
Tetrahedron Instantons

Xinyu Zhang  (张欣宇)

SEU Yau Center Theoretical Physics Seminars

Feb. 15, 2022



Based on work with

Elli Pomoni

(DESY)

Wenbin Yan

(Tsinghua University)

arXiv: 2106.11611,

and work in progress



Plan for the talk

• Motivations:

① A generalization of Yang-Mills instantons

② A new class of generalized field theories

③ Nontrivial tests of M-theory/type IIA duality

• Properties of tetrahedron instantons:

1. Construction in string theory

2. Instanton moduli space 

3. Instanton partition function

• The index of M-theory 



Yang-Mills instantons
• The Euclidean action of 4d Yang-Mills theory is


,


which can be written as 


,


where , and  is a topological invariant (instanton number).


• In the semi-classical approximation, the path integral is evaluated by expanding 
around all minima of the action. In addition to the perturbative vacua of the theory, 
there are other minima with finite action, the (anti-)instantons:


S = −
1

2g2 ∫ d4x trF2
μν, Fμν = Fa

μνTa, [Ta, Tb] = f c
abTc

S = −
1

4g2 ∫ d4x tr(Fμν ± F̃μν)2 ± 1
2g2 ∫ d4x tr(FμνF̃μν) ≥

8π2 |k |
g2

F̃μν =
1
2

ϵμνρσFρσ k

F̃μν = ± Fμν,
1

16π2 ∫ d4x trFμνF̃μν ∈ ℤ



Yang-Mills instantons

• Example: BPST instanton (  in regular gauge): 


.


• The instanton solution is characterized by eight free parameters: the position , the 
size , and the global SU(2) gauge orientation.


• In general, the space of instanton solutions up to local gauge transformations is a 
smooth manifold, the moduli space of instantons .


SU(2), k = 1

Aμ(x) =
2σμν(x − z)ν

(x − z)2 + ρ2

zμ
ρ

ℳG,k

[Belavin, Polyakov, Schwarz, Tyupkin, 1975]

F̃μν = ± Fμν,
1

16π2 ∫ d4x trFμνF̃μν ∈ ℤ



Yang-Mills instantons: ADHM construction
• All SU(n) instantons with instanton number k can be constructed from the ADHM data:


1. Two  complex matrices , one  complex matrix , and one  
complex matrix 


2. Moment maps 


3. U(k) symmetry: 


• The moduli space 


• To avoid the non-compactness of  due to small instantons, Nakajima introduced 
a smooth manifold , which can be obtained from the Uhlenbeck 
compactification of  by resolving the singularities


k × k B1, B2 k × n I n × k
J

μℝ = [B1, B†
1 ] + [B2, B†

2 ] + II† − J†J, μℂ = [B1, B2] + IJ

(Ba, I, J) ∼ (gBag−1, gI, Jg−1), g ∈ U(k)

ℳn,k ≅ {(B1, B2, I, J) μℝ = μℂ = 0}/ U(k)

ℳn,k
ℳ̃ n,k
ℳn,k

ℳ̃ n,k ≅ {(B1, B2, I, J) μℝ − r ⋅ 𝕀k = μℂ = 0}/ U(k), r > 0

[Atiyah, Drinfeld, 


Hitchin, Manin, 1978]

[Nakajima, 1994]



Yang-Mills instantons: String theory
• k Dp-branes probing a stack of n coincident D(p+4)-

branes in type II string theory  SU(n) instantons with 
instanton number k


  Higgs branch of supersymmetric gauge theory 
on Dp-branes.


• Nekrasov and Schwarz interpreted  as the 
moduli space of U(n) instantons on .


•  in string theory: turn on a nonzero constant 
background B-field.

⇒

ℳn,k ≅

ℳ̃ n,k
ℂ2

Θ

ℳ̃ n,k

[Witten, 1994; Douglas 1995]

[Nekrasov, Schwarz, 1998]

[Seiberg, Witten, 1999]



Instanton partition function

Nekrasov introduced the instanton partition function 


   


The equivariant group : a maximal torus of , which rotate the spacetime 
 and the gauge orientation at infinity.   


 is the non-perturbative part of the supersymmetric partition function of a 4d  
theory (or its higher-dimensional lift) in the Omega background.


 can be evaluated exactly using localization techniques. The result can be expressed 
as a statistical sum over a collection of random partitions.

𝒵 = ∑
k≥0

𝚚k𝒵k, 𝒵k = ∫ ℳ̃ n,k,T
⋯

T U(1)2 × U(n)
ℂ2

𝒵 𝒩 = 2

𝒵

[Nekrasov, 2002]



Instanton partition function

𝒵

Seiberg-Witten 
theory

Topological 
strings on Riemann 

surfaces


Virasoro/W-
algebra conformal 

blocks


Quantum 
integrable systems


Refined topological 
strings on CY3

Dijkgraaf-Vafa 
matrix models

[Nekrasov, Okounkov, 2003]

[Nekrasov, 2009]
[Dijkgraaf, Vafa, 2002]

[Nekrasov, Shatashvili, 2009]

[Alday, Gaiotto, Tachikawa, 2009]

[Iqbal, Kozcaz, Vafa, 2007]



Generalized field theories
A generalized field theory is constructed by merging several ordinary field theories 
across defects. Its spacetime  contains several intersecting components, . 
The fields and the gauge groups  on different components can be different, 
and the matter fields living on the intersection  transform in the bifundamental 
representation of the product group .

X X = ∪A XA
GA = G |A

XA ∩ XB
GA × GB

Example: Spiked instantons

The instanton partition 
function of spiked instantons 
provides a unified treatment 
of instanton partition 
functions of 4d  
theories, with local or surface 
defects.

𝒩 = 2

[Nekrasov, 2015; Nekrasov, Prabhakar, 2016] B =
4

∑
a=1

badx2a−1 ∧ dx2a



M-theory/Type IIA duality
M-theory

Type IIA string

11d Supergravity

10d Type IIA 
Supergravity

Low-energy limit

Low-energy effective theory

weak-coupling limit KK reduction

D0-branes

KK 

graviton

D6-brane

KK 
monopole

A bound state of a D6-brane and k D0-branes on  can be lifted to an 11d bound state of 
k KK gravitons on .

𝕊1

𝕊1 × ℂ3 × 𝕋ℕ

𝒵M( ⃗g )[𝕊1 × ℂ3 × 𝕋ℕ]

Geometric 
parameters

=
∞

∑
k=0

ZD6−k D0( ⃗μ )

Fugacities of global 
symmetry

[Nekrasov, 2009;


Nekrasov, Okounkov, 2014;


Benini, Bonelli, Poggi, Tanzini, 2018]



Our aim:Study D0-branes probing a configuration of intersecting D6-branes.

Face 
A ∈ 4∨ = {(123), (124), (134), (234)}
↔ ℂ3

A = ∏
a∈A

ℂa ⊂ ℂ4

Vertex a ∈ 4 = {1,2,3,4} ↔ ℂa
B = ∑

a∈4

badx2a−1 ∧ dx2a

e2πiva =
1 + iba

1 − iba
, −

1
2

< va <
1
2

Tetrahedron instantons

ℂ1 ℂ2 ℂ3 ℂ4𝕊1
t

Ă = 4∖A



BPS bound states
• Supersymmetry is completely broken for generic .


• When  , the scalar potential is given by 




Here  and  are from D0-D0 strings and D0-D  strings, respectively.


• In order to obtain an analogue of , we need to take . In this case, 
supersymmetry is broken in the original string theory vacuum, but is restored after 
tachyon condensation. The low-energy theory on k D0-branes can be described by a 
supersymmetric gauged matrix model with gauge group , and it preserves two 
supercharges . 

va

v1 = v2 = v3 = v4 =
1
6

+
r
3

V = Tr ∑
a∈4

[Ba, B†
a] + ∑

A∈4∨

IAI†
A − r

2

+ ∑
A∈4∨

Tr BĂIA
2

+ ∑
a<b∈4

Tr [Ba, Bb]
2

.

Ba IA 6A

ℳ̃ n,k r > 0

U(k)
Q+, Q̄+



Instanton moduli space
• The moduli space of tetrahedron instantons: the space of solutions to  modulo the 

gauge symmetry ,





,  ,  





• If ,   reduces to the moduli space of Donaldson-Thomas 
invariants on .


• If we drop -equations,  becomes the moduli space of magnificent four model. 


• The virtual dimension (# components of matrices - # constraints - # gauge) of  is 0.


V = 0
U(k)

𝔐 ⃗n ,k ≅ {(Ba ∈ End (ℂk), IA ∈ Hom (ℂnA, ℂk)) μℝ − r ⋅ 𝕀k = μℂ = σ = 0}/ U(k)

μℝ = ∑
a∈4

[Ba, B†
a] + ∑

A∈4∨

IAI†
A μℂ = (μℂ

ab = [Ba, Bb])a,b∈4
σ = (σA = BǍIA)A∈4∨

(Ba, IA) ∼ (gBag−1, gIA), g ∈ U(k)
⃗n = (n123 = 1,0,0,0) 𝔐 ⃗n ,k

ℂ3

σ 𝔐 ⃗n ,k

𝔐 ⃗n ,k

[Cirafici, Sinkovics, Szabo, 2008]
[Nekrasov, 2017;  Nekrasov, Piazzalunga, 2018]



Instanton moduli space with k=1
• :  are unconstrained complex numbers, 

, and


.


Therefore, .


• :  are unconstrained complex numbers, 
, and





Therefore, .


In general,  consists of several smooth manifolds with different 
actual dimensions.

⃗n = (n123 = n,0,0,0) B1, B2, B3
I124 = I134 = I234 = 0

B4I123 = 0,
n

∑
α=1

I123,α
2

= r, I123 ∼ eiθI123

𝔐(n,0,0,0),1 ≅ ℂ3 × ℂℙn−1

⃗n = (n123 = n, n124 = m,0,0) B1, B2
I134 = I234 = 0

B3I124 = B4I123 = 0,
n

∑
α=1

I123,α
2

+
m

∑
α=1

I124,α
2

= r, IA ∼ eiθIA

𝔐(n,m,0,0),1 ≅ ℂ2 × (ℂ* × ℂℙn−1 ∪ ℂ* × ℂℙm−1 ∪ ℂℙn+m−1)
𝔐 ⃗n ,k



Instanton partition function
We define the (K-theoretical) instanton partition function as




: maximal torus of 


: the Hilbert space of the worldvolume theory with k D0-branes


: the generator of the  rotation, satisfying , 


: the Cartan generators of the symmetry group 


.

Z =
∞

∑
k=0

(−p)kZk =
∞

∑
k=0

(−p)k ̂AT (𝔐 ⃗n ,k) =
∞

∑
k=0

(−p)kTrℋk
(−1)F∏

a∈4

q𝒥a
a ∏

A∈4∨

nA

∏
α=1

tTA,α
A,α

∏a∈4 qa=1

T U(1)3 × ∏
A∈4∨

U(nA)

ℋk

𝒥a U (1)a [𝒥a, Q+] = − Q+ [𝒥a, Q̄+] = Q̄+

T(A,α) U (nA)



Expectation value of codimension-two defects

Up to now, we treat all D6-branes on equal footing, but we can choose the physical 
spacetime to be , so that the bound states of D0- and D -branes give rise to 
instantons on , while the remaining D6-branes will produce codimension-two 
defects.


,


where .

𝕊1
t × ℂ3

123 6123
ℂ3

123

Z =
∞

∑
k=0

(−p)k

k! ∫
k

∏
i=1

dϕi (Z0−0
k Z0−6123

k ) ∏
A∈4∨∖{(123)}

Z0−6A
k = ⟨ ∏

A∈4∨∖{(123)}

𝒪A⟩
DT

ZDT =
∞

∑
k=0

(−p)k

k! ∫
k

∏
i=1

dϕiZ0−0
k Z0−6123

k



Instanton partition function
Applying the supersymmetric localization techniques, we can express  as
Zk

The contour integral is evaluated using the Jeffrey-Kirwan residue prescription, and the 
poles are labeled by a collection of plane partitions . 


The poles:        



Each plane partition .

⃗π = {π(A,α)}

{xi} = {tA,αq1−sX
a q1−sY

b q1−sZ
c , (sX, sY, sZ) ∈ π(A,α), A = (abc) ∈ 4∨, α = 1,⋯, nA}

π =

π1,1 π1,2 π1,3 ⋯
π2,1 π2,2 π2,3 ⋯
π3,1 π3,2 π3,3 ⋯
⋮ ⋮ ⋮ ⋱

, πx,y ≥ πx+1,y, πx,y+1 ≥ 0

[Jeffrey, Kirwan, 1993]



Singular when p → Q± 1
2

Plethystic exponential form

Remarkably, the instanton partition function allows a plethystic expression 

. Plethystic exponent .


This is a generalization of the plethystic expression for Donaldson-Thomas invariants.

Z =
∞

∑
k=0

(−p)k Zk = PE ⃗q ,p
[q1q2] [q1q3] [q2q3]

∏a∈4 [qa]
[Q]

[Q1
2 p] [Q1

2 p−1]
, Q = ∏

A∈4∨

qnA

Ǎ

[x] = x
1
2 − x− 1

2 PE ⃗x {f (x1, ⋯, xm)} = exp [
∞

∑
n=1

1
n

f (xn
1 , ⋯, xn

m)]
[Nekrasov, 2009; Nekrasov, Okounkov, 2014]

: single-particle seed = 𝔽 ⃗n ( ⃗q , p)



Magnificent four and Tachyon condensation
Magnificent four model: a system of D0-branes probing a D8-brane and an anti-D8-
brane, with a strong background B-field.
Its instanton partition function looks very similar





where  encodes the relative position of the D8-brane and the anti-D8-brane. 


The instanton partition function  when 

 


indicating that the annihilation of the D8-brane and the anti-D8-brane leaves behind a 
system of D6-branes. 

ZMF = PE ⃗q ,p,μ
[q1q2] [q1q3] [q2q3]

∏a∈4 [qa]
[μ]

[μ1
2 p] [μ1

2 p−1]
μ

ZMF = Z
μ = Q = ∏

A∈4∨

qnA

Ǎ

[Nekrasov, 2017]



Decomposition property

 is independent of . We can take all D6-branes to be widely separated. 


 decomposition property:


,


,


……


𝔽 ⃗n ( ⃗q , p) tA,α

⇒

𝔽(n,0,0,0) ( ⃗q , p) =
n

∑
a=1

𝔽(1,0,0,0) ( ⃗q , qa− n + 1
2

4 p)
𝔽(n,m,0,0) ( ⃗q , p) =

n

∑
a=1

𝔽(1,0,0,0) ( ⃗q , q
m
2

3 qa− n + 1
2

4 p) +
m

∑
b=1

𝔽(0,1,0,0) ( ⃗q , qb− m + 1
2

3 q− n
2

4 p)



Cohomological limit
We introduce . Taking the limit  while keeping  and  fixed, we have





The cohomological instanton partition function (D-instanton probing intersecting D5-branes):


,


where  is the MacMahon function





It is interesting that the all-genus A-model topological string partition function of  is


qa = eβεa β → 0 εa p

𝔽 ⃗n ( ⃗q , p) →
p

(1 − p)2 ∑
A∈4∨

rAnA, rA = −
∏a<b∈A (εa + εb)

∏a∈A εa

𝒵♭ ( ⃗ε , p) = lim
β→0

Z ( ⃗q , p) = ∏
A∈4∨

ℳ3(p)rAnA

ℳ3(p)

ℳ3(p) =
∞

∑
k=0

𝙿𝙻(k)pk =
∞

∏
m=1

1

(1 − pm)m = 𝙿𝙴 [ p
(1 − p)2 ]

ℂ3
123

Z top (ε1, ε2, ε3, ℏ) = exp
∞

∑
g=0

ℏ2g−2ℱg (ε1, ε2, ε3) = (ℳ3 (−eiℏ))
(ε1 + ε2)(ε1 + ε3)(ε2 + ε3)

ε1ε2ε3



M-theory Index
A system of intersecting D6-branes  superposition of KK monopoles, described by a 
non-compact Calabi-Yau fivefold .

Compute the twisted index of M-theory 


⇒
𝒳

𝒵M [𝕊1
t ⋊g 𝒳] (v1, ⋯, v5) = PE ⃗v {ℱM (v1, ⋯, v5)}

 isometry of , SU(5) 𝒳
5

∏
i=1

vi = 1

Mapping , we find
.


: the contribution without D0-branes.

(v1, ⋯, v5) → ( ⃗q , p)
ℱM (v1, ⋯, v5) = 𝔽 ( ⃗q , p) + 𝒫 ( ⃗q )

𝒫 ( ⃗q )
𝒵M [𝕊1

t ⋊g 𝒳] (v1, ⋯, v5) = Zpert ( ⃗q ) Z ( ⃗q , p)



M-theory Index
Basic example: :


M-theory side: 


Type IIA string theory side: 


We can find the dictionary: 





Using the decomposition property, we can also find the correspondence for general . 


⃗n = (n123 = 1,n124 = n134 = n234 = 0)

ℱM (v1, ⋯, v5) [𝕊1
t ⋊g ℂ5] = −

∑5
i=1 [v2

i ]

∏5
i=1 [vi]

𝔽(1,0,0,0) ( ⃗q , p) = [q1q2] [q1q3] [q2q3]
∏a∈4 [qa]

[q4]
[q

1
2
4 p] [q

1
2
4 p−1]

ℱM (v1 = q1, v2 = q2, v3 = q3, v4 = q
1
2
4 p, v5 = q

1
2
4 p−1) [𝕊1

t ⋊g ℂ5] = 𝔽(1,0,0,0) ( ⃗q , p) + [q4]
[q1] [q2] [q3]

⃗n

 
symmetry

S5

 
symmetry

S3 × S2



Summary

• We introduced the tetrahedron instantons, which can be realized in string 
theory by D0-branes probing a configuration of intersecting D6-branes with a 
suitable background B-field. 


• We studied the moduli space of tetrahedron instantons.

• The instanton partition function can be computed exactly, and allows a 

plethystic expression.

• Lifting the type IIA configuration to M-theory, the instanton partition function 

can be reproduced from the M-theory index.



Outlook

Our discussion can be extension in several directions: 


① Other spacetime  in IIA string theory.

② Adding D2- and D4-branes. The M-theory index will also receive contributions 

from M-branes.

𝕊1
t × CY4 × ℝ



Thank you!



Research Overview
My research interests span the areas of quantum field theory, supersymmetry, string 
theory and mathematical physics. In addition to today’s topic, I have been working on


①  supersymmetric gauge theories

• Derivation of Seiberg-Witten geometry via instanton counting

• Alday-Gaiotto-Tachikawa correspondence via non-perturbative Dyson-Schwinger equations

• First-principle calculation of effective gravitational couplings

• Correspondence with 2d topological strings 


② Donaldson invariants of four-manifolds

• K-theoretical/elliptic Donaldson invariants


③  theories of class 


④ Supersymmetric localization computations in field/supergravity theories 


⑤ Generalization of the notion of symmetries beyond group theory


• Hidden quantum  superconformal symmetry in  superconformal theories

𝒩 = 2

𝒩 = 1 Sk

𝒩 = 4 𝒩 = 2

[with Heeyeon Kim, Jan Manschot, Gregory Moore and Runkai Tao]

[with Jan Manschot and Gregory Moore]

[with Jun Nian]

[with Saebyeok Jeong]

[with Thomas Bourton and Elli Pomoni]

[with Enrico Andriolo, Hanno Bertle, Elli Pomoni 

and Konstantinos Zoubos]



Z =
∞

∑
k=0

𝚚k χT (𝔐 ⃗n ,k) =
∞

∑
k=0

𝚚k Trℋk
(−1)F qHLq̄HR∏

a∈4

e2πiεa𝒥a ∏
A∈4∨

nA

∏
α=1

e2πi𝚊A,αTA,α

∑a∈4 εa=0

ℝ1,9 ≅ 𝕊1
t × ∏

a∈4

ℂa × ℝ9

• Two quartets of matrices 
,⃗B = (Ba)a∈4

, Ba ∈ End (ℂk)
⃗I = (IA)A∈4∨, IA ∈ Hom (ℂnA, ℂk)



Free field representation
• Free massless multi-component scalar field  on :

.


• Introduce a vertex operator 

,


where  and .


• Introduce a linear source operator  where  is a loop arount  

encircling all , and 


• The instanton partition function admits a free field representation: .

φ 𝕋2

⟨φi (z, z̄) φj (0,0)⟩𝕋 2
= − log

θ1 (z τ)
2πη(τ)3

exp (−
π (Imz)2

Imτ )
2

δi,j

𝒱α,ρ (z, z̄) =: exp [i
7

∑
i=1

αiφi (z + ρi, z̄ + ρi)] :: exp [−i
7

∑
i=1

αiφi (z − ρi, z̄ − ρi)] :

α = (i, i, i, i,1,1,1) ρ =
1
2 (ε1, ε2, ε3, ε4, ε12, ε13, ε23)

Υ =
1

2πi ∮Γ
dz ∑

A∈4∨

ϖA(z)∂zφǍ(z), Γ z = 0

±ρi ϖA(z) =
nA

∑
α=1

log θ1 (z − 𝚊A,α −
1
2

εA τ) .

Z = ⟨eΥe𝚚∮𝒞 𝒱α,ρ(z)dz⟩
hol

𝕋2



Noncommutative Instantons

• Open strings connecting D-branes in the presence of a strong background B-field can 
usually be described by noncommutative field theory. 


• The spacetime becomes , with
 


•

ℝ1,1 × ℂ4
Θ

[za, zb] = [z̄a, z̄b] = 0, [za, z̄b] = − 2Θδab

[Seiberg, Witten, 1999]



Instanton partition function
Applying the supersymmetric localization techniques, , where
Zk =

1
k! ∫

k

∏
i=1

dϕi Z1−1
k ∏

A∈4∨

Z1−7A
k

The contour integral is evaluated using the Jeffrey-Kirwan residue formula, 
and the poles are labeled by a collection of plane partitions . 


Each plane partition .

⃗π = {π(A,α)}

π =

π1,1 π1,2 π1,3 ⋯
π2,1 π2,2 π2,3 ⋯
π3,1 π3,2 π3,3 ⋯
⋮ ⋮ ⋮ ⋱

, πx,y ≥ πx+1,y, πx,y+1 ≥ 0

[Jeffrey, Kirwan, 1993]



Dimensional reduction
• Performing a T-duality, we get a D0-D6 system in type IIA superstring theory.

• The K-theoretical instanton partition function is computed by the generalized Witten 

indices.


 
qa = e2πiεa

tA,α = e2πiaA,α

• Similar reduction to D(-1)-D5 system will give the rational instanton partition function.

Zk = ∫(𝔐 ⃗n ,k)
̂AT (𝔐 ⃗n ,k) = Trℋk

(−1)F∏
a∈4

q𝒥a
a ∏

A∈4∨

nA

∏
α=1

tTA,α
A,α

∏a∈4 qa=1



Low-energy worldvolume theory

When  , the scalar potential is given by 





When , susy is broken in the original string theory vacuum, but is restored after 
transitioning to a nearby vacuum via tachyon condensation.


The moduli space of tetrahedron instantons: the space of solutions to  modulo the 
gauge symmetry 

v1 = v2 = v3 = v4 =
1
6

+
r
3

V = Tr ∑
a∈4

[Ba, B†
a] + ∑

A∈4∨

IAI†
A − r

2

+ ∑
A∈4∨

Tr BĂIA
2

+ ∑
a<b∈4

Tr [Ba, Bb]
2

.

r > 0

V = 0
U(k)

Share a common (0,2) susy 
for spiked instantons
v1 = − v2 = v3 = − v4


