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Mathematical set up 
and examples



<latexit sha1_base64="EbAc3DNZyZSyp0Q2rq/ACNQS+d4=">AAACHnicbVDLSsNAFJ3UV62vqEs3g0WoICWR+tgIRTeupIJ9QJOGyXTSDp1M4sxEKKFf4sZfceNCEcGV/o2TtgttPTBw7jn3cuceP2ZUKsv6NnILi0vLK/nVwtr6xuaWub3TkFEiMKnjiEWi5SNJGOWkrqhipBULgkKfkaY/uMr85gMRkkb8Tg1j4oaox2lAMVJa8swTeAGdI0cmoZc6hDFdWqOOQ3mghtqA3U7g3ZQy51BX951x08gzi1bZGgPOE3tKimCKmmd+Ot0IJyHhCjMkZdu2YuWmSCiKGRkVnESSGOEB6pG2phyFRLrp+LwRPNBKFwaR0I8rOFZ/T6QolHIY+rozRKovZ71M/M9rJyo4d1PK40QRjieLgoRBFcEsK9ilgmDFhpogLKj+K8R9JBBWOtGCDsGePXmeNI7L9mm5clspVi+nceTBHtgHJWCDM1AF16AG6gCDR/AMXsGb8WS8GO/Gx6Q1Z0xndsEfGF8/6X6gjA==</latexit>
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Unitary matrix models (UMMs) capture the 
essence of gauge theory

<latexit sha1_base64="OOlSoKIT7doeJJR1u9pYHZ6ZtDA=">AAACBHicbVDLSgNBEJyNrxhfqx5zGQyCp7ArioIIQS9elIjmIdkQZieTZMjsg5leMSx78OKvePGgiFc/wpt/42yyB00saCiquunuckPBFVjWt5Gbm19YXMovF1ZW19Y3zM2tugoiSVmNBiKQTZcoJrjPasBBsGYoGfFcwRru8Dz1G/dMKh74tzAKWdsjfZ/3OCWgpY5ZdDwCA0pEfJWcHmDnBDvAHiC+ubtMOmbJKltj4FliZ6SEMlQ75pfTDWjkMR+oIEq1bCuEdkwkcCpYUnAixUJCh6TPWpr6xGOqHY+fSPCuVrq4F0hdPuCx+nsiJp5SI8/VnenJatpLxf+8VgS943bM/TAC5tPJol4kMAQ4TQR3uWQUxEgTQiXXt2I6IJJQ0LkVdAj29MuzpL5ftg/L1vVBqXKWxZFHRbSD9pCNjlAFXaAqqiGKHtEzekVvxpPxYrwbH5PWnJHNbKM/MD5/ANaCl5M=</latexit>

N = 4 SYM
<latexit sha1_base64="yHfw/Zot5kkkeMky4LuaIsjjq4s=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OJJKrhtoV1KNs22oUl2SbJCKf0LXjwo4tU/5M1/Y7bdg7Y+GHi8N8PMvDDhTBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVBHqk5jHqhNiTTmT1DfMcNpJFMUi5LQdjm8zv/1ElWaxfDSThAYCDyWLGMEmk/zq/Xm/XHFr7hxolXg5qUCOZr/81RvEJBVUGsKx1l3PTUwwxcowwums1Es1TTAZ4yHtWiqxoDqYzm+doTOrDFAUK1vSoLn6e2KKhdYTEdpOgc1IL3uZ+J/XTU10HUyZTFJDJVksilKOTIyyx9GAKUoMn1iCiWL2VkRGWGFibDwlG4K3/PIqaV3UvMta/aFeadzkcRThBE6hCh5cQQPuoAk+EBjBM7zCmyOcF+fd+Vi0Fpx85hj+wPn8ARWEjZ8=</latexit>

U(N)

<latexit sha1_base64="uv86IERTVbSNql+jqvTBbCGK03c=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9nVoh6LXjxWtB/QriWbZtvQJLskWaEs/QtePCji1T/kzX9jtt2Dtj4YeLw3w8y8IOZMG9f9dgorq2vrG8XN0tb2zu5eef+gpaNEEdokEY9UJ8CaciZp0zDDaSdWFIuA03Ywvsn89hNVmkXywUxi6gs8lCxkBJtMun88R/1yxa26M6Bl4uWkAjka/fJXbxCRRFBpCMdadz03Nn6KlWGE02mpl2gaYzLGQ9q1VGJBtZ/Obp2iE6sMUBgpW9Kgmfp7IsVC64kIbKfAZqQXvUz8z+smJrzyUybjxFBJ5ovChCMToexxNGCKEsMnlmCimL0VkRFWmBgbT8mG4C2+vExaZ1Xvolq7q1Xq13kcRTiCYzgFDy6hDrfQgCYQGMEzvMKbI5wX5935mLcWnHzmEP7A+fwBLg+Nrw==</latexit>

S3•Free gauge theory/cmpct manifold

Single-letter trace
<latexit sha1_base64="M9EJI+arGBGloQSRnS7gkjxOTs0="></latexit>

f(q) = TrHsingle letters(SYM)
qH

Partition function
<latexit sha1_base64="sg9LvXkky1FTMhyhWE+6wQEoz1Q=">AAACD3icbVC7TsMwFHXKq5RXgJHFogIxoCpBFTBWsHRBKqIv1ITKcd3WquME20GqovwBC7/CwgBCrKxs/A1OmwFajmTp3HPule89XsioVJb1beQWFpeWV/KrhbX1jc0tc3unKYNIYNLAAQtE20OSMMpJQ1HFSDsUBPkeIy1vdJn6rQciJA14XY1D4vpowGmfYqS01DUPYewIH9ZF0o0dH6khRiyu6uLm9ipJoHMM7+/S2ixaJWsCOE/sjBRBhlrX/HJ6AY58whVmSMqObYXKjZFQFDOSFJxIkhDhERqQjqYc+US68eSeBB5opQf7gdCPKzhRf0/EyJdy7Hu6M11Zznqp+J/XiVT/3I0pDyNFOJ5+1I8YVAFMw4E9KghWbKwJwoLqXSEeIoGw0hEWdAj27MnzpHlSsk9L5etysXKRxZEHe2AfHAEbnIEKqIIaaAAMHsEzeAVvxpPxYrwbH9PWnJHN7II/MD5/AI52nF0=</latexit>

TrHSY M qH

<latexit sha1_base64="vJnvDm19jPo4b16TneVbqzk9CPg="></latexit>
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1 1
2-BPS index

f(q) 7! f1/2(q) = q (1.1)

IN (q) =
1X

`=0

dN (`) q` (1.2)

` 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

d1(`) 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

d2(`) 1 1 2 2 3 3 4 4 5 5 6 6 7 7 8 8 9

d3(`) 1 1 2 3 4 5 7 8 10 12 14 16 19 21 24 27 30

d4(`) 1 1 2 3 5 6 9 11 15 18 23 27 34 39 47 54 64

d5(`) 1 1 2 3 5 7 10 13 18 23 30 37 47 57 70 84 101

d6(`) 1 1 2 3 5 7 11 14 20 26 35 44 58 71 90 110 136

d7(`) 1 1 2 3 5 7 11 15 21 28 38 49 65 82 105 131 164

d8(`) 1 1 2 3 5 7 11 15 22 29 40 52 70 89 116 146 186

d9(`) 1 1 2 3 5 7 11 15 22 30 41 54 73 94 123 157 201

d10(`) 1 1 2 3 5 7 11 15 22 30 42 55 75 97 128 164 212

d11(`) 1 1 2 3 5 7 11 15 22 30 42 56 76 99 131 169 219

d12(`) 1 1 2 3 5 7 11 15 22 30 42 56 77 100 133 172 224

Table 1: Zeroth tail

1

•    -BPS
<latexit sha1_base64="Kkn6/apAfHYcZJqvuJ0vE213cgU=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiVNCSlKIui4K4rNAbNGmYTCd17OTizEQooTs3voobF4q49RXc+TZO2iy09YeBj/+cw5nzuxGjQhrGt5ZbWFxaXsmvFtbWNza39O2dlghjjkkThyzkHRcJwmhAmpJKRjoRJ8h3GWm7w8u03n4gXNAwaMhRRGwfDQLqUYykshx9HyYW92GDj6F1DEsn5lHvKqX7XnLnVMaOXjTKxkRwHswMiiBT3dG/rH6IY58EEjMkRNc0ImkniEuKGRkXrFiQCOEhGpCuwgD5RNjJ5I4xPFROH3ohVy+QcOL+nkiQL8TId1Wnj+StmK2l5n+1biy9czuhQRRLEuDpIi9mUIYwDQX2KSdYspEChDlVf4X4FnGEpYquoEIwZ0+eh1albJ6WqzfVYu0iiyMP9sABKAETnIEauAZ10AQYPIJn8AretCftRXvXPqatOS2b2QV/pH3+AM4blr4=</latexit>

Tr (�1)F qj2

Supersymmetric indices of gauge theory are 
equal to UMMs (because they are protected)

[Romelsberger ’05;  Kinney, Maldacena, Minwalla, Raju ’05]

<latexit sha1_base64="FTnS2xmdNRPYqUvH4pKmuw/rydQ=">AAAB/XicbVDLSsNAFL3xWesrPnZuBovgqiSlqMuiG5cV7AOaUibTSTt0MgkzE6GG4K+4caGIW//DnX/jpM1CWw8MHM65l3vm+DFnSjvOt7Wyura+sVnaKm/v7O7t2weHbRUlktAWiXgkuz5WlDNBW5ppTruxpDj0Oe34k5vc7zxQqVgk7vU0pv0QjwQLGMHaSAP72AuxHvtB6gUSk9TN0lqWDeyKU3VmQMvELUgFCjQH9pc3jEgSUqEJx0r1XCfW/RRLzQinWdlLFI0xmeAR7RkqcEhVP52lz9CZUYYoiKR5QqOZ+nsjxaFS09A3k3lWtejl4n9eL9HBVT9lIk40FWR+KEg40hHKq0BDJinRfGoIJpKZrIiMsalBm8LKpgR38cvLpF2ruhfV+l290rgu6ijBCZzCObhwCQ24hSa0gMAjPMMrvFlP1ov1bn3MR1esYucI/sD6/AHw35WN</latexit>

1
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3 1
16-BPS index

f(q) 7! f1/16(q) = 1� (1� q2)3

(1� q3)2
= 3q2 � 2q3 � 3q4 + 6q5 � 2q6 + · · · . (3.1)

n 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

d1(`) 1 0 3 -2 3 0 0 6 -6 0 12 -18 27 -12 -27 60 -60

d2(`) 1 0 3 -2 9 -6 11 -6 9 14 -21 36 -17 -18 114 -194 258

d3(`) 1 0 3 -2 9 -6 21 -18 33 -22 36 6 -19 90 -99 138 -9

d4(`) 1 0 3 -2 9 -6 21 -18 48 -42 78 -66 107 -36 30 114 -165

d5(`) 1 0 3 -2 9 -6 21 -18 48 -42 99 -96 172 -156 252 -160 195

d6(`) 1 0 3 -2 9 -6 21 -18 48 -42 99 -96 200 -198 345 -340 540

d7(`) 1 0 3 -2 9 -6 21 -18 48 -42 99 -96 200 -198 381 -396 666

dgrav 1 0 3 -2 9 -6 21 -18 48 -42 99 -96 200 -198 381 -396 711

5

<latexit sha1_base64="gxDXhAtIONnILCbrXft/q6HgJFc=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIrkoipbosunFZwT6gCWUynbRDJ5MwMxFKCPgrblwo4tbvcOffOGm70NYDA4dz7uWeOUHCmdKO822V1tY3NrfK25Wd3b39A/vwqKPiVBLaJjGPZS/AinImaFszzWkvkRRHAafdYHJb+N1HKhWLxYOeJtSP8EiwkBGsjTSwT7wI63EQZl4oMcncPHMbeT6wq07NmQGtEndBqrBAa2B/ecOYpBEVmnCsVN91Eu1nWGpGOM0rXqpogskEj2jfUIEjqvxsFj9H50YZojCW5gmNZurvjQxHSk2jwEwWYdWyV4j/ef1Uh9d+xkSSairI/FCYcqRjVHSBhkxSovnUEEwkM1kRGWPTgzaNVUwJ7vKXV0nnsuY2avX7erV5s6ijDKdwBhfgwhU04Q5a0AYCGTzDK7xZT9aL9W59zEdL1mLnGP7A+vwBbeuVzA==</latexit>

1

16•     -BPS
<latexit sha1_base64="DEuBJJbzYmUsRkW/Pem1prcDaNk=">AAACDXicbZDLSgMxFIYz9VbrbdSlm2AVKtUyU4q6LAriskJv0MuQSdM2bTIzJhmhDH0BN76KGxeKuHXvzrcx03ahrT8EPv5zDifndwNGpbKsbyOxtLyyupZcT21sbm3vmLt7VemHApMK9pkv6i6ShFGPVBRVjNQDQRB3Gam5w+u4XnsgQlLfK6tRQFoc9TzapRgpbTnmEYyagsOyGMPmKcyc2Sftm5ju29HAyWcHjp0VY8dMWzlrIrgI9gzSYKaSY341Oz4OOfEUZkjKhm0FqhUhoShmZJxqhpIECA9RjzQ0eogT2Yom14zhsXY6sOsL/TwFJ+7viQhxKUfc1Z0cqb6cr8Xmf7VGqLqXrYh6QaiIh6eLuiGDyodxNLBDBcGKjTQgLKj+K8R9JBBWOsCUDsGeP3kRqvmcfZ4r3BXSxatZHElwAA5BBtjgAhTBLSiBCsDgETyDV/BmPBkvxrvxMW1NGLOZffBHxucPkByYvA==</latexit>

Tr (�1)F qj2+j1+r

2 The 1
8-BPS index

f(q) 7! f1/8(q) =
2q

1 + q
= 2q � 2q2 + 2q3 � 2q4 + 2q5 � 2q6 + · · · . (2.1)

` 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17

d1(`) 1 2 1 2 2 0 3 2 0 2 2 2 1 2 0 2 4

d2(`) 1 2 4 4 6 8 8 8 13 12 12 16 14 16 24 16 18

d3(`) 1 2 4 8 9 14 20 24 30 34 46 52 60 70 76 88 102

d4(`) 1 2 4 8 14 18 28 40 52 70 88 104 140 168 196 240 278

d5(`) 1 2 4 8 14 24 33 50 72 98 134 176 224 280 367 448 546

d6(`) 1 2 4 8 14 24 40 56 84 122 168 232 312 408 528 672 865

d7(`) 1 2 4 8 14 24 40 64 91 136 196 272 378 512 680 896 1162

d8(`) 1 2 4 8 14 24 40 64 100 144 212 304 424 588 800 1072 1422

d9(`) 1 2 4 8 14 24 40 64 100 154 221 322 460 640 886 1208 1622

d10(`) 1 2 4 8 14 24 40 64 100 154 232 332 480 680 944 1304 1774

d11(`) 1 2 4 8 14 24 40 64 100 154 232 344 491 702 988 1368 1880

d12(`) 1 2 4 8 14 24 40 64 100 154 232 344 504 714 1012 1416 1950

d13(`) 1 2 4 8 14 24 40 64 100 154 232 344 504 728 1025 1442 2002

d14(`) 1 2 4 8 14 24 40 64 100 154 232 344 504 728 1040 1456 2030

d15(`) 1 2 4 8 14 24 40 64 100 154 232 344 504 728 1040 1472 2045

dgrav 1 2 4 8 14 24 40 64 100 154 232 344 504 728 1040 1472 2062

Table 3: Zeroth tail

3

<latexit sha1_base64="B7acJ1DaDs9WybQdl21ilSYq07c=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEVyWRol0W3bisYGuhKWUynbRDJ5MwMxFqCP6KGxeKuPU/3Pk3TtostPXAwOGce7lnjh9zprTjfFulldW19Y3yZmVre2d3z94/6KgokYS2ScQj2fWxopwJ2tZMc9qNJcWhz+m9P7nO/fsHKhWLxJ2exrQf4pFgASNYG2lgH3kh1mM/SL1AYpK6WdrIsoFddWrODGiZuAWpQoHWwP7yhhFJQio04VipnuvEup9iqRnhNKt4iaIxJhM8oj1DBQ6p6qez9Bk6NcoQBZE0T2g0U39vpDhUahr6ZjLPqha9XPzP6yU6aPRTJuJEU0Hmh4KEIx2hvAo0ZJISzaeGYCKZyYrIGJsatCmsYkpwF7+8TDrnNfeiVr+tV5tXRR1lOIYTOAMXLqEJN9CCNhB4hGd4hTfryXqx3q2P+WjJKnYO4Q+szx/6A5WT</latexit>

1

8
•    -BPS

<latexit sha1_base64="PBgBAK4NAorrADDlORQNcrG3xY0=">AAACDXicbZDLSgMxFIYz9VbrbdSlm2AVKmqZKUVdFgVxWaU36GXIpGmbNnMxyQhlmBdw46u4caGIW/fufBsz7Sy09YfAx3/O4eT8ts+okIbxraUWFpeWV9KrmbX1jc0tfXunJryAY1LFHvN4w0aCMOqSqqSSkYbPCXJsRur26Cqu1x8IF9RzK3Lsk7aD+i7tUYyksiz9AIYt7sAKj2DrBOZOzaPOdUz3nXBoFU6Hlnl8F1l61sgbE8F5MBPIgkRlS/9qdT0cOMSVmCEhmqbhy3aIuKSYkSjTCgTxER6hPmkqdJFDRDucXBPBQ+V0Yc/j6rkSTtzfEyFyhBg7tup0kByI2Vps/ldrBrJ30Q6p6weSuHi6qBcwKD0YRwO7lBMs2VgBwpyqv0I8QBxhqQLMqBDM2ZPnoVbIm2f54m0xW7pM4kiDPbAPcsAE56AEbkAZVAEGj+AZvII37Ul70d61j2lrSktmdsEfaZ8/YpCYng==</latexit>

Tr (�1)F qj2�j1+R

[Gadde, Rastelli, Razamat, Yan ’11; Bourdier, Drukker, Felix ’15]



Physics context



[Sundborg ’99; Aharony, Marsano, Minwalla, 
Papadodimas, van Raamsdonk ’03; 
Kinney, Maldacena, Minwalla, Raju ’05]

-BPS states1
16

<latexit sha1_base64="av1AE1XauQEGQObrtKAbkfrqOqQ="></latexit>

log d1/16N (`)
?
= SBH(N, `)

The supersymmetric index has a dual 
interpretation according to AdS/CFT

<latexit sha1_base64="OOlSoKIT7doeJJR1u9pYHZ6ZtDA=">AAACBHicbVDLSgNBEJyNrxhfqx5zGQyCp7ArioIIQS9elIjmIdkQZieTZMjsg5leMSx78OKvePGgiFc/wpt/42yyB00saCiquunuckPBFVjWt5Gbm19YXMovF1ZW19Y3zM2tugoiSVmNBiKQTZcoJrjPasBBsGYoGfFcwRru8Dz1G/dMKh74tzAKWdsjfZ/3OCWgpY5ZdDwCA0pEfJWcHmDnBDvAHiC+ubtMOmbJKltj4FliZ6SEMlQ75pfTDWjkMR+oIEq1bCuEdkwkcCpYUnAixUJCh6TPWpr6xGOqHY+fSPCuVrq4F0hdPuCx+nsiJp5SI8/VnenJatpLxf+8VgS943bM/TAC5tPJol4kMAQ4TQR3uWQUxEgTQiXXt2I6IJJQ0LkVdAj29MuzpL5ftg/L1vVBqXKWxZFHRbSD9pCNjlAFXaAqqiGKHtEzekVvxpPxYrwbH5PWnJHNbKM/MD5/ANaCl5M=</latexit>

N = 4 SYM
<latexit sha1_base64="yHfw/Zot5kkkeMky4LuaIsjjq4s=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OJJKrhtoV1KNs22oUl2SbJCKf0LXjwo4tU/5M1/Y7bdg7Y+GHi8N8PMvDDhTBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVBHqk5jHqhNiTTmT1DfMcNpJFMUi5LQdjm8zv/1ElWaxfDSThAYCDyWLGMEmk/zq/Xm/XHFr7hxolXg5qUCOZr/81RvEJBVUGsKx1l3PTUwwxcowwums1Es1TTAZ4yHtWiqxoDqYzm+doTOrDFAUK1vSoLn6e2KKhdYTEdpOgc1IL3uZ+J/XTU10HUyZTFJDJVksilKOTIyyx9GAKUoMn1iCiWL2VkRGWGFibDwlG4K3/PIqaV3UvMta/aFeadzkcRThBE6hCh5cQQPuoAk+EBjBM7zCmyOcF+fd+Vi0Fpx85hj+wPn8ARWEjZ8=</latexit>

U(N)

<latexit sha1_base64="yHfw/Zot5kkkeMky4LuaIsjjq4s=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OJJKrhtoV1KNs22oUl2SbJCKf0LXjwo4tU/5M1/Y7bdg7Y+GHi8N8PMvDDhTBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVBHqk5jHqhNiTTmT1DfMcNpJFMUi5LQdjm8zv/1ElWaxfDSThAYCDyWLGMEmk/zq/Xm/XHFr7hxolXg5qUCOZr/81RvEJBVUGsKx1l3PTUwwxcowwums1Es1TTAZ4yHtWiqxoDqYzm+doTOrDFAUK1vSoLn6e2KKhdYTEdpOgc1IL3uZ+J/XTU10HUyZTFJDJVksilKOTIyyx9GAKUoMn1iCiWL2VkRGWGFibDwlG4K3/PIqaV3UvMta/aFeadzkcRThBE6hCh5cQQPuoAk+EBjBM7zCmyOcF+fd+Vi0Fpx85hj+wPn8ARWEjZ8=</latexit>

U(N)

S3

<latexit sha1_base64="PdfFJCXqKQZJytbTNFKGscvjL2g=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexqQL0FvXiMxDwgWcPsZDYZMju7zPQKIeQTvHhQxKtf5M2/cZLsQaMFDUVVN91dQSKFQdf9cnIrq2vrG/nNwtb2zu5ecf+gaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3cz81iPXRsTqHscJ9yM6UCIUjKKV6vWH816x5JbdOchf4mWkBBlqveJntx+zNOIKmaTGdDw3QX9CNQom+bTQTQ1PKBvRAe9YqmjEjT+ZnzolJ1bpkzDWthSSufpzYkIjY8ZRYDsjikOz7M3E/7xOiuGlPxEqSZErtlgUppJgTGZ/k77QnKEcW0KZFvZWwoZUU4Y2nYINwVt++S9pnpW9SvnqrlKqXmdx5OEIjuEUPLiAKtxCDRrAYABP8AKvjnSenTfnfdGac7KZQ/gF5+Mb2KaNiA==</latexit>

S3

<latexit sha1_base64="PdfFJCXqKQZJytbTNFKGscvjL2g=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexqQL0FvXiMxDwgWcPsZDYZMju7zPQKIeQTvHhQxKtf5M2/cZLsQaMFDUVVN91dQSKFQdf9cnIrq2vrG/nNwtb2zu5ecf+gaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3cz81iPXRsTqHscJ9yM6UCIUjKKV6vWH816x5JbdOchf4mWkBBlqveJntx+zNOIKmaTGdDw3QX9CNQom+bTQTQ1PKBvRAe9YqmjEjT+ZnzolJ1bpkzDWthSSufpzYkIjY8ZRYDsjikOz7M3E/7xOiuGlPxEqSZErtlgUppJgTGZ/k77QnKEcW0KZFvZWwoZUU4Y2nYINwVt++S9pnpW9SvnqrlKqXmdx5OEIjuEUPLiAKtxCDRrAYABP8AKvjnSenTfnfdGac7KZQ/gF5+Mb2KaNiA==</latexit>

time

<latexit sha1_base64="PjYO0INZkB/zu5CbhP+3/3WrRvs=">AAACBHicbVDJSgNBEO2JW4zbqMdcGoMQQcKMGPQY9eIxErNAZhx6Op2kSc9Cd40Yhhy8+CtePCji1Y/w5t/YWQ6a+KDg8V4VVfX8WHAFlvVtZJaWV1bXsuu5jc2t7R1zd6+hokRSVqeRiGTLJ4oJHrI6cBCsFUtGAl+wpj+4GvvNeyYVj8JbGMbMDUgv5F1OCWjJM/MOsAdILzq1kVfGznHRAR4whWt35SPPLFglawK8SOwZKaAZqp755XQimgQsBCqIUm3bisFNiQROBRvlnESxmNAB6bG2piHRm9x08sQIH2qlg7uR1BUCnqi/J1ISKDUMfN0ZEOireW8s/ue1E+ieuykP4wRYSKeLuonAEOFxIrjDJaMghpoQKrm+FdM+kYSCzi2nQ7DnX14kjZOSXS5ZN6eFyuUsjizKowNURDY6QxV0jaqojih6RM/oFb0ZT8aL8W58TFszxmxmH/2B8fkDxO+W3w==</latexit>

AdS5 (⇥S5)
<latexit sha1_base64="lOIE+Hw9FfNuyYGyj2NFZ+WTAuI=">AAACAHicbVDLSsNAFL2pr1pfURcu3AwWwVVJSlFBhKILXUkFWwtNLJPppB06eTAzEUrIxl9x40IRt36GO//GSduFth64l8M59zJzjxdzJpVlfRuFhcWl5ZXiamltfWNzy9zeackoEYQ2ScQj0fawpJyFtKmY4rQdC4oDj9N7b3iZ+/ePVEgWhXdqFFM3wP2Q+YxgpaWuuef4ApPUztKbh2qGnDN0nrerrlm2KtYYaJ7YU1KGKRpd88vpRSQJaKgIx1J2bCtWboqFYoTTrOQkksaYDHGfdjQNcUClm44PyNChVnrIj4SuUKGx+nsjxYGUo8DTkwFWAznr5eJ/XidR/qmbsjBOFA3J5CE/4UhFKE8D9ZigRPGRJpgIpv+KyADrRJTOrKRDsGdPnietasU+rtRua+X6xTSOIuzDARyBDSdQh2toQBMIZPAMr/BmPBkvxrvxMRktGNOdXfgD4/MHDhyUww==</latexit>

1

N2
= G

<latexit sha1_base64="hvtpJK5Vp8S/qCDqGNKIVhpPVoA=">AAACGnicbVDLSgNBEJz1GeMr6tHLYBAiSNiVoIIIUQ/mJIpGhWxYZie9cXD2wUyvGJb9Di/+ihcPingTL/6Nk5iDr4KGoqqb7i4/kUKjbX9YI6Nj4xOThani9Mzs3HxpYfFcx6ni0OSxjNWlzzRIEUETBUq4TBSw0Jdw4V8f9P2LG1BaxNEZ9hJoh6wbiUBwhkbySs6p5yLcYrbfyCtH6y5IuUbdHbpryg0U49me16CVgZ5ntcOceqWyXbUHoH+JMyRlMsSxV3pzOzFPQ4iQS6Z1y7ETbGdMoeAS8qKbakgYv2ZdaBkasRB0Oxu8ltNVo3RoECtTEdKB+n0iY6HWvdA3nSHDK/3b64v/ea0Ug+12JqIkRYj416IglRRj2s+JdoQCjrJnCONKmFspv2ImEDRpFk0Izu+X/5LzjaqzWa2d1Mr1/WEcBbJMVkiFOGSL1EmDHJMm4eSOPJAn8mzdW4/Wi/X61TpiDWeWyA9Y759ikJ6X</latexit>

SBH(N, `) =
AH(`)

4G

-BPS BH1
16

[Gutowski, Reall ’04; Chong, Cvetic, Lu, 
Pope ’05; Kunduri, Lucietti, Reall ’06]

<latexit sha1_base64="4dO+dl+Mtar58ds6JIJ/ot8nSuA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPaUDbbSbt0dxN2N0IJ/QtePCji1T/kzX9j0uagrQ8GHu/NMDMviAU31nW/ndLa+sbmVnm7srO7t39QPTxqmyjRDFssEpHuBtSg4ApblluB3VgjlYHATjC5y/3OE2rDI/VopzH6ko4UDzmjNpf6KMSgWnPr7hxklXgFqUGB5qD61R9GLJGoLBPUmJ7nxtZPqbacCZxV+onBmLIJHWEvo4pKNH46v3VGzjJlSMJIZ6Usmau/J1IqjZnKIOuU1I7NspeL/3m9xIY3fspVnFhUbLEoTASxEckfJ0OukVkxzQhlmme3EjammjKbxVPJQvCWX14l7Yu6d1W/fLisNW6LOMpwAqdwDh5cQwPuoQktYDCGZ3iFN0c6L86787FoLTnFzDH8gfP5AxBUjkQ=</latexit>

`



Large-charge asymptotics are captured by 
dual black hole

� log|d2(�)| � log|d3(�)| � log|d4(�)| � log|dgrav(�)|
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[S.M. ’20]
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<latexit sha1_base64="RJ146M6eKRUoQCHuKPfYlM9wZ+4="></latexit>

SBH(`, N) ⇠ ⇡N2

2 · 31/6
⇣ `

N2

⌘2/3

[Cabo-Bizet, Cassani, Martelli, S.M. ’18;       
Choi, Kim, Kim, Nahmgoong ’18;  
Benini, Milan ’18,    ….  ]

<latexit sha1_base64="/nHh5dW0ZOWZkSCCI5IHlckBiJk=">AAACAXicbVBNS8NAEN34WetX1IvgJVgEL5ZESvVY6sVjRfsBTSib7aZdutmE3YlYQrz4V7x4UMSr/8Kb/8Ztm4O2Phh4vDfDzDw/5kyBbX8bS8srq2vrhY3i5tb2zq65t99SUSIJbZKIR7LjY0U5E7QJDDjtxJLi0Oe07Y+uJn77nkrFInEH45h6IR4IFjCCQUs989CFQGKSOlnqVDMX6AOkZ/XGbdYzS3bZnsJaJE5OSihHo2d+uf2IJCEVQDhWquvYMXgplsAIp1nRTRSNMRnhAe1qKnBIlZdOP8isE630rSCSugRYU/X3RIpDpcahrztDDEM1703E/7xuAsGllzIRJ0AFmS0KEm5BZE3isPpMUgJ8rAkmkulbLTLEOhHQoRV1CM78y4ukdV52quXKTaVUq+dxFNAROkanyEEXqIauUQM1EUGP6Bm9ojfjyXgx3o2PWeuSkc8coD8wPn8APZKWww==</latexit>

1
16 -BPS index



What happens at 
small charges? 



[S.M. ’20]

3 1
16-BPS index

f(q) 7! f1/16(q) = 1� (1� q2)3

(1� q3)2
= 3q2 � 2q3 � 3q4 + 6q5 � 2q6 + · · · . (3.1)

n 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

d1(`) 1 0 3 -2 3 0 0 6 -6 0 12 -18 27 -12 -27 60 -60

d2(`) 1 0 3 -2 9 -6 11 -6 9 14 -21 36 -17 -18 114 -194 258

d3(`) 1 0 3 -2 9 -6 21 -18 33 -22 36 6 -19 90 -99 138 -9

d4(`) 1 0 3 -2 9 -6 21 -18 48 -42 78 -66 107 -36 30 114 -165

d5(`) 1 0 3 -2 9 -6 21 -18 48 -42 99 -96 172 -156 252 -160 195

d6(`) 1 0 3 -2 9 -6 21 -18 48 -42 99 -96 200 -198 345 -340 540

d7(`) 1 0 3 -2 9 -6 21 -18 48 -42 99 -96 200 -198 381 -396 666

dgrav 1 0 3 -2 9 -6 21 -18 48 -42 99 -96 200 -198 381 -396 711

5

1 1
2-BPS index

f(q) 7! f1/2(q) = q (1.1)

IN (q) =
1X

`=0

dN (`) q` (1.2)

` 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

d1(`) 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

d2(`) 1 1 2 2 3 3 4 4 5 5 6 6 7 7 8 8 9

d3(`) 1 1 2 3 4 5 7 8 10 12 14 16 19 21 24 27 30

d4(`) 1 1 2 3 5 6 9 11 15 18 23 27 34 39 47 54 64

d5(`) 1 1 2 3 5 7 10 13 18 23 30 37 47 57 70 84 101

d6(`) 1 1 2 3 5 7 11 14 20 26 35 44 58 71 90 110 136

d7(`) 1 1 2 3 5 7 11 15 21 28 38 49 65 82 105 131 164

d8(`) 1 1 2 3 5 7 11 15 22 29 40 52 70 89 116 146 186

d9(`) 1 1 2 3 5 7 11 15 22 30 41 54 73 94 123 157 201

d10(`) 1 1 2 3 5 7 11 15 22 30 42 55 75 97 128 164 212

d11(`) 1 1 2 3 5 7 11 15 22 30 42 56 76 99 131 169 219

d12(`) 1 1 2 3 5 7 11 15 22 30 42 56 77 100 133 172 224

Table 1: Zeroth tail

1

3 1
16-BPS index

f(q) 7! f1/16(q) = 1� (1� q2)3

(1� q3)2
= 3q2 � 2q3 � 3q4 + 6q5 � 2q6 + · · · . (3.1)
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dgrav 1 0 3 -2 9 -6 21 -18 48 -42 99 -96 200 -198 381 -396 711
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3 1
16-BPS index
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5

For fixed charge, the            index
<latexit sha1_base64="/nHh5dW0ZOWZkSCCI5IHlckBiJk=">AAACAXicbVBNS8NAEN34WetX1IvgJVgEL5ZESvVY6sVjRfsBTSib7aZdutmE3YlYQrz4V7x4UMSr/8Kb/8Ztm4O2Phh4vDfDzDw/5kyBbX8bS8srq2vrhY3i5tb2zq65t99SUSIJbZKIR7LjY0U5E7QJDDjtxJLi0Oe07Y+uJn77nkrFInEH45h6IR4IFjCCQUs989CFQGKSOlnqVDMX6AOkZ/XGbdYzS3bZnsJaJE5OSihHo2d+uf2IJCEVQDhWquvYMXgplsAIp1nRTRSNMRnhAe1qKnBIlZdOP8isE630rSCSugRYU/X3RIpDpcahrztDDEM1703E/7xuAsGllzIRJ0AFmS0KEm5BZE3isPpMUgJ8rAkmkulbLTLEOhHQoRV1CM78y4ukdV52quXKTaVUq+dxFNAROkanyEEXqIauUQM1EUGP6Bm9ojfjyXgx3o2PWeuSkc8coD8wPn8APZKWww==</latexit>

1
16 -BPS
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For fixed charge, the            index
<latexit sha1_base64="/nHh5dW0ZOWZkSCCI5IHlckBiJk=">AAACAXicbVBNS8NAEN34WetX1IvgJVgEL5ZESvVY6sVjRfsBTSib7aZdutmE3YlYQrz4V7x4UMSr/8Kb/8Ztm4O2Phh4vDfDzDw/5kyBbX8bS8srq2vrhY3i5tb2zq65t99SUSIJbZKIR7LjY0U5E7QJDDjtxJLi0Oe07Y+uJn77nkrFInEH45h6IR4IFjCCQUs989CFQGKSOlnqVDMX6AOkZ/XGbdYzS3bZnsJaJE5OSihHo2d+uf2IJCEVQDhWquvYMXgplsAIp1nRTRSNMRnhAe1qKnBIlZdOP8isE630rSCSugRYU/X3RIpDpcahrztDDEM1703E/7xuAsGllzIRJ0AFmS0KEm5BZE3isPpMUgJ8rAkmkulbLTLEOhHQoRV1CM78y4ukdV52quXKTaVUq+dxFNAROkanyEEXqIauUQM1EUGP6Bm9ojfjyXgx3o2PWeuSkc8coD8wPn8APZKWww==</latexit>

1
16 -BPS

[S.M. ’20]

1 1
2-BPS index

f(q) 7! f1/2(q) = q (1.1)

IN (q) =
1X

`=0

dN (`) q` (1.2)

` 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

d1(`) 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

d2(`) 1 1 2 2 3 3 4 4 5 5 6 6 7 7 8 8 9

d3(`) 1 1 2 3 4 5 7 8 10 12 14 16 19 21 24 27 30

d4(`) 1 1 2 3 5 6 9 11 15 18 23 27 34 39 47 54 64

d5(`) 1 1 2 3 5 7 10 13 18 23 30 37 47 57 70 84 101

d6(`) 1 1 2 3 5 7 11 14 20 26 35 44 58 71 90 110 136

d7(`) 1 1 2 3 5 7 11 15 21 28 38 49 65 82 105 131 164

d8(`) 1 1 2 3 5 7 11 15 22 29 40 52 70 89 116 146 186

d9(`) 1 1 2 3 5 7 11 15 22 30 41 54 73 94 123 157 201

d10(`) 1 1 2 3 5 7 11 15 22 30 42 55 75 97 128 164 212

d11(`) 1 1 2 3 5 7 11 15 22 30 42 56 76 99 131 169 219

d12(`) 1 1 2 3 5 7 11 15 22 30 42 56 77 100 133 172 224

Table 1: Zeroth tail

1



For fixed charge, the            index 
stabilizes as 

<latexit sha1_base64="/nHh5dW0ZOWZkSCCI5IHlckBiJk=">AAACAXicbVBNS8NAEN34WetX1IvgJVgEL5ZESvVY6sVjRfsBTSib7aZdutmE3YlYQrz4V7x4UMSr/8Kb/8Ztm4O2Phh4vDfDzDw/5kyBbX8bS8srq2vrhY3i5tb2zq65t99SUSIJbZKIR7LjY0U5E7QJDDjtxJLi0Oe07Y+uJn77nkrFInEH45h6IR4IFjCCQUs989CFQGKSOlnqVDMX6AOkZ/XGbdYzS3bZnsJaJE5OSihHo2d+uf2IJCEVQDhWquvYMXgplsAIp1nRTRSNMRnhAe1qKnBIlZdOP8isE630rSCSugRYU/X3RIpDpcahrztDDEM1703E/7xuAsGllzIRJ0AFmS0KEm5BZE3isPpMUgJ8rAkmkulbLTLEOhHQoRV1CM78y4ukdV52quXKTaVUq+dxFNAROkanyEEXqIauUQM1EUGP6Bm9ojfjyXgx3o2PWeuSkc8coD8wPn8APZKWww==</latexit>

1
16 -BPS

3 1
16-BPS index
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= 3q2 � 2q3 � 3q4 + 6q5 � 2q6 + · · · . (3.1)
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d9(`) 1 1 2 3 5 7 11 15 22 30 41 54 73 94 123 157 201

d10(`) 1 1 2 3 5 7 11 15 22 30 42 55 75 97 128 164 212

d11(`) 1 1 2 3 5 7 11 15 22 30 42 56 76 99 131 169 219

d12(`) 1 1 2 3 5 7 11 15 22 30 42 56 77 100 133 172 224

Table 1: Zeroth tail

1

3 1
16-BPS index

f(q) 7! f1/16(q) = 1� (1� q2)3

(1� q3)2
= 3q2 � 2q3 � 3q4 + 6q5 � 2q6 + · · · . (3.1)

` 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

d1(`) 1 0 3 -2 3 0 0 6 -6 0 12 -18 27 -12 -27 60 -60

d2(`) 1 0 3 -2 9 -6 11 -6 9 14 -21 36 -17 -18 114 -194 258

d3(`) 1 0 3 -2 9 -6 21 -18 33 -22 36 6 -19 90 -99 138 -9

d4(`) 1 0 3 -2 9 -6 21 -18 48 -42 78 -66 107 -36 30 114 -165

d5(`) 1 0 3 -2 9 -6 21 -18 48 -42 99 -96 172 -156 252 -160 195

d6(`) 1 0 3 -2 9 -6 21 -18 48 -42 99 -96 200 -198 345 -340 540

d7(`) 1 0 3 -2 9 -6 21 -18 48 -42 99 -96 200 -198 381 -396 666

d1(`) 1 0 3 -2 9 -6 21 -18 48 -42 99 -96 200 -198 381 -396 711

5

<latexit sha1_base64="oiqlZz8xgvxMZtMN1nZmz1nevAI=">AAAB/HicbVBNS8NAEN34WetXtEcvwSLUS0mkqMeiF48V7Ae0JWw203bpZhN2J8US6l/x4kERr/4Qb/4btx8HbX0w8Hhvhpl5QSK4Rtf9ttbWNza3tnM7+d29/YND++i4oeNUMaizWMSqFVANgkuoI0cBrUQBjQIBzWB4O/WbI1Cax/IBxwl0I9qXvMcZRSP5diH0OwiPmPUVHU1KHRDi3LeLbtmdwVkl3oIUyQI13/7qhDFLI5DIBNW67bkJdjOqkDMBk3wn1ZBQNqR9aBsqaQS6m82OnzhnRgmdXqxMSXRm6u+JjEZaj6PAdEYUB3rZm4r/ee0Ue9fdjMskRZBsvqiXCgdjZ5qEE3IFDMXYEMoUN7c6bEAVZWjyypsQvOWXV0njouxdliv3lWL1ZhFHjpyQU1IiHrkiVXJHaqROGBmTZ/JK3qwn68V6tz7mrWvWYqZA/sD6/AHaeZTo</latexit>

dgrav(`)
=

<latexit sha1_base64="rLwNGsNs4eXj8vRm8vg1m2zNu5k=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF09SwX5AE8pmu2mXbjZhdyKU0r/hxYMiXv0z3vw3btsctPXBwOO9GWbmhakUBl332ymsrW9sbhW3Szu7e/sH5cOjlkkyzXiTJTLRnZAaLoXiTRQoeSfVnMah5O1wdDvz209cG5GoRxynPIjpQIlIMIpW8u+JjwnxhYpw3CtX3Ko7B1klXk4qkKPRK3/5/YRlMVfIJDWm67kpBhOqUTDJpyU/MzylbEQHvGupojE3wWR+85ScWaVPokTbUkjm6u+JCY2NGceh7YwpDs2yNxP/87oZRtfBRKg0Q67YYlGUSWL/nAVA+kJzhnJsCWVa2FsJG1JNGdqYSjYEb/nlVdK6qHqX1dpDrVK/yeMowgmcwjl4cAV1uIMGNIFBCs/wCm9O5rw4787HorXg5DPH8AfO5w9s/pFO</latexit>

N ! 1 [S.M. ’20]



This stability is a feature of all indices
2 The 1

8-BPS index

f(q) 7! f1/8(q) =
2q

1 + q
= 2q � 2q2 + 2q3 � 2q4 + 2q5 � 2q6 + · · · . (2.1)

` 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17

d1(`) 1 2 1 2 2 0 3 2 0 2 2 2 1 2 0 2 4

d2(`) 1 2 4 4 6 8 8 8 13 12 12 16 14 16 24 16 18

d3(`) 1 2 4 8 9 14 20 24 30 34 46 52 60 70 76 88 102

d4(`) 1 2 4 8 14 18 28 40 52 70 88 104 140 168 196 240 278

d5(`) 1 2 4 8 14 24 33 50 72 98 134 176 224 280 367 448 546

d6(`) 1 2 4 8 14 24 40 56 84 122 168 232 312 408 528 672 865

d7(`) 1 2 4 8 14 24 40 64 91 136 196 272 378 512 680 896 1162

d8(`) 1 2 4 8 14 24 40 64 100 144 212 304 424 588 800 1072 1422

d9(`) 1 2 4 8 14 24 40 64 100 154 221 322 460 640 886 1208 1622

d10(`) 1 2 4 8 14 24 40 64 100 154 232 332 480 680 944 1304 1774

d11(`) 1 2 4 8 14 24 40 64 100 154 232 344 491 702 988 1368 1880

d12(`) 1 2 4 8 14 24 40 64 100 154 232 344 504 714 1012 1416 1950

d13(`) 1 2 4 8 14 24 40 64 100 154 232 344 504 728 1025 1442 2002

d14(`) 1 2 4 8 14 24 40 64 100 154 232 344 504 728 1040 1456 2030

d15(`) 1 2 4 8 14 24 40 64 100 154 232 344 504 728 1040 1472 2045

dgrav 1 2 4 8 14 24 40 64 100 154 232 344 504 728 1040 1472 2062

Table 3: Zeroth tail

3

2 The 1
8-BPS index

f(q) 7! f1/8(q) =
2q

1 + q
= 2q � 2q2 + 2q3 � 2q4 + 2q5 � 2q6 + · · · . (2.1)

` 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17

d1(`) 1 2 1 2 2 0 3 2 0 2 2 2 1 2 0 2 4

d2(`) 1 2 4 4 6 8 8 8 13 12 12 16 14 16 24 16 18

d3(`) 1 2 4 8 9 14 20 24 30 34 46 52 60 70 76 88 102

d4(`) 1 2 4 8 14 18 28 40 52 70 88 104 140 168 196 240 278

d5(`) 1 2 4 8 14 24 33 50 72 98 134 176 224 280 367 448 546

d6(`) 1 2 4 8 14 24 40 56 84 122 168 232 312 408 528 672 865

d7(`) 1 2 4 8 14 24 40 64 91 136 196 272 378 512 680 896 1162

d8(`) 1 2 4 8 14 24 40 64 100 144 212 304 424 588 800 1072 1422

d9(`) 1 2 4 8 14 24 40 64 100 154 221 322 460 640 886 1208 1622

d10(`) 1 2 4 8 14 24 40 64 100 154 232 332 480 680 944 1304 1774

d11(`) 1 2 4 8 14 24 40 64 100 154 232 344 491 702 988 1368 1880

d12(`) 1 2 4 8 14 24 40 64 100 154 232 344 504 714 1012 1416 1950

d13(`) 1 2 4 8 14 24 40 64 100 154 232 344 504 728 1025 1442 2002

d14(`) 1 2 4 8 14 24 40 64 100 154 232 344 504 728 1040 1456 2030

d15(`) 1 2 4 8 14 24 40 64 100 154 232 344 504 728 1040 1472 2045

dgrav 1 2 4 8 14 24 40 64 100 154 232 344 504 728 1040 1472 2062

Table 3: Zeroth tail

3

1 1
2-BPS index

f(q) 7! f1/2(q) = q (1.1)

IN (q) =
1X

`=0

dN (`) q` (1.2)

` 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

d1(`) 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

d2(`) 1 1 2 2 3 3 4 4 5 5 6 6 7 7 8 8 9

d3(`) 1 1 2 3 4 5 7 8 10 12 14 16 19 21 24 27 30

d4(`) 1 1 2 3 5 6 9 11 15 18 23 27 34 39 47 54 64

d5(`) 1 1 2 3 5 7 10 13 18 23 30 37 47 57 70 84 101

d6(`) 1 1 2 3 5 7 11 14 20 26 35 44 58 71 90 110 136

d7(`) 1 1 2 3 5 7 11 15 21 28 38 49 65 82 105 131 164

d8(`) 1 1 2 3 5 7 11 15 22 29 40 52 70 89 116 146 186

d9(`) 1 1 2 3 5 7 11 15 22 30 41 54 73 94 123 157 201

d10(`) 1 1 2 3 5 7 11 15 22 30 42 55 75 97 128 164 212

d11(`) 1 1 2 3 5 7 11 15 22 30 42 56 76 99 131 169 219

d12(`) 1 1 2 3 5 7 11 15 22 30 42 56 77 100 133 172 224

Table 1: Zeroth tail

1

2 1
8-BPS index

f(q) 7! f1/8(q) =
2q

1 + q
= 2q � 2q2 + 2q3 � 2q4 + 2q5 � 2q6 + · · · . (2.1)

` 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

d1(`) 1 2 1 2 2 0 3 2 0 2 2 2 1 2 0 2 4

d2(`) 1 2 4 4 6 8 8 8 13 12 12 16 14 16 24 16 18

d3(`) 1 2 4 8 9 14 20 24 30 34 46 52 60 70 76 88 102

d4(`) 1 2 4 8 14 18 28 40 52 70 88 104 140 168 196 240 278

d5(`) 1 2 4 8 14 24 33 50 72 98 134 176 224 280 367 448 546

d6(`) 1 2 4 8 14 24 40 56 84 122 168 232 312 408 528 672 865

d7(`) 1 2 4 8 14 24 40 64 91 136 196 272 378 512 680 896 1162

d8(`) 1 2 4 8 14 24 40 64 100 144 212 304 424 588 800 1072 1422

d9(`) 1 2 4 8 14 24 40 64 100 154 221 322 460 640 886 1208 1622

d10(`) 1 2 4 8 14 24 40 64 100 154 232 332 480 680 944 1304 1774

d11(`) 1 2 4 8 14 24 40 64 100 154 232 344 491 702 988 1368 1880

dgrav(`) 1 2 4 8 14 24 40 64 100 154 232 344 504 728 1040 1472 2062

Table 3: Zeroth tail

3



1 1
2-BPS index

f(q) 7! f1/2(q) = q (1.1)

IN (q) =
1X

`=0

dN (`) q` (1.2)

` 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

d1(`) 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

d2(`) 1 1 2 2 3 3 4 4 5 5 6 6 7 7 8 8 9

d3(`) 1 1 2 3 4 5 7 8 10 12 14 16 19 21 24 27 30

d4(`) 1 1 2 3 5 6 9 11 15 18 23 27 34 39 47 54 64

d5(`) 1 1 2 3 5 7 10 13 18 23 30 37 47 57 70 84 101

d6(`) 1 1 2 3 5 7 11 14 20 26 35 44 58 71 90 110 136

d7(`) 1 1 2 3 5 7 11 15 21 28 38 49 65 82 105 131 164

d8(`) 1 1 2 3 5 7 11 15 22 29 40 52 70 89 116 146 186

d9(`) 1 1 2 3 5 7 11 15 22 30 41 54 73 94 123 157 201

d10(`) 1 1 2 3 5 7 11 15 22 30 42 55 75 97 128 164 212

d11(`) 1 1 2 3 5 7 11 15 22 30 42 56 76 99 131 169 219

d12(`) 1 1 2 3 5 7 11 15 22 30 42 56 77 100 133 172 224

Table 1: Zeroth tail

1

1 1
2-BPS index

f(q) 7! f1/2(q) = q (1.1)

IN (q) =
1X

`=0

dN (`) q` (1.2)

` 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

d1(`) 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

d2(`) 1 1 2 2 3 3 4 4 5 5 6 6 7 7 8 8 9

d3(`) 1 1 2 3 4 5 7 8 10 12 14 16 19 21 24 27 30

d4(`) 1 1 2 3 5 6 9 11 15 18 23 27 34 39 47 54 64

d5(`) 1 1 2 3 5 7 10 13 18 23 30 37 47 57 70 84 101

d6(`) 1 1 2 3 5 7 11 14 20 26 35 44 58 71 90 110 136

d7(`) 1 1 2 3 5 7 11 15 21 28 38 49 65 82 105 131 164

d8(`) 1 1 2 3 5 7 11 15 22 29 40 52 70 89 116 146 186

d9(`) 1 1 2 3 5 7 11 15 22 30 41 54 73 94 123 157 201

d10(`) 1 1 2 3 5 7 11 15 22 30 42 55 75 97 128 164 212

d11(`) 1 1 2 3 5 7 11 15 22 30 42 56 76 99 131 169 219

d12(`) 1 1 2 3 5 7 11 15 22 30 42 56 77 100 133 172 224

Table 1: Zeroth tail

1

1 1
2-BPS index

f(q) 7! f1/2(q) = q (1.1)

IN (q) =
1X

`=0

dN (`) q` (1.2)

` 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

d1(`) 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

d2(`) 1 1 2 2 3 3 4 4 5 5 6 6 7 7 8 8 9

d3(`) 1 1 2 3 4 5 7 8 10 12 14 16 19 21 24 27 30

d4(`) 1 1 2 3 5 6 9 11 15 18 23 27 34 39 47 54 64

d5(`) 1 1 2 3 5 7 10 13 18 23 30 37 47 57 70 84 101

d6(`) 1 1 2 3 5 7 11 14 20 26 35 44 58 71 90 110 136

d7(`) 1 1 2 3 5 7 11 15 21 28 38 49 65 82 105 131 164

d8(`) 1 1 2 3 5 7 11 15 22 29 40 52 70 89 116 146 186

d9(`) 1 1 2 3 5 7 11 15 22 30 41 54 73 94 123 157 201

d10(`) 1 1 2 3 5 7 11 15 22 30 42 55 75 97 128 164 212

d11(`) 1 1 2 3 5 7 11 15 22 30 42 56 76 99 131 169 219

dgrav(`) 1 1 2 3 5 7 11 15 22 30 42 56 77 101 135 176 231

Table 1: Zeroth tail

1

This stability is a feature of all indices

1 1
2-BPS index

f(q) 7! f1/2(q) = q (1.1)

IN (q) =
1X

`=0

dN (`) q` (1.2)

` 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

d1(`) 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

d2(`) 1 1 2 2 3 3 4 4 5 5 6 6 7 7 8 8 9

d3(`) 1 1 2 3 4 5 7 8 10 12 14 16 19 21 24 27 30

d4(`) 1 1 2 3 5 6 9 11 15 18 23 27 34 39 47 54 64

d5(`) 1 1 2 3 5 7 10 13 18 23 30 37 47 57 70 84 101

d6(`) 1 1 2 3 5 7 11 14 20 26 35 44 58 71 90 110 136

d7(`) 1 1 2 3 5 7 11 15 21 28 38 49 65 82 105 131 164

d8(`) 1 1 2 3 5 7 11 15 22 29 40 52 70 89 116 146 186

d9(`) 1 1 2 3 5 7 11 15 22 30 41 54 73 94 123 157 201

d10(`) 1 1 2 3 5 7 11 15 22 30 42 55 75 97 128 164 212

d11(`) 1 1 2 3 5 7 11 15 22 30 42 56 76 99 131 169 219

d12(`) 1 1 2 3 5 7 11 15 22 30 42 56 77 100 133 172 224

Table 1: Zeroth tail

1



Character expansion, 
Frobenius formula

<latexit sha1_base64="whee8atSBB3Qi02NP9a98zBd3QY="></latexit>

If
N (q) =

X

�

f�(q)
1

z�

X

`(µ)N

�µ(�)2

In fact, this stability is a feature of all UMMs
•  

• At  , we sum over all partitions, andN = 1

<latexit sha1_base64="diSDrbkGg5lajUTWRZCArf7avpo=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKexKQD0IQS+eJIJ5YLKE2clsMmR2dpnpFZaQv/DiQRGv/o03/8bJ46CJBQ1FVTfdXUEihUHX/XZyK6tr6xv5zcLW9s7uXnH/oGHiVDNeZ7GMdSughkuheB0FSt5KNKdRIHkzGN5M/OYT10bE6gGzhPsR7SsRCkbRSo935Ip0hAox6xZLbtmdgiwTb05KMEetW/zq9GKWRlwhk9SYtucm6I+oRsEkHxc6qeEJZUPa521LFY248UfTi8fkxCo9EsbalkIyVX9PjGhkTBYFtjOiODCL3kT8z2unGF74I6GSFLlis0VhKgnGZPI+6QnNGcrMEsq0sLcSNqCaMrQhFWwI3uLLy6RxVvYq5cv7Sql6PY8jD0dwDKfgwTlU4RZqUAcGCp7hFd4c47w4787HrDXnzGcO4Q+czx+TxpA7</latexit>

=1

[cf Dolan ’07; Dutta, Gopakumar ’07][S.M. ’20]

<latexit sha1_base64="2NWkyodevnTaKCTZNeteUyRskmA="></latexit>

z� =
Y

i�1

ri! i
ri

<latexit sha1_base64="dqVar9vPBYme0QYa7m1oxxUr05U=">AAACGXicbZDLSsNAFIYn9VbrLerSzWARXJSSlKJuhKIblxXsBZoYJpNJO3QyCTMToYS+hhtfxY0LRVzqyrdx0mahrQcGPv5zfs6c308Ylcqyvo3Syura+kZ5s7K1vbO7Z+4fdGWcCkw6OGax6PtIEkY56SiqGOkngqDIZ6Tnj6/zfu+BCEljfqcmCXEjNOQ0pBgpLXmm5URIjfwwc5g2BWgKndqlU4P2fSY8e6qpkVMjJyeIlfTMqlW3ZgWXwS6gCopqe+an9uE0IlxhhqQc2Fai3AwJRTEj04qTSpIgPEZDMtDIUUSkm80um8ITrQQwjIV+XMGZ+tuRoUjKSeTryfwOudjLxf96g1SFF25GeZIqwvF8UZgyqGKYxwQDKghWbKIBYUH1XyEeIYGw0mFWdAj24snL0G3U7bN687ZZbV0VcZTBETgGp8AG56AFbkAbdAAGj+AZvII348l4Md6Nj/loySg8h+BPGV8/IAGfHg==</latexit>

� = 1r1 2r2 . . .

Partitions of integers

<latexit sha1_base64="YMN/XgaFLT6I19Fejo+9JSfT6G8="></latexit>

f�(q) =
Y

i�1

f(qi)ri

<latexit sha1_base64="P5vSlgrEfhDngKQAdUnekN07oVg="></latexit>

If
1(q) =

X

�

f�(q) =
1Y

k=1

1

1� f(qk)

<latexit sha1_base64="8JFNGaLHr9NtLEXvd2FDgzgWW5c=">AAACCnicbVDLSgNBEJyNrxhfUY9eRoMQQcKuBPUiBL3oLYJ5QDaG2clsMmT24UxvMCw5e/FXvHhQxKtf4M2/cTbZg0YLGoqqbrq7nFBwBab5ZWTm5hcWl7LLuZXVtfWN/OZWXQWRpKxGAxHIpkMUE9xnNeAgWDOUjHiOYA1ncJH4jSGTigf+DYxC1vZIz+cupwS01MnvntmHOLY9An1KBL4a37odG9g9xD1JhuPi3UEnXzBL5gT4L7FSUkApqp38p90NaOQxH6ggSrUsM4R2TCRwKtg4Z0eKhYQOSI+1NPWJx1Q7nrwyxvta6WI3kLp8wBP150RMPKVGnqM7k5vVrJeI/3mtCNzTdsz9MALm0+kiNxIYApzkgrtcMgpipAmhkutbMe0TSSjo9HI6BGv25b+kflSyjkvl63Khcp7GkUU7aA8VkYVOUAVdoiqqIYoe0BN6Qa/Go/FsvBnv09aMkc5so18wPr4BelSaKA==</latexit>

= If
grav(q)

<latexit sha1_base64="u6fEzphUV2eW3mAyxv5bzSrOBiQ="></latexit>

If
N (q) =

Z
dU exp

✓ 1X

k=1

1

k
f(qk) trUk trU�k

◆



What happens above the stability bound?
1 1

2-BPS index

f(q) 7! f1/2(q) = q (1.1)

IN (q) =
1X

`=0

dN (`) q` (1.2)

` 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

d1(`) 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

d2(`) 1 1 2 2 3 3 4 4 5 5 6 6 7 7 8 8 9

d3(`) 1 1 2 3 4 5 7 8 10 12 14 16 19 21 24 27 30

d4(`) 1 1 2 3 5 6 9 11 15 18 23 27 34 39 47 54 64

d5(`) 1 1 2 3 5 7 10 13 18 23 30 37 47 57 70 84 101

d6(`) 1 1 2 3 5 7 11 14 20 26 35 44 58 71 90 110 136

d7(`) 1 1 2 3 5 7 11 15 21 28 38 49 65 82 105 131 164

d8(`) 1 1 2 3 5 7 11 15 22 29 40 52 70 89 116 146 186

d9(`) 1 1 2 3 5 7 11 15 22 30 41 54 73 94 123 157 201

d10(`) 1 1 2 3 5 7 11 15 22 30 42 55 75 97 128 164 212

d11(`) 1 1 2 3 5 7 11 15 22 30 42 56 76 99 131 169 219

d12(`) 1 1 2 3 5 7 11 15 22 30 42 56 77 100 133 172 224

Table 1: Zeroth tail

1

IN (q)

I1(q)
= 1 + qN+1

1X

`=0

d(1)N (`) q` (1.3)

N \ ` 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17

d(1)1 (`) -1 -1 -1 0 0 1 1 1 1 1 0 0 0 -1 -1 -1 -1

d(1)2 (`) -1 -1 -1 -1 0 0 1 1 2 1 2 1 1 0 0 -1 -1

d(1)3 (`) -1 -1 -1 -1 -1 0 0 1 1 2 2 2 2 2 1 1 0

d(1)4 (`) -1 -1 -1 -1 -1 -1 0 0 1 1 2 2 3 2 3 2 2

d(1)5 (`) -1 -1 -1 -1 -1 -1 -1 0 0 1 1 2 2 3 3 3 3

d(1)6 (`) -1 -1 -1 -1 -1 -1 -1 -1 0 0 1 1 2 2 3 3 4

d(1)7 (`) -1 -1 -1 -1 -1 -1 -1 -1 -1 0 0 1 1 2 2 3 3

d(1)8 (`) -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 0 0 1 1 2 2 3

d(1)9 (`) -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 0 0 1 1 2 2

d(1)10 (`) -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 0 0 1 1 2

d(1)11 (`) -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 0 0 1 1

d(1)12 (`) -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 0 0 1

Table 2: First tail.

2

[Gaiotto-Lee ’21; Lee ’22]

[Imamura + Arai,   
 Fujiwara, Mori, ’19-’21]

IN (q)

I1(q)
= 1 + qN+1

1X

`=0

d(1)N (`) q` (1.3)

` 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17

d(1)1 (`) -1 -1 -1 0 0 1 1 1 1 1 0 0 0 -1 -1 -1 -1

d(1)2 (`) -1 -1 -1 -1 0 0 1 1 2 1 2 1 1 0 0 -1 -1

d(1)3 (`) -1 -1 -1 -1 -1 0 0 1 1 2 2 2 2 2 1 1 0

d(1)4 (`) -1 -1 -1 -1 -1 -1 0 0 1 1 2 2 3 2 3 2 2

d(1)5 (`) -1 -1 -1 -1 -1 -1 -1 0 0 1 1 2 2 3 3 3 3

d(1)6 (`) -1 -1 -1 -1 -1 -1 -1 -1 0 0 1 1 2 2 3 3 4

d(1)7 (`) -1 -1 -1 -1 -1 -1 -1 -1 -1 0 0 1 1 2 2 3 3

d(1)8 (`) -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 0 0 1 1 2 2 3

d(1)9 (`) -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 0 0 1 1 2 2

d(1)10 (`) -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 0 0 1 1 2

d(1)11 (`) -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 0 0 1 1

d(1)12 (`) -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 0 0 1

Table 2: First tail.

2



1 1
2-BPS index

f(q) 7! f1/2(q) = q (1.1)

IN (q) =
1X

`=0

dN (`) q` (1.2)

` 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

d1(`) 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

d2(`) 1 1 2 2 3 3 4 4 5 5 6 6 7 7 8 8 9

d3(`) 1 1 2 3 4 5 7 8 10 12 14 16 19 21 24 27 30

d4(`) 1 1 2 3 5 6 9 11 15 18 23 27 34 39 47 54 64

d5(`) 1 1 2 3 5 7 10 13 18 23 30 37 47 57 70 84 101

d6(`) 1 1 2 3 5 7 11 14 20 26 35 44 58 71 90 110 136

d7(`) 1 1 2 3 5 7 11 15 21 28 38 49 65 82 105 131 164

d8(`) 1 1 2 3 5 7 11 15 22 29 40 52 70 89 116 146 186

d9(`) 1 1 2 3 5 7 11 15 22 30 41 54 73 94 123 157 201

d10(`) 1 1 2 3 5 7 11 15 22 30 42 55 75 97 128 164 212

d11(`) 1 1 2 3 5 7 11 15 22 30 42 56 76 99 131 169 219

d12(`) 1 1 2 3 5 7 11 15 22 30 42 56 77 100 133 172 224

Table 1: Zeroth tail

1

<latexit sha1_base64="FTnS2xmdNRPYqUvH4pKmuw/rydQ=">AAAB/XicbVDLSsNAFL3xWesrPnZuBovgqiSlqMuiG5cV7AOaUibTSTt0MgkzE6GG4K+4caGIW//DnX/jpM1CWw8MHM65l3vm+DFnSjvOt7Wyura+sVnaKm/v7O7t2weHbRUlktAWiXgkuz5WlDNBW5ppTruxpDj0Oe34k5vc7zxQqVgk7vU0pv0QjwQLGMHaSAP72AuxHvtB6gUSk9TN0lqWDeyKU3VmQMvELUgFCjQH9pc3jEgSUqEJx0r1XCfW/RRLzQinWdlLFI0xmeAR7RkqcEhVP52lz9CZUYYoiKR5QqOZ+nsjxaFS09A3k3lWtejl4n9eL9HBVT9lIk40FWR+KEg40hHKq0BDJinRfGoIJpKZrIiMsalBm8LKpgR38cvLpF2ruhfV+l290rgu6ijBCZzCObhwCQ24hSa0gMAjPMMrvFlP1ov1bn3MR1esYucI/sD6/AHw35WN</latexit>

1

2
Example 1:    -BPS index

<latexit sha1_base64="dslE8USbqlQTLN732WLQr/1sT6c="></latexit>

=
1X

m=0

(�1)m q(
m
2 )

(q)m
qm(N+1)

<latexit sha1_base64="hxvHBevsyi5IWui4hI5rnXkTBFE="></latexit>

I1/2N (q)

I1/21 (q)
=

(q)1
(q)N

<latexit sha1_base64="VuIUcmBtoI3Rp7dje9E2BqajymA=">AAACDXicbVDLSsNAFJ34rPUVdelmsAp1U5NSVBCh6EY3pYJ9QFPDZDpph04ezkyEEvIDbvwVNy4UcevenX/jpM1CWw/cy+Gce5m5xwkZFdIwvrW5+YXFpeXcSn51bX1jU9/aboog4pg0cMAC3naQIIz6pCGpZKQdcoI8h5GWM7xM/dYD4YIG/q0chaTrob5PXYqRVJKt71/fxeZRObFrxftDaJ3B87RZLkc4NpNYiXYtsfWCUTLGgLPEzEgBZKjb+pfVC3DkEV9ihoTomEYouzHikmJGkrwVCRIiPER90lHURx4R3Xh8TQIPlNKDbsBV+RKO1d8bMfKEGHmOmvSQHIhpLxX/8zqRdE+7MfXDSBIfTx5yIwZlANNoYI9ygiUbKYIwp+qvEA+QSkKqAPMqBHP65FnSLJfM41LlplKoXmRx5MAu2ANFYIITUAVXoA4aAINH8AxewZv2pL1o79rHZHROy3Z2wB9onz8/mZkv</latexit>

I1/2N (q) =
1

(q)N

<latexit sha1_base64="ylMaT9PIQP6TKnaFg5CLNHoyrSE=">AAACDHicbVDLSgMxFM3UV62vqks3wSK0C8uMFBWkUHTjqlSwD+hMh0wm04ZmHk0yQhn6AW78FTcuFHHrB7jzb0zbWWjrgQuHc84luceJGBVS17+1zMrq2vpGdjO3tb2zu5ffP2iJMOaYNHHIQt5xkCCMBqQpqWSkE3GCfIeRtjO8mfrtB8IFDYN7OY6I5aN+QD2KkVSSnS8URyW7Ds0rWFUDzYiHrp3QqjHp1WHROB31aEml9LI+A1wmRkoKIEXDzn+ZbohjnwQSMyRE19AjaSWIS4oZmeTMWJAI4SHqk66iAfKJsJLZMRN4ohQXeiFXE0g4U39vJMgXYuw7KukjORCL3lT8z+vG0ru0EhpEsSQBnj/kxQzKEE6bgS7lBEs2VgRhTtVfIR4gjrBU/eVUCcbiycukdVY2zsuVu0qhdp3WkQVH4BgUgQEuQA3cggZoAgwewTN4BW/ak/aivWsf82hGS3cOwR9onz/e2Zhe</latexit>

(q)N =
NY

i=1

(1� qi)



IN (q)

I1(q)
= 1 + qN+1

1X

`=0

d(1)N (`) q` (1.3)

N \ ` 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17

d(1)1 (`) -1 -1 -1 0 0 1 1 1 1 1 0 0 0 -1 -1 -1 -1

d(1)2 (`) -1 -1 -1 -1 0 0 1 1 2 1 2 1 1 0 0 -1 -1

d(1)3 (`) -1 -1 -1 -1 -1 0 0 1 1 2 2 2 2 2 1 1 0

d(1)4 (`) -1 -1 -1 -1 -1 -1 0 0 1 1 2 2 3 2 3 2 2

d(1)5 (`) -1 -1 -1 -1 -1 -1 -1 0 0 1 1 2 2 3 3 3 3

d(1)6 (`) -1 -1 -1 -1 -1 -1 -1 -1 0 0 1 1 2 2 3 3 4

d(1)7 (`) -1 -1 -1 -1 -1 -1 -1 -1 -1 0 0 1 1 2 2 3 3

d(1)8 (`) -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 0 0 1 1 2 2 3

d(1)9 (`) -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 0 0 1 1 2 2

d(1)10 (`) -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 0 0 1 1 2

d(1)11 (`) -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 0 0 1 1

d(1)12 (`) -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 0 0 1

Table 2: First tail.

2

The higher coefficients do not always 
stabilize to constant numbers

2 The 1
8-BPS index

f(q) 7! f1/8(q) =
2q

1 + q
= 2q � 2q2 + 2q3 � 2q4 + 2q5 � 2q6 + · · · . (2.1)

` 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17

d1(`) 1 2 1 2 2 0 3 2 0 2 2 2 1 2 0 2 4

d2(`) 1 2 4 4 6 8 8 8 13 12 12 16 14 16 24 16 18

d3(`) 1 2 4 8 9 14 20 24 30 34 46 52 60 70 76 88 102

d4(`) 1 2 4 8 14 18 28 40 52 70 88 104 140 168 196 240 278

d5(`) 1 2 4 8 14 24 33 50 72 98 134 176 224 280 367 448 546

d6(`) 1 2 4 8 14 24 40 56 84 122 168 232 312 408 528 672 865

d7(`) 1 2 4 8 14 24 40 64 91 136 196 272 378 512 680 896 1162

d8(`) 1 2 4 8 14 24 40 64 100 144 212 304 424 588 800 1072 1422

d9(`) 1 2 4 8 14 24 40 64 100 154 221 322 460 640 886 1208 1622

d10(`) 1 2 4 8 14 24 40 64 100 154 232 332 480 680 944 1304 1774

d11(`) 1 2 4 8 14 24 40 64 100 154 232 344 491 702 988 1368 1880

d12(`) 1 2 4 8 14 24 40 64 100 154 232 344 504 714 1012 1416 1950

d13(`) 1 2 4 8 14 24 40 64 100 154 232 344 504 728 1025 1442 2002

d14(`) 1 2 4 8 14 24 40 64 100 154 232 344 504 728 1040 1456 2030

d15(`) 1 2 4 8 14 24 40 64 100 154 232 344 504 728 1040 1472 2045

dgrav 1 2 4 8 14 24 40 64 100 154 232 344 504 728 1040 1472 2062

Table 3: Zeroth tail

3

IN (q)

I1(q)
= 1 + qN+1

1X

`=0

d(1)N (`) q` (2.2)

` 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

d(1)1 (`) -3 0 0 0 5 0 0 0 0 0 -7 0 0 0 0 0 0

d(1)2 (`) -4 0 0 0 0 9 0 0 0 0 0 0 -16 0 0 0 0

d(1)3 (`) -5 0 0 0 0 0 14 0 0 0 0 0 0 0 -30 0 0

d(1)4 (`) -6 0 0 0 0 0 0 20 0 0 0 0 0 0 0 0 -50

d(1)5 (`) -7 0 0 0 0 0 0 0 27 0 0 0 0 0 0 0 0

d(1)6 (`) -8 0 0 0 0 0 0 0 0 35 0 0 0 0 0 0 0

d(1)7 (`) -9 0 0 0 0 0 0 0 0 0 44 0 0 0 0 0 0

d(1)8 (`) -10 0 0 0 0 0 0 0 0 0 0 54 0 0 0 0 0

d(1)9 (`) -11 0 0 0 0 0 0 0 0 0 0 0 65 0 0 0 0

d(1)10 (`) -12 0 0 0 0 0 0 0 0 0 0 0 0 77 0 0 0

d(1)11 (`) -13 0 0 0 0 0 0 0 0 0 0 0 0 0 90 0 0

d(1)12 (`) -14 0 0 0 0 0 0 0 0 0 0 0 0 0 0 104 0

Table 4: First tail.

4



Formula for these 
coefficients?

IN (q)

I1(q)
= 1 + qN+1

1X

`=0

d(1)N (`) q` (1.3)

N \ ` 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17

d(1)1 (`) -1 -1 -1 0 0 1 1 1 1 1 0 0 0 -1 -1 -1 -1

d(1)2 (`) -1 -1 -1 -1 0 0 1 1 2 1 2 1 1 0 0 -1 -1

d(1)3 (`) -1 -1 -1 -1 -1 0 0 1 1 2 2 2 2 2 1 1 0

d(1)4 (`) -1 -1 -1 -1 -1 -1 0 0 1 1 2 2 3 2 3 2 2

d(1)5 (`) -1 -1 -1 -1 -1 -1 -1 0 0 1 1 2 2 3 3 3 3

d(1)6 (`) -1 -1 -1 -1 -1 -1 -1 -1 0 0 1 1 2 2 3 3 4

d(1)7 (`) -1 -1 -1 -1 -1 -1 -1 -1 -1 0 0 1 1 2 2 3 3

d(1)8 (`) -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 0 0 1 1 2 2 3

d(1)9 (`) -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 0 0 1 1 2 2

d(1)10 (`) -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 0 0 1 1 2

d(1)11 (`) -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 0 0 1 1

d(1)12 (`) -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 0 0 1

Table 2: First tail.

2

The higher coefficients generically do not 
stabilize to constant numbers

3 1
16-BPS index

f(q) 7! f1/16(q) = 1� (1� q2)3

(1� q3)2
= 3q2 � 2q3 � 3q4 + 6q5 � 2q6 + · · · . (3.1)

n 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

d1(`) 1 0 3 -2 3 0 0 6 -6 0 12 -18 27 -12 -27 60 -60

d2(`) 1 0 3 -2 9 -6 11 -6 9 14 -21 36 -17 -18 114 -194 258

d3(`) 1 0 3 -2 9 -6 21 -18 33 -22 36 6 -19 90 -99 138 -9

d4(`) 1 0 3 -2 9 -6 21 -18 48 -42 78 -66 107 -36 30 114 -165

d5(`) 1 0 3 -2 9 -6 21 -18 48 -42 99 -96 172 -156 252 -160 195

d6(`) 1 0 3 -2 9 -6 21 -18 48 -42 99 -96 200 -198 345 -340 540

d7(`) 1 0 3 -2 9 -6 21 -18 48 -42 99 -96 200 -198 381 -396 666

dgrav 1 0 3 -2 9 -6 21 -18 48 -42 99 -96 200 -198 381 -396 711

5

IN (q)

I1(q)
= 1 + q2N+2

1X

`=0

d(1)N (`) q` (3.2)

` 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

d(1)1 (`) -6 6 -3 -6 21 -36 27 30 -92 132 -90 -106 369 -444 164 486 -1221

d(1)2 (`) -10 12 -9 0 21 -54 83 -102 72 128 -459 744 -697 12 1440 -3240 4182

d(1)3 (`) -15 20 -18 12 10 -54 111 -190 279 -288 49 630 -1653 2790 -3303 1800 2938

d(1)4 (`) -21 30 -30 30 -12 -36 111 -234 417 -600 657 -480 -219 2118 -5256 8904 -11484

d(1)5 (`) -28 42 -45 54 -45 0 83 -234 486 -808 1113 -1368 1396 -642 -1665 6548 -14415

d(1)6 (`) -36 56 -63 84 -89 54 27 -190 486 -912 1417 -2034 2688 -2942 2205 234 -5967

d(1)7 (`) -45 72 -84 120 -144 126 -57 -102 417 -912 1569 -2478 3657 -4782 5430 -5178 2811

6

cf [Imamura + Arai,   
     Fujiwara, Mori,’19-’21]

[Gaiotto-Lee ’21; Lee ’22]
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The influence of Don Zagier’s work on the topics discussed in this article—matrix

integrals, q-series, sum over partitions—has been deep and wide-ranging. Don’s love and

enthusiasm for interesting patterns from any area of mathematics is deeply infectious, and

his ability to connect di↵erent parts of mathematics (and physics!) is a rich inspiration for

many of us. This influence and inspiration underlie a great deal of the following text, and

it is the author’s hope that they are, at least in part, recognizable to the reader.

1 Introduction, philosophy, and the main statement

The idea that matrix models—integrals over the space of matrices of a certain kind

(hermitian/orthogonal/unitary/. . . )—are related to systems of fermions is an old one (see

e.g. [Kle91, GM93, DFGZJ95] for early reviews), and has taken multiple avatars over the

years. Each incarnation has brought a slightly new point of view, but the basic idea can

be understood by the fact that the appropriate measure on the space of matrices is pro-

portional to the Vandermonde polynomial of the eigenvalues of the matrix, which vanishes

whenever two eigenvalues coincide. Conflating this fact with the Pauli exclusion principle—

that fermionic wavefunctions vanish when two fermions collide in phase space—leads to

the identification of the matrix eigenvalues with the fermions (or bilinears of the fermions).

In this article we discuss another relation between a class of unitary matrix integrals and

a free fermionic theory coupled linearly to an infinite set of bosonic quantum variables.

Consider the following integral over the space of U(N) matrices with the invariant

measure dU , normalized such that the volume of the whole space is 1,

ZN (g) =

Z

U(N)
dU exp

✓ 1X

k=1

1

k
gk TrU

k TrU�k

◆
, (1.1)

– 1 –

• Unitary matrix model

• Giant graviton expansion 
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N (g)
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The influence of Don Zagier’s work on the topics discussed in this article—matrix

integrals, q-series, sum over partitions—has been deep and wide-ranging. Don’s love and

enthusiasm for interesting patterns from any area of mathematics is deeply infectious, and

his ability to connect di↵erent parts of mathematics (and physics!) is a rich inspiration for

many of us. This influence and inspiration underlie a great deal of the following text, and

it is the author’s hope that they are, at least in part, recognizable to the reader.

1 Introduction, philosophy, and the main statement

The idea that matrix models—integrals over the space of matrices of a certain kind

(hermitian/orthogonal/unitary/. . . )—are related to systems of fermions is an old one (see

e.g. [Kle91, GM93, DFGZJ95] for early reviews), and has taken multiple avatars over the

years. Each incarnation has brought a slightly new point of view, but the basic idea can

be understood by the fact that the appropriate measure on the space of matrices is pro-

portional to the Vandermonde polynomial of the eigenvalues of the matrix, which vanishes

whenever two eigenvalues coincide. Conflating this fact with the Pauli exclusion principle—

that fermionic wavefunctions vanish when two fermions collide in phase space—leads to

the identification of the matrix eigenvalues with the fermions (or bilinears of the fermions).

In this article we discuss another relation between a class of unitary matrix integrals and

a free fermionic theory coupled linearly to an infinite set of bosonic quantum variables.

Consider the following integral over the space of U(N) matrices with the invariant

measure dU , normalized such that the volume of the whole space is 1,

ZN (g) =

Z

U(N)
dU exp

✓ 1X

k=1

1

k
gk TrU

k TrU�k

◆
, (1.1)

– 1 –

1. Linearize the interactions using the  
    Stratonovich-Hubbard trick
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The influence of Don Zagier’s work on the topics discussed in this article—matrix

integrals, q-series, sum over partitions—has been deep and wide-ranging. Don’s love and

enthusiasm for interesting patterns from any area of mathematics is deeply infectious, and

his ability to connect di↵erent parts of mathematics (and physics!) is a rich inspiration for

many of us. This influence and inspiration underlie a great deal of the following text, and

it is the author’s hope that they are, at least in part, recognizable to the reader.

1 Introduction, philosophy, and the main statement

The idea that matrix models—integrals over the space of matrices of a certain kind

(hermitian/orthogonal/unitary/. . . )—are related to systems of fermions is an old one (see

e.g. [Kle91, GM93, DFGZJ95] for early reviews), and has taken multiple avatars over the

years. Each incarnation has brought a slightly new point of view, but the basic idea can

be understood by the fact that the appropriate measure on the space of matrices is pro-

portional to the Vandermonde polynomial of the eigenvalues of the matrix, which vanishes

whenever two eigenvalues coincide. Conflating this fact with the Pauli exclusion principle—

that fermionic wavefunctions vanish when two fermions collide in phase space—leads to

the identification of the matrix eigenvalues with the fermions (or bilinears of the fermions).

In this article we discuss another relation between a class of unitary matrix integrals and

a free fermionic theory coupled linearly to an infinite set of bosonic quantum variables.

Consider the following integral over the space of U(N) matrices with the invariant

measure dU , normalized such that the volume of the whole space is 1,

ZN (g) =

Z

U(N)
dU exp

✓ 1X

k=1

1

k
gk TrU

k TrU�k

◆
, (1.1)

– 1 –

<latexit sha1_base64="kLFzFk3RkjnLxs4h/4xCp8JYb/g=">AAACKXicbVBNS8MwGE7n9/yaevQSHMIEGa2IehGGXjyJgnPiWkqavp1haVqSVBllf8eLf8WLgqJe/SNmtQd1vpDw8HyQvE+Qcqa0bb9blYnJqemZ2bnq/MLi0nJtZfVSJZmk0KYJT+RVQBRwJqCtmeZwlUogccChE/SPR3rnFqRiibjQgxS8mPQEixgl2lB+rXXtnzZyN4hwb7jlbuNDbK6qy4nocRjh3L1jIWjGQ8DGO3RlIfllBvu1ut20i8HjwClBHZVz5tee3TChWQxCU06U6jp2qr2cSM0oh2HVzRSkhPZJD7oGChKD8vJi0yHeNEyIo0SaIzQu2J+JnMRKDeLAOGOib9RfbUT+p3UzHR14ORNppkHQ74eijGOd4FFtOGQSqOYDAwiVzPwV0xsiCdWm3Kopwfm78ji43Gk6e83d891666isYxatow3UQA7aRy10gs5QG1F0jx7RC3q1Hqwn6836+LZWrDKzhn6N9fkF4A2kqg==</latexit>

ZN (g) = h eZN ig

<latexit sha1_base64="xgriWdRno/bYSiQVedYggxzzt18="></latexit>

h f ig :=
1Y

k=1

Z
dt+k dt�k
2⇡kgk

e�t+k t�k /kgk f(t+, t�)

<latexit sha1_base64="1sCgKpYJT1ZJzaFxwq86YRV/AO8="></latexit>

eZN (t+, t�) =

Z

U(N)
dU exp

✓ 1X

k=1

1

k

⇣
t+k TrUk + t�k TrU�k

⌘◆



1. or, equivalently, linearize the sum of 
characters

<latexit sha1_base64="DnMgA3lpiyQKOBISr7NQn/WnK1I="></latexit>

eZN (t+, t�) =
X

`(µ)N

Sµ(t
+)Sµ(t

�)

<latexit sha1_base64="IgBCWabflD/IB/gu+eHtjAWukJo="></latexit>

ZN (g) =
X

`(µ)N

X

�

g�

z�
�µ(�)2

<latexit sha1_base64="kLFzFk3RkjnLxs4h/4xCp8JYb/g=">AAACKXicbVBNS8MwGE7n9/yaevQSHMIEGa2IehGGXjyJgnPiWkqavp1haVqSVBllf8eLf8WLgqJe/SNmtQd1vpDw8HyQvE+Qcqa0bb9blYnJqemZ2bnq/MLi0nJtZfVSJZmk0KYJT+RVQBRwJqCtmeZwlUogccChE/SPR3rnFqRiibjQgxS8mPQEixgl2lB+rXXtnzZyN4hwb7jlbuNDbK6qy4nocRjh3L1jIWjGQ8DGO3RlIfllBvu1ut20i8HjwClBHZVz5tee3TChWQxCU06U6jp2qr2cSM0oh2HVzRSkhPZJD7oGChKD8vJi0yHeNEyIo0SaIzQu2J+JnMRKDeLAOGOib9RfbUT+p3UzHR14ORNppkHQ74eijGOd4FFtOGQSqOYDAwiVzPwV0xsiCdWm3Kopwfm78ji43Gk6e83d891666isYxatow3UQA7aRy10gs5QG1F0jx7RC3q1Hqwn6836+LZWrDKzhn6N9fkF4A2kqg==</latexit>

ZN (g) = h eZN ig

<latexit sha1_base64="p0jPbrqjjI2C0PEblMuwNTbK0tg="></latexit>

Sµ(t) =
X

�

t�

z�
�µ(�)Schur functions

[S.M. ’22]

<latexit sha1_base64="dqVar9vPBYme0QYa7m1oxxUr05U=">AAACGXicbZDLSsNAFIYn9VbrLerSzWARXJSSlKJuhKIblxXsBZoYJpNJO3QyCTMToYS+hhtfxY0LRVzqyrdx0mahrQcGPv5zfs6c308Ylcqyvo3Syura+kZ5s7K1vbO7Z+4fdGWcCkw6OGax6PtIEkY56SiqGOkngqDIZ6Tnj6/zfu+BCEljfqcmCXEjNOQ0pBgpLXmm5URIjfwwc5g2BWgKndqlU4P2fSY8e6qpkVMjJyeIlfTMqlW3ZgWXwS6gCopqe+an9uE0IlxhhqQc2Fai3AwJRTEj04qTSpIgPEZDMtDIUUSkm80um8ITrQQwjIV+XMGZ+tuRoUjKSeTryfwOudjLxf96g1SFF25GeZIqwvF8UZgyqGKYxwQDKghWbKIBYUH1XyEeIYGw0mFWdAj24snL0G3U7bN687ZZbV0VcZTBETgGp8AG56AFbkAbdAAGj+AZvII348l4Md6Nj/loySg8h+BPGV8/IAGfHg==</latexit>

� = 1r1 2r2 . . .

Partitions of integers

<latexit sha1_base64="7TWMEfALie0pO0lpJ9B+n7IHvrY=">AAACGnicbZDLSsNAFIYnXmu9RV26GSyCi1KSUtSNUHTjsoK9QJOGyWSSDp1cmJkIJeQ53Pgqblwo4k7c+DZO2iy09cDAx3/Oz5nzuwmjQhrGt7ayura+sVnZqm7v7O7t6weHPRGnHJMujlnMBy4ShNGIdCWVjAwSTlDoMtJ3JzdFv/9AuKBxdC+nCbFDFETUpxhJJTm6mVmuD4N8ZDFl8hC06ldWHQaOOcq4Y+ZWPXCaBTYVWl4shaPXjIYxK7gMZgk1UFbH0T+VD6chiSRmSIihaSTSzhCXFDOSV61UkAThCQrIUGGEQiLsbHZaDk+V4kE/5upFEs7U344MhUJMQ1dNhkiOxWKvEP/rDVPpX9oZjZJUkgjPF/kpgzKGRU7Qo5xgyaYKEOZU/RXiMeIIS5VmVYVgLp68DL1mwzxvtO5atfZ1GUcFHIMTcAZMcAHa4BZ0QBdg8AiewSt40560F+1d+5iPrmil5wj8Ke3rBxjzn68=</latexit>

g� = gr11 gr22 . . .
<latexit sha1_base64="2NWkyodevnTaKCTZNeteUyRskmA="></latexit>

z� =
Y

i�1

ri! i
ri



2. Sum over partitions = FF observable 

<latexit sha1_base64="APQRi1BRP2ewqvI4wvihLjdj2TE=">AAACBXicbVDLSgMxFM34rPU16lIXwSJUKGVG62MjFN24rGAf0BlKJpNpQzOZIckIZejGjb/ixoUibv0Hd/6NmXYW2npCLodzzyW5x4sZlcqyvo2FxaXlldXCWnF9Y3Nr29zZbckoEZg0ccQi0fGQJIxy0lRUMdKJBUGhx0jbG95k/fYDEZJG/F6NYuKGqM9pQDFSWuqZBw7TZh9BpwKvslI+q5xW7Owcw55ZsqrWBHCe2DkpgRyNnvnl+BFOQsIVZkjKrm3Fyk2RUBQzMi46iSQxwkPUJ11NOQqJdNPJFmN4pBUfBpHQlys4UX9PpCiUchR62hkiNZCzvUz8r9dNVHDpppTHiSIcTx8KEgZVBLNIoE8FwYqNNEFYUP1XiAdIIKx0cEUdgj278jxpnVTt82rtrlaqX+dxFMA+OARlYIMLUAe3oAGaAINH8AxewZvxZLwY78bH1Lpg5DN74A+Mzx8SgZRy</latexit>

� = (5, 3, 1, 1, 1)

<latexit sha1_base64="3wczGrRkAhUYCWz9sS23zW8O/Kk=">AAAB/3icbVDLSgMxFM34rPU1KrhxEyyCCykTWx8boejGZQX7gHZaMmmmDc1khiQjlLELf8WNC0Xc+hvu/Bsz7Sy09UC4h3Pu5d4cL+JMacf5thYWl5ZXVnNr+fWNza1te2e3rsJYElojIQ9l08OKciZoTTPNaTOSFAcepw1veJP6jQcqFQvFvR5F1A1wXzCfEayN1LX3r2D7BKJOKS2lDkrLWQd17YJTdCaA8wRlpAAyVLv2V7sXkjigQhOOlWohJ9JugqVmhNNxvh0rGmEyxH3aMlTggCo3mdw/hkdG6UE/lOYJDSfq74kEB0qNAs90BlgP1KyXiv95rVj7l27CRBRrKsh0kR9zqEOYhgF7TFKi+cgQTCQzt0IywBITbSLLmxDQ7JfnSf20iM6L5btyoXKdxZEDB+AQHAMELkAF3IIqqAECHsEzeAVv1pP1Yr1bH9PWBSub2QN/YH3+AEY5km0=</latexit>

= 13 31 51

[Okounkov ’99]

[cf Nekrasov-  
 Okounkov ’03]



Excitation number

<latexit sha1_base64="W5mfOt0S+hkmp1PMtzWGPlCcYZs="></latexit>

h t+ |Nr | t� i =
X

r2 |µ i

Sµ(t
+)Sµ(t

�)

2. Sum over partitions = FF observable 

Fermi sea with 
hole excitations

Electron 
excitations

<latexit sha1_base64="APQRi1BRP2ewqvI4wvihLjdj2TE=">AAACBXicbVDLSgMxFM34rPU16lIXwSJUKGVG62MjFN24rGAf0BlKJpNpQzOZIckIZejGjb/ixoUibv0Hd/6NmXYW2npCLodzzyW5x4sZlcqyvo2FxaXlldXCWnF9Y3Nr29zZbckoEZg0ccQi0fGQJIxy0lRUMdKJBUGhx0jbG95k/fYDEZJG/F6NYuKGqM9pQDFSWuqZBw7TZh9BpwKvslI+q5xW7Owcw55ZsqrWBHCe2DkpgRyNnvnl+BFOQsIVZkjKrm3Fyk2RUBQzMi46iSQxwkPUJ11NOQqJdNPJFmN4pBUfBpHQlys4UX9PpCiUchR62hkiNZCzvUz8r9dNVHDpppTHiSIcTx8KEgZVBLNIoE8FwYqNNEFYUP1XiAdIIKx0cEUdgj278jxpnVTt82rtrlaqX+dxFMA+OARlYIMLUAe3oAGaAINH8AxewZvxZLwY78bH1Lpg5DN74A+Mzx8SgZRy</latexit>

� = (5, 3, 1, 1, 1)

<latexit sha1_base64="3wczGrRkAhUYCWz9sS23zW8O/Kk=">AAAB/3icbVDLSgMxFM34rPU1KrhxEyyCCykTWx8boejGZQX7gHZaMmmmDc1khiQjlLELf8WNC0Xc+hvu/Bsz7Sy09UC4h3Pu5d4cL+JMacf5thYWl5ZXVnNr+fWNza1te2e3rsJYElojIQ9l08OKciZoTTPNaTOSFAcepw1veJP6jQcqFQvFvR5F1A1wXzCfEayN1LX3r2D7BKJOKS2lDkrLWQd17YJTdCaA8wRlpAAyVLv2V7sXkjigQhOOlWohJ9JugqVmhNNxvh0rGmEyxH3aMlTggCo3mdw/hkdG6UE/lOYJDSfq74kEB0qNAs90BlgP1KyXiv95rVj7l27CRBRrKsh0kR9zqEOYhgF7TFKi+cgQTCQzt0IywBITbSLLmxDQ7JfnSf20iM6L5btyoXKdxZEDB+AQHAMELkAF3IIqqAECHsEzeAVv1pP1Yr1bH9PWBSub2QN/YH3+AEY5km0=</latexit>

= 13 31 51

<latexit sha1_base64="DWqqo6y3Lef9M9SU1+DwTlByBW4=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4vgQktSi49d0Y3LCvYBTQiT6aQdOpmEmYlQQvZu/BU3LhRx6w+482+ctlnU1gMXDufcy733+DGjUlnWj1FYWV1b3yhulra2d3b3zP2DtowSgUkLRywSXR9JwignLUUVI91YEBT6jHT80e3E7zwSIWnEH9Q4Jm6IBpwGFCOlJc8sO7GkXnrmBALh81oGnVM4L13XMs+sWFVrCrhM7JxUQI6mZ347/QgnIeEKMyRlz7Zi5aZIKIoZyUpOIkmM8AgNSE9TjkIi3XT6SwaPtdKHQSR0cQWn6vxEikIpx6GvO0OkhnLRm4j/eb1EBVduSnmcKMLxbFGQMKgiOAkG9qkgWLGxJggLqm+FeIh0BErHV9Ih2IsvL5N2rWpfVOv39UrjJo+jCI5AGZwAG1yCBrgDTdACGDyBF/AG3o1n49X4MD5nrQUjnzkEf2B8/QI61pno</latexit>

 � 3
2
 � 9

2
<latexit sha1_base64="6OsvpyoDiAdqgVaKqPMxRbR7i4I=">AAACNnicdVBNS8MwGE7n15xfVY9egkPwoKMdw4/b0IsXYYL7gLWMNEu3sDQtSSqM2l/lxd/hbRcPinj1J5h2O+imLyQ8PB8k7+NFjEplWROjsLS8srpWXC9tbG5t75i7ey0ZxgKTJg5ZKDoekoRRTpqKKkY6kSAo8Bhpe6PrTG8/ECFpyO/VOCJugAac+hQjpameeeuEWs7SiRNJmvaSU8cXCNvVFDon8B/1cqo+ZpeV+wTiA0Z6ZtmqWPnARWDPQBnMptEzX5x+iOOAcIUZkrJrW5FyEyQUxYykJSeWJEJ4hAakqyFHAZFukq+dwiPN9KEfCn24gjn7M5GgQMpx4GlngNRQzmsZ+ZfWjZV/4SaUR7EiHE8f8mMGVQizDmGfCoIVG2uAsKD6rxAPke5F6aZLugR7fuVF0KpW7LNK7a5Wrl/N6iiCA3AIjoENzkEd3IAGaAIMnsAEvIF349l4NT6Mz6m1YMwy++DXGF/fLS+q3Q==</latexit>

 � 1
2
 � 9

2
| 0 i

<latexit sha1_base64="CBtAzp09wQz1leQL0TNq+y5EnEk=">AAACB3icbZDLSsNAFIYnXmu9RV0KMlgEF1ISKepGKLpxWcFeoAllMj1th04mYWYilNqdG1/FjQtF3PoK7nwbJ2kW2vrDwMd/zuHM+YOYM6Ud59taWFxaXlktrBXXNza3tu2d3YaKEkmhTiMeyVZAFHAmoK6Z5tCKJZAw4NAMhtdpvXkPUrFI3OlRDH5I+oL1GCXaWB374AF7J9jjZqJLMpRE9DmkeImLHbvklJ1MeB7cHEooV61jf3ndiCYhCE05UartOrH2x0RqRjlMil6iICZ0SPrQNihICMofZ3dM8JFxurgXSfOExpn7e2JMQqVGYWA6Q6IHaraWmv/V2onuXfhjJuJEg6DTRb2EYx3hNBTcZRKo5iMDhEpm/orpgEhCtYkuDcGdPXkeGqdl96xcua2Uqld5HAW0jw7RMXLROaqiG1RDdUTRI3pGr+jNerJerHfrY9q6YOUze+iPrM8fvo+WrQ==</latexit>

|� i =

<latexit sha1_base64="EUq203i0NRQEyzY8jL7vvHhplyg="></latexit>

| t i :=
X

µ

Sµ(t) |µ i•  Schur basis

[Okounkov ’99]

[cf Nekrasov-  
 Okounkov ’03]



<latexit sha1_base64="wvXD7zMEG+OM6Amx8l+GedR8U1A=">AAACDnicbZA9SwNBEIb34nf8OrW0WQwBRQ13ImoZtLGSCEbFJIa9vblkyd4Hu3NKOPILbPwrNhaK2Frb+W/cxAhqfGHh4Z0ZZuf1Eik0Os6HlRsbn5icmp7Jz87NLyzaS8vnOk4VhyqPZawuPaZBigiqKFDCZaKAhZ6EC69z1K9f3IDSIo7OsJtAI2StSASCMzRW0y7Wb4UPKKQP9Kp5sp7VvYBi73pzi37j9gZt2gWn5AxER8EdQoEMVWna73U/5mkIEXLJtK65ToKNjCkUXEIvX081JIx3WAtqBiMWgm5kg3N6tGgcnwaxMi9COnB/TmQs1LobeqYzZNjWf2t9879aLcXgoJGJKEkRIv61KEglxZj2s6G+UMBRdg0wroT5K+VtphhHk2DehOD+PXkUzndK7l5p93S3UD4cxjFNVskaWScu2SdlckwqpEo4uSMP5Ik8W/fWo/VivX615qzhzAr5JevtE6w5mpU=</latexit>

eZN (t+, t�)

<latexit sha1_base64="5VtEhk0Tj29tyP66KYxSf48EEbI="></latexit>

=
1X

m=0

(�1)m
X

N<r1<···<rm

ri2Z+1
2

h t+ | r1 �r1 . . . rm �rm | t� i

<latexit sha1_base64="PWXbbPZf0XrJaexGVTN5lFRSr4A="></latexit>

eZN (t+, t�) =
X

`(µ)N

Sµ(t
+)Sµ(t

�)

<latexit sha1_base64="13Xmo8rgpRBTIQVd/XrcCVAkN8c="></latexit>

= h t+ |
Y

r<�N

(1�Nr) | t� i

Fermionic determinant

    = sum over determinants
2. Sum over partitions = FF observable 

Excite any number    N (=3) of 
electrons from below the sea

<latexit sha1_base64="zCM6T6WcM7RSg9KUJOfYQG1O5UU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00BPYL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m586JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZ/U0GXCEzYmIJZYrbWwkbUUWZsemUbAje8surpHVR9S6rtftapX6Tx1GEEziFc/DgCupwBw1oAoMhPMMrvDnCeXHenY9Fa8HJZ47hD5zPH0aHjc4=</latexit>
<latexit sha1_base64="rZ2Gm2XrM70pWWRU+81MFacu6qA=">AAACBXicbVBNS8NAEN3Ur1q/oh71sFgEQShJKeqx6MVjBfuBTSib7aZdutmE3YlQQi9e/CtePCji1f/gzX/jpu1Bqw8GHu/NMDMvSATX4DhfVmFpeWV1rbhe2tjc2t6xd/daOk4VZU0ai1h1AqKZ4JI1gYNgnUQxEgWCtYPRVe6375nSPJa3ME6YH5GB5CGnBIzUsw8V9rjEmRcRGAYBvpvgU+xBqAh1qz277FScKfBf4s5JGc3R6NmfXj+macQkUEG07rpOAn5GFHAq2KTkpZolhI7IgHUNlSRi2s+mX0zwsVH6OIyVKQl4qv6cyEik9TgKTGd+rF70cvE/r5tCeOFnXCYpMElni8JUYIhxHgnuc8UoiLEhhCpubsV0SEwCYIIrmRDcxZf/kla14p5Vaje1cv1yHkcRHaAjdIJcdI7q6Bo1UBNR9ICe0At6tR6tZ+vNep+1Fqz5zD76BevjG0Sylyc=</latexit>

r 2 Z+ 1
2

[Borodin-Okounkov ’99]



2. Determinants can be calculated using  
    bosonization 

<latexit sha1_base64="HHYXCn89SwlAUsOPxnkRXfeRtCo="></latexit>

eZN (t+, t�)
eZ1(t+, t�)

=
1X

m=0

(�1)m
X

N<r1<···<rm

ri2Z+1
2

det
� eK(ri, rj ; t

+, t�)
�m
i,j=1

<latexit sha1_base64="DbHAxmTbpYd+kx85irasoTWjef0="></latexit>

J(z; t+, t�) = exp

✓ 1X

k=1

t+k zk �
1X

k=1

t�k z�k

◆

<latexit sha1_base64="OKOygcD6Gn6tzxM+TTsurgdI/3Y="></latexit> X

r,s2Z+ 1
2

eK(r, s ; t+, t�) zr w�s
<latexit sha1_base64="iGvl76zvJSYj4yCr4VDN7qgmmqQ="></latexit>

=
J(z; t+, t�)

J(w; t+, t�)

p
zw

z � w
<latexit sha1_base64="rqMoOH2EQXhQTf7alqnKobbwAMc=">AAAB8HicbVA9TwJBEJ3DL8Qv1NJmIzGxIneGqIUF0cYSEwENXMjesgcbdvcuu3sa5PgVNhYaY+vPsfPfuMAVCr5kkpf3ZjIzL4g508Z1v53c0vLK6lp+vbCxubW9U9zda+goUYTWScQjdRdgTTmTtG6Y4fQuVhSLgNNmMLia+M0HqjSL5K0ZxtQXuCdZyAg2VrpPH1N0gdKntFMsuWV3CrRIvIyUIEOtU/xqdyOSCCoN4VjrlufGxh9hZRjhdFxoJ5rGmAxwj7YslVhQ7Y+mB4/RkVW6KIyULWnQVP09McJC66EIbKfApq/nvYn4n9dKTHjuj5iME0MlmS0KE45MhCbfoy5TlBg+tAQTxeytiPSxwsTYjAo2BG/+5UXSOCl7p+XKTaVUvcziyMMBHMIxeHAGVbiGGtSBgIBneIU3RzkvzrvzMWvNOdnMPvyB8/kDgViQOg==</latexit>

|w| < |z|

[Borodin-Okounkov ’99]



3. The giant graviton expansion is obtained  
    by transforming back to the original MM

<latexit sha1_base64="gsD6szdNSOZmCMsDcp41JhDk/IQ="></latexit>

ZN (g)

Z1(g)
=

1X

m=0

G(m)
N (g)

<latexit sha1_base64="f5GT2V5GRsYjX/OXGuPOO4Mscx8=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBahBSmJFHUjFF3oSirYBzSxTKaTduhkEmYmQgnZuPFX3LhQxK3/4M6/cdpmoa0HLhzOuZd77/EiRqWyrG8jt7C4tLySXy2srW9sbpnbO00ZxgKTBg5ZKNoekoRRThqKKkbakSAo8BhpecPLsd96IELSkN+pUUTcAPU59SlGSktdc//qPikF5bR7A0uJ4/mwn5YhdI7gua6uWbQq1gRwntgZKYIM9a755fRCHAeEK8yQlB3bipSbIKEoZiQtOLEkEcJD1CcdTTkKiHSTyRcpPNRKD/qh0MUVnKi/JxIUSDkKPN0ZIDWQs95Y/M/rxMo/cxPKo1gRjqeL/JhBFcJxJLBHBcGKjTRBWFB9K8QDJBBWOriCDsGefXmeNI8r9kmlelst1i6yOPJgDxyAErDBKaiBa1AHDYDBI3gGr+DNeDJejHfjY9qaM7KZXfAHxucPBtWVtQ==</latexit>

G(m)
N (g) =

<latexit sha1_base64="jzXJKK9Eg25sP/MH9v8XOjROvFs="></latexit>

(�1)m
X

N<r1<···<rm

ri2Z+1
2

*
eZ1
Z1

det
� eK(ri, rj)

�m
i,j=1

+

g

Contribution of m giants

•  Energy at least 
<latexit sha1_base64="MMxKCahriPOnqds38k4FwwDXAR0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF08S0TwgWcLsZDYZMo9lZlYISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSjgz1ve/vcLK6tr6RnGztLW9s7tX3j9oGpVqQhtEcaXbETaUM0kblllO24mmWESctqLRzdRvPVFtmJKPdpzQUOCBZDEj2DrpQaC7XrniV/0Z0DIJclKBHPVe+avbVyQVVFrCsTGdwE9smGFtGeF0UuqmhiaYjPCAdhyVWFATZrNTJ+jEKX0UK+1KWjRTf09kWBgzFpHrFNgOzaI3Ff/zOqmNr8KMySS1VJL5ojjlyCo0/Rv1mabE8rEjmGjmbkVkiDUm1qVTciEEiy8vk+ZZNbiont+fV2rXeRxFOIJjOIUALqEGt1CHBhAYwDO8wpvHvRfv3fuYtxa8fOYQ/sD7/AHKBo18</latexit>

mN

•  Ensemble average of fermionic       -point function
<latexit sha1_base64="VtWJiSFHAUxa5bz9onHxbXJJ6nk=">AAAB6XicbVBNSwMxEJ3Ur1q/qh69BIvgqeyWoh6LXjxWsbXQLiWbZtvQJLskWaEs/QdePCji1X/kzX9j2u5BWx8MPN6bYWZemAhurOd9o8La+sbmVnG7tLO7t39QPjxqmzjVlLVoLGLdCYlhgivWstwK1kk0IzIU7DEc38z8xyemDY/Vg50kLJBkqHjEKbFOuq/JfrniVb058Crxc1KBHM1++as3iGkqmbJUEGO6vpfYICPacirYtNRLDUsIHZMh6zqqiGQmyOaXTvGZUwY4irUrZfFc/T2REWnMRIauUxI7MsveTPzP66Y2ugoyrpLUMkUXi6JUYBvj2dt4wDWjVkwcIVRzdyumI6IJtS6ckgvBX355lbRrVf+iWr+rVxrXeRxFOIFTOAcfLqEBt9CEFlCI4Ble4Q2N0Qt6Rx+L1gLKZ47hD9DnD0lojTY=</latexit>

2m

[S.M. ’22]
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f(q)

1� f(q)
=

One-giant contribution has a suggestive 
formula in terms of dual single-letter trace
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[S.M. ’22]
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Dual single-letter trace
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Examples
<latexit sha1_base64="xHEELYSVvULCt31oeDh6QxE7oc8="></latexit>

I1/2
N (q)

I1/2
1 (q)

=
1X

m=0

(�1)m q(
m+1

2 )

(q)m
qmN

1 1
2-BPS index

f(q) 7! f1/2(q) = q (1.1)

IN (q) =
1X

`=0

dN (`) q` (1.2)

` 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

d1(`) 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

d2(`) 1 1 2 2 3 3 4 4 5 5 6 6 7 7 8 8 9

d3(`) 1 1 2 3 4 5 7 8 10 12 14 16 19 21 24 27 30

d4(`) 1 1 2 3 5 6 9 11 15 18 23 27 34 39 47 54 64

d5(`) 1 1 2 3 5 7 10 13 18 23 30 37 47 57 70 84 101

d6(`) 1 1 2 3 5 7 11 14 20 26 35 44 58 71 90 110 136

d7(`) 1 1 2 3 5 7 11 15 21 28 38 49 65 82 105 131 164

d8(`) 1 1 2 3 5 7 11 15 22 29 40 52 70 89 116 146 186

d9(`) 1 1 2 3 5 7 11 15 22 30 41 54 73 94 123 157 201

d10(`) 1 1 2 3 5 7 11 15 22 30 42 55 75 97 128 164 212

d11(`) 1 1 2 3 5 7 11 15 22 30 42 56 76 99 131 169 219

d12(`) 1 1 2 3 5 7 11 15 22 30 42 56 77 100 133 172 224

Table 1: Zeroth tail

1
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(q)m =
mY

k=1

(1� qk)

(Known analytic formula)

N=2

N = 1

I1/21 (q)

I1/21 (q)
� 1 = �q2 � q3 � q4+ q7 + q8 + q9 + q10 + q11 � q15 + . . .

G(1)
1
2 ,1

(q) = �q2 � q3 � q4� q6 � q8 � q9 � q10 � 2q12 � q15 + . . .

(3.6)

N = 2

I1/22 (q)

I1/21 (q)
� 1 = �q3 � q4 � q5 � q6+ q9 + q10 + 2q11 + q12 + 2q13 + q14 + . . .

G(1)
1
2 ,2

(q) = �q3 � q4 � q5 � q6� q8 � q10 � 2q12 � q14 + . . .

(3.7)

N = 3

I1/23 (q)

I1/21 (q)
� 1 = �q4 � q5 � q6 � q7 � q8+ q11 + q12 + 2q13 + 2q14 + 2q15 + 2q16 + . . .

G(1)
1
2 ,3

(q) = �q4 � q5 � q6 � q7 � q8� q10 � q12 � q14 � q15 � q16 + . . .

(3.8)

7

N=1

N = 1

I1/21 (q)

I1/21 (q)
� 1 = �q2 � q3 � q4+ q7 + q8 + q9 + q10 + q11 � q15 + . . .

G(1)
1
2 ,1

(q) = �q2 � q3 � q4� q6 � q8 � q9 � q10 � 2q12 � q15 + . . .

(3.6)

N = 2

I1/22 (q)

I1/21 (q)
� 1 = �q3 � q4 � q5 � q6+ q9 + q10 + 2q11 + q12 + 2q13 + q14 + . . .

G(1)
1
2 ,2

(q) = �q3 � q4 � q5 � q6� q8 � q10 � 2q12 � q14 + . . .

(3.7)

N = 3

I1/23 (q)

I1/21 (q)
� 1 = �q4 � q5 � q6 � q7 � q8+ q11 + q12 + 2q13 + 2q14 + 2q15 + 2q16 + . . .

G(1)
1
2 ,3

(q) = �q4 � q5 � q6 � q7 � q8� q10 � q12 � q14 � q15 � q16 + . . .

(3.8)

7

N=3

N = 1

I1/21 (q)

I1/21 (q)
� 1 = �q2 � q3 � q4+ q7 + q8 + q9 + q10 + q11 � q15 + . . .

G(1)
1
2 ,1

(q) = �q2 � q3 � q4� q6 � q8 � q9 � q10 � 2q12 � q15 + . . .

(3.6)

N = 2

I1/22 (q)

I1/21 (q)
� 1 = �q3 � q4 � q5 � q6+ q9 + q10 + 2q11 + q12 + 2q13 + q14 + . . .

G(1)
1
2 ,2

(q) = �q3 � q4 � q5 � q6� q8 � q10 � 2q12 � q14 + . . .

(3.7)

N = 3

I1/23 (q)

I1/21 (q)
� 1 = �q4 � q5 � q6 � q7 � q8+ q11 + q12 + 2q13 + 2q14 + 2q15 + 2q16 + . . .

G(1)
1
2 ,3

(q) = �q4 � q5 � q6 � q7 � q8� q10 � q12 � q14 � q15 � q16 + . . .

(3.8)
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Examples3 1
16-BPS index

f(q) 7! f1/16(q) = 1� (1� q2)3

(1� q3)2
= 3q2 � 2q3 � 3q4 + 6q5 � 2q6 + · · · . (3.1)

n 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

d1(`) 1 0 3 -2 3 0 0 6 -6 0 12 -18 27 -12 -27 60 -60

d2(`) 1 0 3 -2 9 -6 11 -6 9 14 -21 36 -17 -18 114 -194 258

d3(`) 1 0 3 -2 9 -6 21 -18 33 -22 36 6 -19 90 -99 138 -9

d4(`) 1 0 3 -2 9 -6 21 -18 48 -42 78 -66 107 -36 30 114 -165

d5(`) 1 0 3 -2 9 -6 21 -18 48 -42 99 -96 172 -156 252 -160 195

d6(`) 1 0 3 -2 9 -6 21 -18 48 -42 99 -96 200 -198 345 -340 540

d7(`) 1 0 3 -2 9 -6 21 -18 48 -42 99 -96 200 -198 381 -396 666

dgrav 1 0 3 -2 9 -6 21 -18 48 -42 99 -96 200 -198 381 -396 711

5

(Numerical calculations)

N=1

IN (q)

I1(q)
= 1 + q2N+2

1X

`=0

d(1)N (`) q` (3.2)

` 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

d(1)1 (`) -6 6 -3 -6 21 -36 27 30 -92 132 -90 -106 369 -444 164 486 -1221

d(1)2 (`) -10 12 -9 0 21 -54 83 -102 72 128 -459 744 -697 12 1440 -3240 4182

d(1)3 (`) -15 20 -18 12 10 -54 111 -190 279 -288 49 630 -1653 2790 -3303 1800 2938

d(1)4 (`) -21 30 -30 30 -12 -36 111 -234 417 -600 657 -480 -219 2118 -5256 8904 -11484

d(1)5 (`) -28 42 -45 54 -45 0 83 -234 486 -808 1113 -1368 1396 -642 -1665 6548 -14415

d(1)6 (`) -36 56 -63 84 -89 54 27 -190 486 -912 1417 -2034 2688 -2942 2205 234 -5967

d(1)7 (`) -45 72 -84 120 -144 126 -57 -102 417 -912 1569 -2478 3657 -4782 5430 -5178 2811

N = 1

I1/161 (q)

I1/161 (q)
� 1 = �6q4 + 6q5 � 3q6 � 6q7 + 21q8 � 36q9 + 27q10 + 30q11�92q12 + 132q13

�90q14 � 106q15 + 369q16 � 444q17 + . . .

G(1)
1
16 ,1

(q) = �6q4 + 6q5 � 3q6 � 6q7 + 21q8 � 36q9 + 27q10 + 30q11�148q12 + 270q13

�336q14 + 202q15 + 348q16 � 1392q17 + . . .

(3.3)

N = 2

I1/162 (q)

I1/161 (q)
� 1 = �10q6 + 12q7 � 9q8 + 21q10 � 54q11 + 83q12 � 102q13 + 72q14 + 128q15

�459q16 + 744q17 + . . .

G(1)
1
16 ,2

(q) = �10q6 + 12q7 � 9q8 + 21q10 � 54q11 + 83q12 � 102q13 + 72q14 + 128q15

�585q16 + 1122q17 + . . .

(3.4)

N = 3

I1/162 (q)

I1/161 (q)
� 1 = �15q8 + 20q9 � 18q10 + 12q11 + 10q12 � 54q13 + 111q14 � 190q15 + 279q16

�288q17 + 49q18 + 630q19�1653q20 + 2790q21 + . . .

G(1)
1
16 ,3

(q) = �15q8 + 20q9 � 18q10 + 12q11 + 10q12 � 54q13 + 111q14 � 190q15 + 279q16

�288q17 + 49q18 + 630q19�1905q20 + 3658q21 + . . .

(3.5)
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N=3

IN (q)

I1(q)
= 1 + q2N+2

1X
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d(1)N (`) q` (3.2)

` 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

d(1)1 (`) -6 6 -3 -6 21 -36 27 30 -92 132 -90 -106 369 -444 164 486 -1221
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‣  Convergent expansion         Giants form BHs! 

Comments and speculations

Thank you very much!

‣  D-branes in AdS?              from curvature?
[cf Imamura + Arai, Fujiwara, Mori, ’19-’21]

<latexit sha1_base64="22c/+g2o/rOWfQx9lKo/mFYHq0c=">AAACAHicbVC7TsMwFL3hWcorwMDAYlEhMaAqQRUwVrAwFok+pCaqHMdprToP2Q6oirLwKywMIMTKZ7DxN7hpBmg5kuWjc+6VfY6XcCaVZX0bS8srq2vrlY3q5tb2zq65t9+RcSoIbZOYx6LnYUk5i2hbMcVpLxEUhx6nXW98M/W7D1RIFkf3apJQN8TDiAWMYKWlgXkYIOcMOSourkfm0xFWWZAPzJpVtwqgRWKXpAYlWgPzy/FjkoY0UoRjKfu2lSg3w0IxwmledVJJE0zGeEj7mkY4pNLNigA5OtGKj4JY6BMpVKi/NzIcSjkJPT0ZYjWS895U/M/rpyq4cjMWJamiEZk9FKQc6bzTNpDPBCWKTzTBRDD9V0RGWGCidGdVXYI9H3mRdM7r9kW9cdeoNa/LOipwBMdwCjZcQhNuoQVtIJDDM7zCm/FkvBjvxsdsdMkodw7gD4zPHwVclW8=</latexit>

f ! bf

‣  New index formula is like original SYM index.  
                duality?

<latexit sha1_base64="A6gVl5N/EYlXizUp9uo5GaxfdFs=">AAACA3icbVBNS8NAEN34WetX1JteFovgQUoiRT0WvXiSCvYDmlA22027dDcJuxOllIIX/4oXD4p49U9489+4aXPQ1gcDj/dmmJkXJIJrcJxva2FxaXlltbBWXN/Y3Nq2d3YbOk4VZXUai1i1AqKZ4BGrAwfBWoliRAaCNYPBVeY375nSPI7uYJgwX5JexENOCRipY+9L7J1gT7AQFO/1gSgVP2TSDe7YJafsTIDniZuTEspR69hfXjemqWQRUEG0brtOAv6IKOBUsHHRSzVLCB2QHmsbGhHJtD+a/DDGR0bp4jBWpiLAE/X3xIhIrYcyMJ2SQF/Pepn4n9dOIbzwRzxKUmARnS4KU4EhxlkguMsVoyCGhhCquLkV0z5RhIKJrWhCcGdfnieN07J7Vq7cVkrVyzyOAjpAh+gYuegcVdE1qqE6ougRPaNX9GY9WS/Wu/UxbV2w8pk99AfW5w/10ZZz</latexit>

m $ N

[cf Gopakumar ’10]
‣  Formal framework?  
 Open-closed-open string theory 
 Double-scaled v/s Konstevich matrix models

[Witten-Konstevich’91-’92]

‣  Integrability? Tau-functions? 


