0.
q3 4(1111 2q q1 ) 3 1 111 2(1 1
Lagrangians
Lo = 1( —qry) + 4 + 22
12 = B rq2 —qra 26117“1 2q r
1 1 3qr
L3 = 5(7“(]3 —qr3) — §(7“1Q11 —qirn) — ?(7"(]1 —qr1)
1 7 1
Loy = Z(Q27‘11 —T2q11) — 5(‘137"1 +ra3q1) + g(fh?‘m —rigi12)

3qr ) )
+ ?(QTQ —rq2) — g + Z(IT((ZTM +7q11)

) 7
g(qu - 7'<11)2 - §q37"3.



3. How to construct a Lagrangian multiform?

Our method: Confluence of several ideas

1) Generating formalism and “compounding the hierarchy” idea
advocated e.g. in [Nijhoff '83) in the Lagrangian formalism.

2) Zakharov-Mikhailov insighful result on Lagrangian
formulation of zero curvature equations for rational Lax pairs.

[Zakharov, Mikhailov ’80]

3) Flaschka-Newell-Ratiu (FNR) construction of the
Ablowitz-Kaup-Newell-Segur (AKNS) hierarchy (rlaschka, Newell,
ratiu '83] and the comparison of their generating function for
conservation laws with our known first few covariant
Hamiltonians H;; for AKNS [caudretier, Stoppato "20.



3. How to construct a Lagrangian multiform?

Idea 1): generating Lagrangian multiform

e Assemble the Lagrangian coefficients .Z}; into a formal series

Z )\H—lu]-i-l

1,7=0

e Propose a formula for Z (A, ).



3. How to construct a Lagrangian multiform?

Idea 2) and 3): form of Z(\, u)
o Z(A\, ) =K\ p) — V(A p) with

KA 1) = Tr(o(1) " oad(11)Qo — ¢(N) ' 9u8(N) Qo) ,

_ QW) — Q(w)?
V()‘7/1’> =—;Tr \ — L
where Qo = —i03, 0, = Z ) O, and
=0 M
) =T+ 3% Q) = 6(N)Qeo ')
j=1

— formal dressing in sls loop algebra.



3. How to construct a Lagrangian multiform?

Why am I claiming that we have a Lagrangian multiform for
the AKNS hierarchy?

® [Flaschka, Newell, Ratiu '83] showed that, with
s a: b
QN =Y QT Qj=<7 J)Es[z, Qo = —is.
=0 ¢ —a

all (positive) AKNS flows can be be written as
QM) =VH ), QW] k>0

where
k

V) = P, (AQM) =) QA" (Lax matrix for #, flow)
=0
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3. How to construct a Lagrangian multiform?

Why am I claiming that we have a Lagrangian multiform for
the AKNS hierarchy?

® [Flaschka, Newell, Ratiu '83] sShowed that, with

G —aj

QN => Q7. Q= <“j bi ) €sly, Qo=—ios,
7=0

all (positive) AKNS flows can be be written as
QM) =VH ), QW] k>0

where
k

VB ) =P (A Q(N) =Y QN7 (Lax matrix for t; flow)
j=0

e Zero curvature equations for the whole hierarchy hold

B, VPN = 0, VO + [VE ), VO] =0 4,k>0

. ﬁv(l)Wi V(Q)i)\nz Lax Rair for NLS, (VD (X\); VE(\))= Lax
Yau Centre seminar



3. How to construct a Lagrangian multiform?

e Now, introduce formal series

e 1
Ekz_: 8tk, _)\Ezk—ﬂ

k=0 H

to get
Q) = V), QW] k206 0,Q0\) = [f(_“i,czw} .

— Generating Lax equation for integrable hierarchy.



3. How to construct a Lagrangian multiform?

Now we have

Theorem

Z(\, p) is a Lagrangian multiform for the AKNS hierarchy
equations i.e.

3d.L =0 0,Q(\) = [S(“i, Q(A)} ,

and d£ = 0 on these equations (closure relation). In generating
form, the latter is equivalent to

0L\ p) + 0L (1, v) + 0, L (v, \) =0.




3. How to construct a Lagrangian multiform?

Now we have

Theorem

Z(\, p) is a Lagrangian multiform for the AKNS hierarchy
equations i.e.

Qw)
p—=X

6dL =04 0,Q(\) = [ Q(A)} ;

and d£ = 0 on these equations (closure relation). In generating
form, the latter is equivalent to

0L\ p) + 0L (1, v) + 0, L (v, \) =0.

Corollary: The generating Lax equation for the AKNS
hierarchy is variational! FNR had shown the flows were
Hamiltonian but no Lagrangian interpretation was known.



3. How to construct a Lagrangian multiform?

e Euler-Lagrange eqs for .Zj; are equivalent to the
corresponding zero curvature equation

VI () = 9, VO) + VO ), VO] =0

e Explicit calculation reproduces
5% 1( ) + L+ g
= —(rgz — qr —q1r1 + =q°r
12=5 q2 — qra 2(11 1 2q

1 1 3qr
L3 = 5(7“q3 —qr3) — §(r1q11 —qir1) — %(m —qri)

and gives other systematically.
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Reinterpretation with classical r-matrix

[m]

=



3. How to construct a Lagrangian multiform?

Reinterpretation with classical r-matrix

oThe kernel 1/(p — A) is typical of the rational r-matrix

Ppo
ri2(A, ) =
) (b —=A)
1 000
100 10 . 2 2
Py = 010 0 permutation operator on C* ® C
00 01
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Reinterpretation with classical r-matrix
e Then

2,00 = [ L1300 8,013 = [raria 0 1)@l AV



3. How to construct a Lagrangian multiform?

Reinterpretation with classical r-matrix

e Then
0,00 = | 1%, QU] + 0,01 () = [Trar2 (1)@l Q]
o Generating function for the Lax matrices

VA p) = Traria(A 1) @a (1) = kio V)
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Reinterpretation with classical r-matrix

e Then
2,00 = [ L1300 8,013 = [raria 0 1)@l AV
e Generating function for the Lax matrices

V(A p) = Traria(A, 1) Qa(p) = kio MMV(’“)(M

e It can be shown [avan, Caudretier 16) that each V*)()) satisfies a
Sklyanin (Lie-Poisson) bracket
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3. How to construct a Lagrangian multiform?

Reinterpretation with classical r-matrix
e Then

2,00 = [ L1300 8,013 = [raria 0 1)@l AV

e Generating function for the Lax matrices

o0

V(A 1) = Traria (A ) Qa (i) = Y WlV(’“)(A)
k=0

e It can be shown [avan, Caudretier 16) that each V*)()) satisfies a
Sklyanin (Lie-Poisson) bracket

V0,V (b = a0, VP O) + VP ()]
e Jacobi identity ensured by the Classical Yang-Baxter equation
[TIZ(Aa ,U,), T13()‘7 V)] + [TIZ(A; /4”)7 T23(M7 V)] - [Tl3()\a V)? T32(l/, ,UJ)] =0.
I vou Centre seminar



3. How to construct a Lagrangian multiform?

Liouville integrability from classical r-matrix formalism

e From
P01 ke = e, V00 + 137 ()

the monodromy matrix T®*)()\) associated to V*)())
satisfies Sklyanin quadratic Poisson bracket

(TP 0, T ()1 = [r12On 1), T TP ()]



3. How to construct a Lagrangian multiform?

Liouville integrability from classical r-matrix formalism

e From
VPOV () = 2O, 1), VP ) + Va9 ()]

the monodromy matrix T®*)()\) associated to V*)())
satisfies Sklyanin quadratic Poisson bracket

(TP, TP () = [ 1), TE )T ()]

e Consequence

{Tr TW ), T TW ()} = 0 = {H;, Hy}y = 0



4. A generating Lagrangian multiform for ultralocal
field theories and CYBE

Key observations for our AKNS generating Lagrangian
multiform : beyond a single hierarchy.

1. The potential term in .2 (A, 1) has a characteristic form

Tri2 (r12(A, 1) Q1(A)Q2(1))

where r12(\, 1) = % is the rational r-matrix.



4. A generating Lagrangian multiform for ultralocal
field theories and CYBE

Key observations for our AKNS generating Lagrangian
multiform : beyond a single hierarchy.

1. The potential term in .2 (A, 1) has a characteristic form

Tri2 (r12(A, 1) Q1(A)Q2(1))

where r12(\, 1) = % is the rational r-matrix.

— How about replacing this particular r-matrix with another
(skew-symmetric) r-matrix?
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1/X and 1/p is a sign that one is performing an expansion
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4. A generating Lagrangian multiform for ultralocal
field theories and CYBE

2. The choice of expanding all the objects as formal series in
1/X and 1/p is a sign that one is performing an expansion
around the point at infinity.

— How about considering other points in CP'?

3. The Pauli matrix in Q9 = —ios is a special choice of constant
element in the underlying loop algebra of sly from which the
phase space is built as a (co)adjoint orbit.

— How about considering other elements in the loop algebra to
construct different phase spaces and even considering other Lie
algebras than sly?



4. A generating Lagrangian multiform for ultralocal
field theories and CYBE

e Careful implementation of these natural observations involves
using the Lie algebra of g-valued adéles associated with a
Lie algebra g instead of the loop algebra of sl [semenov-Tian-Shansky

08].



4. A generating Lagrangian multiform for ultralocal
field theories and CYBE

e Careful implementation of these natural observations involves
using the Lie algebra of g-valued adéles associated with a
Lie algebra g instead of the loop algebra of sl [semenov-Tian-Shansky

08].

e In a nutshell, with A, = XA —a for a € C and A, = %,

Ax(@) = J] s®C(),

An element X (X) = (X%(Ag))aecpr of this algebra consist of
tuples with all but finitely many of the formal Laurent series
X% Aa) € g® C((\y)) being Taylor series in Ay, i.e. there exists
a finite subset S C CP! such that X%(\,) € g ® C[\,] for every
acC\S.
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4. A generating Lagrangian multiform for ultralocal
field theories and CYBE

Schematic implementation of the generalisation

5[2 — g
00 — Sccp!
times ¢, — times t%, a €S
_>

=3 #atk Dy, = 3 N
k=0 n



4. A generating Lagrangian multiform for ultralocal

field theories and CYBE

Schematic implementation of the generalisation

S [2
00
times t,

<1
O = Z k_Hatk
o M

Ll

Ll

g
S ccpt

times t}, ac€ S

Dy, = > Nidh

n

Q(A) = (Q"(Aa))accpr
d(A) = (9" (Aa))accpr



4. A generating Lagrangian multiform for ultralocal
field theories and CYBE

Schematic implementation of the generalisation

5[2 — g
00 — Sccpt
times ¢, — times t%, a €S
— 1
8M = Z Tﬂatk — D)\a = Z )\Z({)t%
k=0 i n
Q) - Q(A) = (Q"(Aa))accpr
¢(A) - d(A) = (0"(Xa))accpr
Qo = —ios —  (eaF(M\))— collection of principal parts

of g-valued rational function F'(\)
with poles in finite set S
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Schematic implementation of the generalisation

5[2 — g
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times ¢, — times t%, a €S
1
=2 0 — D, =D Moo
k=0 K n
Q(A) - Q(A) = (Q"(Xa))accr
o(A) — ®(A) = (0"(Aa))accpr
Qo = —ios —  (eaF(M\))— collection of principal parts
of g-valued rational function F'(\)
with poles in finite set S
% — any skew-symmetric r-matrix r12(A, @)



4. A generating Lagrangian multiform for ultralocal
field theories and CYBE

Schematic implementation of the generalisation

5[2 — g
00 — SccP!
times ¢, — times t%, a €S
1
=2 0 — D, =D Moo
k=0 K n
Q(A) - Q(A) = (Q"(Xa))accr
o(A) — ®(A) = (0"(Aa))accpr
Qo = —ios —  (eaF(M\))— collection of principal parts
of g-valued rational function F'(\)
with poles in finite set S
P%Q)\ — any skew-symmetric r-matrix r12(A, @)

m
L\ ) - Z(\ p) = collection of L% (N, 1p)
I vou Centre seminar



4. A generating Lagrangian multiform for ultralocal
field theories and CYBE

e Elementary Lagrangians computed as

.Z,‘fl”b = res res;, f"b()\a,,ub)/\ m= 1d/\u_” ldu

e Elementary Lax matrices V% (\) similarly computed from
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¢ Elementary Lagrangians computed as

.Z,fltjl = res; resy, L (A, )N rdA T

e Elementary Lax matrices V% (\) similarly computed from

V(A p) = Tra (epriz(N, 1) Qa(p))

e Key message: Euler-Lagrange eqs for ffﬁ% equivalent to zero

. . a b
curvature equation for times t%,, ¢,

O Vin(N) = 0, V() + [Vir (V) Vi (V)] = 0

— Full integrable hierarchy in variational form.
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Main results

Theorem

The generating Lazx equation
DpQ1(A) = [Tra (eaturiz(A, 1) Q2(p)), Q1(N)]. (1)

is variational: it derives from the multiform EL eqs for
L\, ). The closure relation in generating form

DL A p) + DL (v, X)) +DrZL(p,v) =0

holds as a consequence of the CYBE equation.

Theorem

The flows (1) on the Lie algebra of g-valued adéles commute as
a consequence of the CYBE

| \

\
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Theorem

The CYBE also ensures that the generating zero curvature
equation holds

D,V (Ap) — D V(Av)+ [V(A ), V(A v)] =0,

where
V(A ) = Tra (epriz(A, 1) Q2(p))

generates the local Lax matrices as

VO (s ) = ZV” beC,

Voo A: Hoo — § : Voo n+k‘+1.
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Procedure to get examples.
Choose:

(1) a skew-symmetric r-matrix (rational or trig for us),

(i1) an effective divisor D = }_ g Naa, with support given by
a finite subset S C CP?,

(i) a Lie algebra g which for simplicity we take to be either
gly or sly,

(1v) a g-valued rational function F'(\) € Ry(g) with poles
divisor (F')eo = D, i.e. with a pole of order N, at each
point a € S.
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Recovering the original AKNS example.
Fix the data as
S={x0}, Nou=0, g=sly, F(\) =—ios,

and choose the rational r-matrix rio(\, p) = 2%
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Sine-Gordon hierarchy

For the hierarchy of the sine-Gordon equation (in light-cone

coords)
Ugy +sinu =0,

we fix § ={0,00}, Ng =1 = Nu, g = slo,

(1
F()\)I%<XU++O’_—0’+—)\0‘_>

and we choose the trigonometric r-matrix

ri 1 o pEA
() = 5 (Pfé — Pt mPH)
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We can derive all elementary Lagrangians. We find

1 1
Lo = .,f(?o’oo = —Ually — 5 COSU

1 1 1 ] 1 )
LKV = 30010700 - Zuxuz-l_ﬁui_ Zuix_ Zax (_ui + Zuxuxm)

1 1 . 1
Lrnived = L1 = — s — §um(uxy +sinu) + Zui cos u

/) 1 .
Recover the results of [suris '16].
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Hierarchies of Zakharov-Mikhailov type
Correspond to Lax matrices of Zakharov-Shabat type: rational
Lax matrices with prescribed pole structures.

e In our setup, choose the following data

S =Aay,... ap}C(C P>0, g=gly,
-y Z Gy
i=1 r= 0
e Fach A;, € gly is a non-dynamical constant matrix.

e r-matrix can be the rational (original Zakharov-Mikhailov
case) or trigonometric (new models). Even in rational case,
obtain full hierarchy, not just a single model/level.



4. A generating Lagrangian multiform for ultralocal
field theories and CYBE

Most famous example: Faddeev-Reshetikhin version of
Principal chiral model

e 2 simple poles a,b = —a in S,




4. A generating Lagrangian multiform for ultralocal
field theories and CYBE

Most famous example: Faddeev-Reshetikhin version of
Principal chiral model

e 2 simple poles a,b = —a in S,
A B

F(A):_(A—a)_()\—i—a)’

o Lowest elementary Lax matrices for times t*; =&, t"{ =17

ATt o b _yByYTt gy
T A—a  M—a’ V() = A+a Ata

VA (N
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Most famous example: Faddeev-Reshetikhin version of
Principal chiral model

e 2 simple poles a,b = —a in S,

B A B B
A—a) (A+a)’

e Lowest elementary Lax matrices for times t*| =&, t_] =

oA~ _ o _ Byt

a ()\) = = —
VA A—a A—a Ata Ata

e Zero curvature equations
3 Jo+ [J(),Jl] 0, 8§J1 + [Jo,Jl] 0.
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o We get the lowest elementary Lagrangian as

PpAS ! ¢B¢_1>

L8 =Tr (¢—16n¢A — Y OYB — o
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Coupling models/hierarchies

e Procedure produces new models/hierarchies that are
automatically integrable. NB: not the same as taking
combination of flows within a hierarchy.

e Example: couple nonlinear Schrodinger to
Faddeev-Reshetikhin.

S={a,—a,0}, a€C* N,=Ny,=1, Noo=0, g=sla,

A
F(\) = —iaoz + —— + = aFAENS(\) + FFR()),

A—a Mta

where A, B are constant sl matrices.

e « couples the two theories: a = 0 gives a pure FR theory
while sending « to infinity produces a pure AKNS hierarchy.
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e Extract model at lowest level. Can compute Lax matrices and
zero curvature equations and Lagrangian that produces those
equations.

O¢J1 + % [Jo, J1] —a[Unrs(—a), J1] =0,

Oéang + iOéQ[Ug, QQ] + iOé[Jo, 03] =0 s
a@an—a8§Q2+a2[Q1, Qg]—iaa[Jo, 03]—ia[03, Jl]—l-Oé[Jo, Ql] =0.

e If needed, can compute all higher levels in hierarchy.
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5. Conclusions

e Lagrangian multiform theory: a purely Lagrangian approach
to classical integrability, from a generalised variational principle.

e The problem of constructing efficiently Lagrangian multiforms
led to several developments:

1. We brought together the theory of Lagrangian multiforms
and of the classical r-matrix and CYBE for the first time.

— Conceptual by-products: (i) CYBE acquires a variational
interpretation for first time; (i7) closure relation established as
fundamental criterion for “Lagrangian integrability”.

2. Constructive approach to derive (not guess), from minimal
(algebraic) input, Lax pairs and Lagrangians for corresponding
zero curvature equations. Applicable to large variety of
integrable hierarchies, old and new.
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5. outlook, open questions

Many open questions.
Classical level

e Connection between our results and 4d Chern-Simons
construction of integrable field theories. Extend results from
[Caudrelier, Stoppato, Vicedo ’21] to entire hierarchies encoded in
our generating Lagrangian multiform?

e What about non ultralocal integrable theories? How to relate
with other important construction of non ultralocal integrable
theories via affine Gaudin models?

Quantum level

e Covariant quantization of integrable field theories? Relation
to quantum R matrix and quantum YBE?



THANK YOU!
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In formulas,

"E/ﬂ()“ N/) = K(Aa /"l’) - U(Aa H’) = ("E/ﬂa’b(Aa? :u’b))a,bE([:Pl

Kinetic and potential terms
K\ p) = Tr(¢(N) ' Dup(N)(eaF (V)-)
—Tr (¢(p) " Dad(p) (e F (1)),
U p) = 2 Trop ((eatp + tuta)ri2 (0 1)Q1(N)Q2(p))-
Generating Lax equation reads
DuQi(A) = [ Tra (eaturiz(A, 1) Q2(p)), Q1(N)]. (2)

derives from multiform EL egs.



