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INTRODUCTION AND MOTIVATIONS



N=4 SYM 

> most symmetric theory in 4d
> a lot of mathematical structure

scattering amplitude    
correlators at weak coupling 

        one-loop dilatation operators     

> a lot of integrable structure

SuperStrings on AdS5×S5
SU(N)  N=4 SYM in 4d 

gs=g2YM  and  L4 = λα2   with   λ = gsN

of radius L 

> quantum gravity

Maldacena ‘90

    strong coupling through the bootstrap

arXiv:1012.3982 ; arXiv.1212.5605 
many more reviews…



SuperStrings on AdS5×S5
SU(N)  N=4 SYM in 4d 

gs=g2YM  and  L4 = λα2   with   λ = gsN

of radius L 

Single particles 
(KK modes)

Half-BPS

Witten, 
van Nieuwenhuizen et al.

hep-th/0003038 Arutyunov, Frolov  
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Maldacena ‘90

hep-th/9806074 Minwalla, Seiberg Rangamani
hep-th/9908160 D’Hocker, Freedman, Mathur…Rastelli



THE PLAN

GIVE A DEFINITION OF  SINGLE PARTICLE OPERATORS  
DIRECTLY IN N=4 SYM,  

THEREFORE BYPASSING THE GRAVITY COMPUTATION  

AND STUDY ITS CORRELATORS

let me remind you first about traces and notation… 

FA, James Drummond, Paul Heslop, Hynek Paul in [1802.06889] 
more recently -> [2007.09395] 



Trace basis for half-BPS operators
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consider all possible products of traces 
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correlator = sum over prop. structures
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Trace basis is degenerate

…beyond the planar limit
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There are trace relations for 

Exclusion principle in AdS5xS5: A graviton with large 
angular momentum pops into a D3 brane  wrapping an 
S3   ->   it will have maximal radius! and cut-off with N
J. McGreevy, L. Susskind and N. Toumbas  hep-th/0003075 

The gravity picture is actually nicer

KK modes have a notion of orthogonality
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There is a simple solution* !!

Single particles operator
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(in turn single particle are orthogonal to multiparticles)

*Orthogonality was long appreciated in AdS3xS3 e.g. Marika Taylor hep-th/0003075 

Since the AdS/CFT is non perturbative we would like to 
understand which basis is the one dual to KK modes
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* Of course this agrees, in the large N limit, with the subleading corrections of [1806.09200]



BACK TO THE PLAN



What I will tell about the SP basis:

We have three ways of writing the SP operators
- on the trace basis
- on the Schur basis
- on the eigenvalue basis

We know the 2pt function normalisation
We know that SP interpolate between T and giant gravitons

We can prove a multi-point orthogonality theorem

We understand ME, NME correlators, well



SP operators, from scratch
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from GS orthogonalisation w.r.t. the metric induced 
by the 2pt function
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SP operators more concretely T. W. Brown [hep- th/0703202] 

the dual of the trace basis

…about the notation
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SP operators more concretely
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Immediate properties

2. two point function normalisation from dual basis construction
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normalisation analytic in N and p, it vanishes when p>N
for p>N all operators are indeed multitrace! single trace not indp.

1. SP operators in U(N) are SP operators in SU(N)
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SU(N)
p [�̂] p � 2

<latexit sha1_base64="WWoKb3O2O2HJ+X+5lEKiT/ipPpc="></latexit>

�̂r
s = �r

s � 1
N �sr�t

t ,
<latexit sha1_base64="j8Cra5nknZ2VtfMAflWNtArdzP8="></latexit>
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if N is large, and p is small SP ~ single trace 

SP interpolate btw Traces and D3 branes
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if N is large, and p ~ N then SP is very different from T
in fact I just showed you that SP =0 for p>N
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if N is large, and p is small SP ~ single trace 

SP interpolate btw Traces and giant D3 branes

<latexit sha1_base64="6y06LMrnRXHzZ4wZnharK5laFGo="></latexit>

Op ! Tp + “ 1
N ”

<latexit sha1_base64="1FRpZlDBvY1pv7RbUSx/BPNSuI8="></latexit>

p ⌧ N

if N is large, and p ~ N then SP is very different from T
in fact I just showed you that SP =0 for p>N

<latexit sha1_base64="TFNYIr5W2u2iaMMwxJZLMBAwiFM="></latexit>

Ep,p = z1 . . . zp + . . . = �Rp
p

The operator identified as the dual of the giant D3 brane

!!
<latexit sha1_base64="lM51DwBNiWmULw9lhuT0+fZMWTg="></latexit>

Op ! (�)p+1p

✓
1

1 + p
N

◆N�p+1

Ep,p ; p,N � 1 and p�N fixed



MULTI-POINT ORTHOGONALITY



Extremal Three-point functions vanish
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Multi-point orthogonality

Theorem: Any propagator structure with a SP operator 
insertion that is connected to two sub-diagrams, themselves 

disconnected from each other, has vanishing color factor
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… some intuition from combinatorics
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becomes the following determinant
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it will follow a classification of correlators
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PROOF of MULTI-POINT ORTHOGONALITY
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Tqn�1

<latexit sha1_base64="QAC6vklctSMT/3pISCjLjqtUwXw="></latexit>

TR0(x0)
<latexit sha1_base64="Frfwb0VFO1+Q3yZ7mg4FrYlfq8E="></latexit>Y

g
dij

ij

X

R0,R`R

CR hTR0(x0)TR(x)i =

<latexit sha1_base64="i97hQD36F5fw1+ZLG8jijwJtqag="></latexit>Y
g
dij

ij

X

R`R

CR TR(x) = …
<latexit sha1_base64="swrdJqj6b3JSr/IAqo2bIlB1N50="></latexit>

Tqr+1

<latexit sha1_base64="8yNa5kQvpnovR2j+YoaaV6V3GsY="></latexit>

Tqn�1

We find the CR by solving the above equation, then we substitute in

…
<latexit sha1_base64="swrdJqj6b3JSr/IAqo2bIlB1N50="></latexit>

Tqr+1

<latexit sha1_base64="8yNa5kQvpnovR2j+YoaaV6V3GsY="></latexit>

Tqn�1

<latexit sha1_base64="QAC6vklctSMT/3pISCjLjqtUwXw="></latexit>

TR0(x0)

<latexit sha1_base64="e8mhZi6nOvnSUpByPgZqGwVXXWQ="></latexit>

hTRTR0i�1

<latexit sha1_base64="xxBxVP+F6hTQm5gI61PQAAalqX4="></latexit>

Tq1

<latexit sha1_base64="3Xpj1ckbFe0qh/UeVkWREmiTsOU="></latexit>

Tqr

…

<latexit sha1_base64="F54xz1Z7hggSwsvPmH6BRgOq87k="></latexit>

TR(x)
<latexit sha1_base64="1WKXOrHfLCGMmz/qOnR/lfC7SwA="></latexit>

Fp|q1...qn�1
'



…
<latexit sha1_base64="swrdJqj6b3JSr/IAqo2bIlB1N50="></latexit>

Tqr+1

<latexit sha1_base64="8yNa5kQvpnovR2j+YoaaV6V3GsY="></latexit>

Tqn�1

<latexit sha1_base64="QAC6vklctSMT/3pISCjLjqtUwXw="></latexit>

TR0(x0)

<latexit sha1_base64="e8mhZi6nOvnSUpByPgZqGwVXXWQ="></latexit>

hTRTR0i�1

<latexit sha1_base64="xxBxVP+F6hTQm5gI61PQAAalqX4="></latexit>

Tq1

<latexit sha1_base64="3Xpj1ckbFe0qh/UeVkWREmiTsOU="></latexit>

Tqr

…

<latexit sha1_base64="F54xz1Z7hggSwsvPmH6BRgOq87k="></latexit>

TR(x)
<latexit sha1_base64="1WKXOrHfLCGMmz/qOnR/lfC7SwA="></latexit>

Fp|q1...qn�1
'

We will now repeat the same reasoning for the other green blob

…
<latexit sha1_base64="swrdJqj6b3JSr/IAqo2bIlB1N50="></latexit>

Tqr+1

<latexit sha1_base64="8yNa5kQvpnovR2j+YoaaV6V3GsY="></latexit>

Tqn�1

<latexit sha1_base64="QAC6vklctSMT/3pISCjLjqtUwXw="></latexit>

TR0(x0)
<latexit sha1_base64="Frfwb0VFO1+Q3yZ7mg4FrYlfq8E="></latexit>Y

g
dij

ij

X

R0,R`R

CR hTR0(x0)TR(x)i =

<latexit sha1_base64="i97hQD36F5fw1+ZLG8jijwJtqag="></latexit>Y
g
dij

ij

X

R`R

CR TR(x) = …
<latexit sha1_base64="swrdJqj6b3JSr/IAqo2bIlB1N50="></latexit>

Tqr+1

<latexit sha1_base64="8yNa5kQvpnovR2j+YoaaV6V3GsY="></latexit>

Tqn�1

We find the CR by solving the above equation, then we substitute in



<latexit sha1_base64="1WKXOrHfLCGMmz/qOnR/lfC7SwA="></latexit>

Fp|q1...qn�1
'

<latexit sha1_base64="e8mhZi6nOvnSUpByPgZqGwVXXWQ="></latexit>

hTRTR0i�1

<latexit sha1_base64="xxBxVP+F6hTQm5gI61PQAAalqX4="></latexit>

Tq1

<latexit sha1_base64="3Xpj1ckbFe0qh/UeVkWREmiTsOU="></latexit>

Tqr

…

<latexit sha1_base64="F54xz1Z7hggSwsvPmH6BRgOq87k="></latexit>

TR(x)

…
<latexit sha1_base64="swrdJqj6b3JSr/IAqo2bIlB1N50="></latexit>

Tqr+1

<latexit sha1_base64="8yNa5kQvpnovR2j+YoaaV6V3GsY="></latexit>

Tqn�1

<latexit sha1_base64="QAC6vklctSMT/3pISCjLjqtUwXw="></latexit>

TR0(x0)

<latexit sha1_base64="KA8bV6bVUhtOHwLBgz3eOcwWuMM="></latexit>

hTL0TLi�1

<latexit sha1_base64="PCNOHIhFwZLP91tqRvnkaG7UrY4="></latexit>

TL0(y0)
<latexit sha1_base64="CQVXAjm0LMZ9Q4Q7U9PRL7hgoVE="></latexit>

TL(y)

This is now an extremal three-point function

<latexit sha1_base64="yjavExjbGqnPDcGANz0RqHzPO5k="></latexit>X

<latexit sha1_base64="bN8bssuRB86XBaPOdvveZumRdps="></latexit>

= 0



APPLICATIONS



SP operators look more complicated than Traces 
and it would seem that correlators are even more complicated

BUT

<latexit sha1_base64="xxBxVP+F6hTQm5gI61PQAAalqX4="></latexit>

Tq1

<latexit sha1_base64="3Xpj1ckbFe0qh/UeVkWREmiTsOU="></latexit>

Tqr
… …

<latexit sha1_base64="swrdJqj6b3JSr/IAqo2bIlB1N50="></latexit>

Tqr+1

<latexit sha1_base64="8yNa5kQvpnovR2j+YoaaV6V3GsY="></latexit>

Tqn�1

<latexit sha1_base64="1P84RdWDj9LUDwjgKurH8O6U6Jo="></latexit>

1
2

 
�p+

n�1X

i=1

qi

!
= k � 0

when we classifying correlators,  
progressively away  from “dumbell” topologies

1. near extremal n-pt correlators (NE)
<latexit sha1_base64="bO7BE03ixyPFgfS/Ivgbn7EfOaQ="></latexit>

k  n� 3 exactly vanish !

WE FIND

*E. D’Hoker, J. Erdmenger, D. Z. Freedman and M. Perez-Victoria, [hep-th/0003218]

The proof goes by showing that the only possible 
propagator structure is a dumbell,  

i.e. there are too many points and too less charges



2. max extremal n-pt correlators (ME) <latexit sha1_base64="f/j6WDWVMtmYKnpUPY9ZDPAKIdQ="></latexit>

k = n� 2
<latexit sha1_base64="8w1t4icW0CCwHzHJMP34U2e3824="></latexit>

hOp(x)Oq1(x1) · · · Oqn�1(xn�1)iconnected = hOpOpi

 
X

trees T
|W[T ]| T


d1 bij. . . dn�1

�!

for 3-points
<latexit sha1_base64="u81RSSojNGKVNewRvfW4WkTb8Xo="></latexit>

p = q1 + q2 � 2

<latexit sha1_base64="aa7fEMm8MsdI7wnIbLR6cWbdoAs="></latexit>

|W[T ]| =
n�1Y

i=1

qi(qi � 1) . . . (qi � di + 1)

<latexit sha1_base64="k7Q1wCNwDEbgnKUMY23Xjo4hYGw="></latexit>

hOp(x)Oq1(x1)Oq2(x2)i = hOp(x)Tq1(x1)Tq2(x2)i ' q1q2hOp(x)Tp(y)i = q1q2hOp(x)Op(y)i

only one Wick contraction 

in double line notation, e.g.
replacing SP with T 

gives NE correlators = 0 
but for the leading trace

or from OPE considerations <latexit sha1_base64="uP+sibOE1NrBkInEEjcei55ySMk="></latexit>

Tr(�(y). . . . .�(y)| {z }
p

)



2. max extremal n-pt correlators (ME) <latexit sha1_base64="f/j6WDWVMtmYKnpUPY9ZDPAKIdQ="></latexit>

k = n� 2
<latexit sha1_base64="8w1t4icW0CCwHzHJMP34U2e3824="></latexit>

hOp(x)Oq1(x1) · · · Oqn�1(xn�1)iconnected = hOpOpi

 
X

trees T
|W[T ]| T


d1 bij. . . dn�1

�!

<latexit sha1_base64="++mz8B1KJ4Zx/Db438PMXUHfhB0="></latexit>

p� q = Q� 2
<latexit sha1_base64="Uqu13Sde+soad2bFb/D9PcQdL6w="></latexit>

p, q,N ! 1
<latexit sha1_base64="wAPISbhim55Lfmv4P2gmbXw1hCk="></latexit>

p/N, q/N,Q fixed

The limit to two D3 branes and a SP
<latexit sha1_base64="dbNwH+cReKv5W0joEBImgRCjUZ0="></latexit>

hOp(x)Oq(x1)OQ(x2)i = qQhOp(x)Op(y)i

<latexit sha1_base64="HkrY3T7qNXnaa4NYKPvRUumNm+k="></latexit>

! QNQ

<latexit sha1_base64="lW8YiOg5JKrY1Ekj6wA0JwqCPKs="></latexit>

hOpOqOQip
hOpOpihOqOqihOQOQi

=
qQp

hOQOQi

s
hOpOpi

hOqOqi

<latexit sha1_base64="8C2aCqRc/KEozghJFQ3S/f9mh9Q="></latexit>

!
p
Q

p

N

⇣
1� p

N

⌘Q�2
2

<latexit sha1_base64="mgGrM/DLtTKGqxX+dR3S5PuV5sM="></latexit>

! p2

q2 e
N(q�p)NN(p�q)eN(p�1) log[1�p]�N(q�1) log[1�q]

from the Gamma function normalisations



2. max extremal n-pt correlators (ME) <latexit sha1_base64="f/j6WDWVMtmYKnpUPY9ZDPAKIdQ="></latexit>

k = n� 2

<latexit sha1_base64="8w1t4icW0CCwHzHJMP34U2e3824="></latexit>

hOp(x)Oq1(x1) · · · Oqn�1(xn�1)iconnected = hOpOpi

 
X

trees T
|W[T ]| T


d1 bij. . . dn�1

�!

<latexit sha1_base64="aa7fEMm8MsdI7wnIbLR6cWbdoAs="></latexit>

|W[T ]| =
n�1Y

i=1

qi(qi � 1) . . . (qi � di + 1)

for n-points

upon removing the SP there will be n-2 prop. 
among n-1 points: this sub-diagram is a tree 



8(N2 � 1)2(N4 � 6N2 + 18)

N2
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

32(N2 � 1)(2N2 � 3)2

N2
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

++

+64(N2 � 1)(N4 � 6N2 + 18)

N2
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

192(N2 � 1)(N4 � 6N2 + 18)

N2
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

+

+

+ +64(N2 � 1)(N2 � 4)(N2 � 9)

N2 + 1
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

192(N2 � 1)(N2 � 4)(N2 � 9)

N2 + 1
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

<latexit sha1_base64="3XNl/WjikZ4u3+au6kTsXWW5OuA="></latexit>

hT4(y)T4(x1)T2(x2)T2(x3)i

<latexit sha1_base64="jbe0SgHVlrc9pXgctQhJCYm22WE="></latexit>

hO4(y)O4(x1)O2(x2)O2(x3)i

+8(N2 � 1)2(N2 � 4)(N2 � 9)

N2 + 1
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

12

3 y
<latexit sha1_base64="MWkYnJw9CDDH5XRXf7ptxPq8jZ8="></latexit>

hO4O4i =
4(N2

� 1)(N2
� 4)(N2

� 9)

N2 + 1

<latexit sha1_base64="xvU+gtw0rVhowke9Hzti+5BSJUA="></latexit>

q1q2q3(q2 � 1) = 16
<latexit sha1_base64="SRzMZSVgVsHKHyIRmUG1EdZa604="></latexit>

q1q2q3(q1 � 1) = 48

dumbbell -> 

trees = 3pts and 2 

an example @ 4pt 



MORE APPLICATIONS



3. next to max extremal n-pt correlators (NME)
<latexit sha1_base64="CLpepmKkpwfBoVXGWDnyrMjQFQE="></latexit>

k = n� 1

for 3-points
<latexit sha1_base64="zXqPH7DweEiDm2KS+hYkp1aLgqw="></latexit>

p = q +Q� 4

<latexit sha1_base64="RfAkQ2qmYrAKctAHzQow835t2aE="></latexit>

hOp(x)Oq(x1)OQ(x2)i = hOp(x)Tq(x1)TQ(x2)i
<latexit sha1_base64="JGeixKkDI+bJcm4uQIYer5Rptqk="></latexit>

+

q1
2X

p1=2

Cp1(q1�p1)hOp(x) [Op1Oq�p1 ] (x1)OQ(x2)i

+

+   the other

this is now a 4pt NME: use previous results!  it follows that

computable !

<latexit sha1_base64="oBh1CyE3ARbYLpnQ6n9fw8zTpbc="></latexit>

hOp(x)Oq(x1)OQ(x2)i = hOpOpi

"
qQ

⇣
N �

(q�1)(Q�1)
N

⌘
+

<latexit sha1_base64="nMEDjv6YzeWZ4umtko77nLTVSL4="></latexit>

+

b q1
2 cX

p1=2

Cp1(q�p1)Q(Q� 1)p1(q � p1) +   the other

<latexit sha1_base64="p67Z/BuJWr5Zq7KmfJ6E5xobN7w="></latexit>#

everything is known in this formula



3. next to max extremal n-pt correlators (NME)
<latexit sha1_base64="CLpepmKkpwfBoVXGWDnyrMjQFQE="></latexit>

k = n� 1

for 3-points
<latexit sha1_base64="zXqPH7DweEiDm2KS+hYkp1aLgqw="></latexit>

p = q +Q� 4

the limit to two D3 branes and a SP
<latexit sha1_base64="Uqu13Sde+soad2bFb/D9PcQdL6w="></latexit>

p, q,N ! 1

is found to be
<latexit sha1_base64="wAPISbhim55Lfmv4P2gmbXw1hCk="></latexit>

p/N, q/N,Q fixed

<latexit sha1_base64="gg/22kirgPwynv8w13yMsRPZttg="></latexit>

hOpOqOQip
hOpOpihOqOqihOQOQi

!

p
Q

p

N

⇣
1�

p

N

⌘Q�4
2

✓
1�

(Q� 1)p

2N

◆

an independent computation of 2103.16580 matches this formula  
[Yang, Jiang, Komatsu,Wu]

for n-points: similar manipulations as for the case of 3-points yield 
a sum of ME correlators holds



NOT GUESSABLE

4. what about NNME or beyond NME
things obviously get  

complicated   BUT …

<latexit sha1_base64="yXIL7EvydisrFZk19KkT1fvfuCo="></latexit>

hO6T6T6i =

✓
300 +

7200

N2
+ 36N2

◆
hO6O6i

a first look at 3-points, e.g. 

<latexit sha1_base64="DVaPnY519Q1odsv/CgOKjzF3fO8="></latexit>

1152(N2 � 1)(5700� 2700N2 + 630N4 � 126N6 + 29N8)

N4

<latexit sha1_base64="f7bqGSQfJIfgwnQ6sBiOPjJvYf0="></latexit>

576(N2 � 1)(�34200 + 8400N2 + 2220N4 � 710N6 + 51N8 + 6N10)

N5

<latexit sha1_base64="pR662hF6n9OlPAS97/U3VvKNWUk="></latexit>

216(N2 � 1)(N2 � 4)(30400� 1600N2 � 1040N4 � 15N6 + 21N8)

N5

<latexit sha1_base64="x57VFhsiRiy99aAzSnsN0vlCkLc="></latexit>

72(N2 � 1)(456000 + 96000N2 � 134400N4 + 34200N6 � 4388N8 + 295N10 + 3N12

N6

<latexit sha1_base64="JfhUX8koXp/VAKV8sLs9kycSf4k="></latexit>

hT6T6T6i =
<latexit sha1_base64="9dUSUGNd0Pbm0aLrZshDcdL2DsU="></latexit>

hT6T6T[4,2]i =
<latexit sha1_base64="7XKpWcgsZW8n6rf9oBKDFhfuCnQ="></latexit>

hT6T6T[3,3]i =
<latexit sha1_base64="y9s1pEOPyjV4MRl78eflH2tvWqM="></latexit>

hT6T6T[2,2,2]i =

final result much simpler than intermediate steps

Other cases: final resul similarly simple  
                      vs more and more complicated intermediate combinatorics

Ancillary file in
[2007.09395] 

! GUESSABLE !



SUMMARY & CONCLUSIONS

We have explicit ways of writing the SP operators
We know the 2pt function normalisation
We know that SP interpolate between T and giant gravitons

We have a multi-point orthogonality theorem

We understand ME, NME correlators, well

instances of this were shown to be important for the  
consistency of the AdS5xS5 truncation to the graviton multiplet
*E. D’Hoker, J. Erdmenger, D. Z. Freedman and M. Perez-Victoria, [hep-th/0003218]

after all the SP are dual to the Traces!  
SP might enjoy integrable structure too !! 

SPECULATION?
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