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INTRODUCTION AND MOTIVATIONS



N=4 SYM

> MOSt symmetﬂc theory in 40 arXiv:1012.3982 ; arXiv.1212.5605

> a |lot of mathematical structure many more reviews...

> a |lot of integrable structure scattering amplitude

correlators at weak coupling
one-loop dilatation operators

> guantum gravity

SuperStrings on AdS xS SU(N) N=4 SYM in 4d
@C radius L

gs=gPrm and [*= A2 with A = gsN
Maldacena ‘90
strong coupling through the bootstrap



Maldacena ‘90

Single particles q.[agf.gggzg
(QCQC mofes)

1
By B NZTplTp2+...

Witten,

van Nieuwenhuizen et al.

ﬁeja-tﬁ/9806074 Minwalla, Seiﬁerg ‘Rangamani
ﬁqp-tﬁ/99081 60 D'Hocker, Freedman, Mathur... Rastelli

N = o0

ﬁqp-tﬁ/ooogogS Arutyunov, Frolov



THE PLAN

GIVE A DEFINITION OF SINGLE PARTICLE OPERATORS
DIRECTLY IN N=4 SYM,
THEREFORE BYPASSING THE GRAVITY COMPUTATION

AND STUDY ITS CORRELATORS

FA, James Drummond, Paul ’J-ﬁzsfqp, Cl-[yneE Paul in [1802.0688 9]

more recentfy -> [2007.09395]

let me remind you ﬁrst about traces and notation...



Trace basis for halt-BPS operators

Tp(x) =Tr| 6(@) ... 6(@)|  $(X,Y)=YRgp(X)

p times
consider all possible products of traces

Ty ps..pm () =Ty ()T, () ... T}, ()

(ETB)
Wick contractions
Y. Y, [ §us U(N)
’I“S X 7Y “ X 7Y — ><<
<¢ (X1, Y1)o, " (X 2)> (X1 — X5)2 \ 57955_%5;?5;‘ SU(N)

N— ———

= gdi12



*there cannot be seg"'-contmctions on the same Jooint

diagrammatic notation:
correlator = sum over prop. structures

for example....

(To(x1)To(x2)Ty(x3)Ta(x

2 2 2 2
(N2 — 1)2(N* — 6N2 + 18) 4 32N 1 2N —3)? E) n >© +
64(N? —1) N4 6N? + 18) 192(N2 —1)(N* — 6N? + 18)




...beyond the planar limit

Trace basis Is degenerate

Tp ; Tpl TPQ :
P1+p2=p

There are trace relations for 1, n

The gravity picture is actually nicer

KK modes have a notion of orthogonality

Exclusion principle in AdSsxS®: A graviton with large
angular momentum pops into a D3 brane wrapping an
S3 -> it will have maximal radius! and cut-off with N

. ‘Mcgreevy, L. Susskind and ‘N. Toumbas ﬁq’)-tﬁ/ooogozs



Since the AdS/CFT is non perturbative we would like to
understand which basis is the one dual to KK modes

There is a simple solution™ !

Singfejaam’cfes operator = {(9 : <(9p(x1)Tq1,mqn (:132)> — O}
(in turn single particle are orthogonal to multiparticles)

for illustration:

(2N2 — 3) 10 1 5
=Ty — T

O1 =14 N(N2 +1)

5(N? — 2) - 15(N? — 2)
N(N2 +5) 2% " N2(N2 +5)

Os = T5

* Of course this agrees, in the [arge N [imit, with the suﬁféadi’ng corrections of [1806.09200]
*Ortﬁogonafity was [ong ap}oreciawcf in AdS3xS3 e.g. Marika T ay[or ﬁqo-tﬁ/ooogcvs



BACK TO THE PLAN



What | will tell about the SP basis;

We have three ways of writing the SP operators

- on the trace basis
- on the Schur basis

- on the eigenvalue basis

We know the 2pt function normalisation

We know that SP interpolate between T and giant gravitons
We can prove a multi-point orthogonality theorem

We understand ME, NME correlators, well



SP operators, from scratch
partitions of p

( C)\1|)\1 C)\2|>\1 Cp|)\1 \
. : ; | : {Ni=aq1...qn}i=1,..pP
O,(xr) = — det
P Np C>\1|)\P—1 C>\2|>\P—1 e Cp|>\P—1 )\P — {p}
\ Tn(@)  Tu) ... T )

from GS orthogonalisation w.r.t. the metric induced
by the 2pt function

Np = det (CAMj)lgi,jgp_l ) (T, (21)Tx; (w2)) = 919 Cx, A,
example: minors from the above det
N —3) 10 4 5
Oy =Ty — | Torn — —Ti3 — T
4 4 N(NZ +1) 22 2l — ar 13 N(NZ 1 1) 1111



SP operators more concretely T. W. Brown [hep- th/o703202]

the dual of the trace basis
OP(I) — Z qu ..... quql ..... O (33) <€>\I [¢] ' T>\J> = 01
{Q1 77777 QWz}FY9
C, . = [Tqr..qm )] 5 (—D)EHFYN 4+ 1= p)yso) (N +p — 5(5))ss)

...about the notation
power set, e.q.

P(3,2,1}) = {1h 111425 3142, 11,43, 11,13, 21,43, 2, 1}
given a subset “s” in the power set, then |s| is the cardinality and

S(s) =Y s finally |l0q..amll is the size of conj. class

S;ES



SP operators more concretely

eigem/afue basis

7 _ ke (p=1) (N—k+p+1)i p

N (N—-k+1 _ (N
P+ L (N—p+1)p

..comparing examples
O3 = 5T — 5To1 + T

O, — (N—2)(N—1)E3’1 3(N -2) ot 2B,

N2
03 _ <N_2]27(2N_1) XR? (N—2]27(2N—|—2) XRS) | (N—|—1]27(2N—|—2) B3




Immediate properties

1. SP operators in U(N) are SP operators in SU(N)

A AN

I: Ol¢] — O[¢] = O[d(o) 6" = g5 — 2650

U(N ASU(N)T 2
OF Mgl = 05V WM g]  p>2

2. two point function normalisation from dual basis construction

(Op(71)Op(72)) = g1 X ]92(]? — 1 [(N 75 p1+ 1)p—1 - (N —I—ll)p1] :

p 4
2 2 | |
= ><T|:|1(N —1?) x (1415 +...

normalisation analytic in N and p, it vanishes when p>N
for p>N all operators are indeed multitrace! single trace not indp.



SP interpolate btw Traces and D3 branes

if N is large, and p is small SP ~ single trace

Op = T, + “%7 p <K N

if N is large, and p ~ N then SP is very different from T
in fact | just showed you that SP =0 for p>N

1 p+1
0, — (—)Ptp ( 5 > E,, ; p,N>1andp— N fixed
1+ 2
|
Ep’p:Z]_...Zp—l_...:XRg k
p
Z E,x(z) there is an infinite sum but compared to the leading

term the other are exponentially suppress by Gamma factors




SP interpolate btw Traces and giant D3 branes
if N is large, and p is small SP ~ single trace
Op N Tp e cc%n D < N

if N is large, and p ~ N then SP is very ditferent from T
in fact | just showed you that SP =0 for p>N ||

1
1+ 5

N—p+1
0, — (—)Ptp ( > E,, ; p,N>1andp— N fixed

Ep’p:Z]_...Zp—l_...:XRg

The operator identitfied as the dual of the giant D3 brane




MULTI-POINT ORTHOGONALITY



Extremal Three-point functions vanish

Ty, (1) P —= {41 + 42

Op(x)/ The color factor of this
\

two point function vanishes
Ty, (1) by definition/construction

by moving one multi-trace on a ficticious point we get




Multi-point orthogonality

Theorem: Any propagator structure with a SP operator
iInsertion that is connected to two sub-diagrams, themselves
disconnected from each other, has vanishing color factor

‘FP|Q_1---Qn—1 (337 L1 .- xn—l) — <Op(x)TQ1 (xl) e TQn—l ($n_1)>

(a dumbbell shap)

® TC]’P an_l P




... some intuition from combinatorics

‘FP|Q_1---qn—1 (337 L1 .- xn—l) — <Op(x)TCI1 (:El) s TQn—l (xn—l»

becomes the following determinant

[ Cuin Couln, o Gy )
Ai/det CA1|AP_1 'CAQMP_l oo Coiap,
p
\C)\1|q_1...qn—_1 Cralgignon -+ Cp|q_1...qn_1)
where
Cailgqgn_r = T (@) Tg, (21) ... Ty, (Tn-1))F Coaiin, = (TN, T,)

A; are partitions of p
Ap = {p}

| Topology is a dumbbell |



here there can be also contractions between traces on the same blob
inserted at different point, and still have a dumbell -> one parameter:

n—1
%<p+2qi) = k>0

= orove that only

it will follow a classification of correlators dumbbell
1. near extremal n-pt correlators (NE) E<n-—3
2. max extremal n-pt correlators (ME) k=n—2

3. next to max extremal n-pt correlators (NME)
k=n-—1



PROOF of MULTI-POINT ORTHOGONALITY



41 i1 ®
@ Tq_r an_l @
cut the starting point on the |.h.s.
7 TQT—I—l ®
Hgi;j Z Cr Tr(z) = = ..
RFR Ty, . e

Splargna = Hgffj Z Cr

RFR o 1Ig,

We need to find the Cr



Iy

r41 @

[[o7 > CrTrx) =

EFR TQn—l a
Tr (2
r(T) T, e
dij
1197 > Cr (Tw(2)Tg(z)) = .E ———T
&’EFR TQn—l ®

We find the Cr by solving the above equation, then we substitute in

Tr(z)
Forgroan s =9 Cr .

RFR o 1y,




Iy

r41 @

[[o7 > CrTrx) =

EFR TQn—l a
Tr (2
r(T) T, e
dij
1197 > Cr (Tw(2)Tg(z)) = .E ———T
&’EFR TQn—l ®

We find the Cr by solving the above equation, then we substitute in

TR/ (LIZ'/) T
q

r+1 @

|||

Tr(x)
Folar.oan-1 = .
(

an—l ®




Iy

r41 @

[[o > CrTrlx) =

EFR TQn—l a
Tr (2
r(T) T, e
dij
1197 > Cr (Tw(2)Tg(z)) = .E ———T
&’EFR TQn—l ®

We find the Cr by solving the above equation, then we substitute in

/
® Tq_1 TE(ZE) Tr(z) T\ o
Folarqn_1 = . .E ——
o 1y, (TrTR) ™ Tg,_1 e

We will now repeat the same reasoning for the other green blob



Jtp|q1...

This is now an extremal three-point function

— ()




APPLICATIONS



SP operators look more complicated than Traces
and it would seem that correlators are even more complicated

BUT

when we classifying correlators,
progressively away from “dumbell” topologies

o 1,

r41 @ 1
b : ICES WA

Q
S

Q

e
S
°

WE FIND

1. near extremal n-pt correlators (NE) k& < n —3 exactly vanish !

The proof goes by showing that the only possible
propagator structure is a dumbell,
..e. there are too many points and too less charges

*E. D'Hoker, 1. frc[menger, D. Z. Freedman and M. Perez-Victoria, [ﬁqo-tﬁ/ooogzwj



2. max extremal n-pt correlators (ME) k=n—2

d1  bij
.

<Op(33)0q1 (ml) e an_l(iljn—l)>connected — <OPOP> ( Z ’W[ﬂ’ T[ ])
trees T

n—1

WIT] = T @i — 1) (as — i + 1)
for 3-points p=¢q1 + g2 — 2 i=1

(Op(x) Oy, (1) Oy, (22)) = (Op(x) Ty, (11)Ty, (72)) = q1G2(Op(2)T(y)) = q192{Op(x)Op(y))
N

only one Wick contraction
replacing SP with T
gives NE correlators = 0

IN double line notation, e.q.
but for the leading trace J

S N
L \\f/ Tr(o(y). S o(y)

or from OPE considerations




2. max extremal n-pt correlators (ME) k=n—2

> |t D

n—1
trees T

<Op(37)0q1 (z1) - Qg (Trn—1))connected = <Op0p> (

The limit to two D3 branes and a SP p—qg=0 —2

(0,(2)O4(21)O0 (32)) = ¢Q(O,(2)O,(y)) p,q, N — oo

p/N,q/N,(Q fixed
from the Gamma function normalisations

(0,0,00) 4@ \/<0p0p>
\/<Op0p><0q0q><0620@> \/<OQOQ>
Q—2

e - Ve (-5)

N %eN(q—p)NN(p—q)eN(p—l) log[1—p]—N(g—1)log[1—g]
q




2. max extremal n-pt correlators (ME) k=n—2

di  bij
.

<Op(37)0q1 (371) e an_l(wn—l»connected — <OPOP> ( Z ’W[ﬂ’ T[ ])
trees T

n—1

Wl = T] it~ 1) 0 — di + 1)

for n-points

upon removing the SP there will be n-2 prop.
among n-1 points: this sub-diagram is a tree




an example @ 4pt

<T4(y)T4(ZL‘1)T2($Q)T2(333)> dumbbell ->

8(N? —1)%(N* — 6N? + 18) 32(N? — 1 2N2 3)2
N2
64(N? —1)(N* — 6N? + 18) I:D M 192(N2 — 1) N4 6N? + 18) m

(O4(y)O4(21)O2(x2)O2(73))

4(N? — 1)(N? — 4)(N? — 9)

(0404) =

3 Y N2 +1
8(N? — 1)2(N2 — 4)(N? — 9)
VT I D T trees = 3pts and 2
2 1
q192q3(q2 — 1) = 16 q192q3(q1 — 1) = 48

64(N )(N? — 192(N? —1)(N? — 4)(N? - 9)
Nz +1 N2 +1




MORE APPLICATIONS



3. next to max extremal n-pt correlators (NME) &£=n—1

for 3-points p=q+Q —4 computable !

<Op(x)0q(371)062($2)> (Op(2)Ty(71)T(22)) +

Z p1(q1 pl) ) [Opl Oq—p1] (331)(9@(372» + the other

this is now a 4pt NME: use previous results! it follows that

(Op(2)Oq(21)Oq(22)) = (OpOp) QQ(N (q_l)fng_l)) T

Z )@@ —1)pi(¢ —p1) + the other

everything is known in this formula



3. next to max extremal n-pt correlators (NME) &£=n—1

for 3-points p=q+ Q) —4
p,q, N — o0
p/N,q/N,Q fixed

the limit to two D3 branes and a SP

IS found to be

(0,0,00) Cp g N (@D
\/<Op0p><0q0q><0620@> / \/@N <1 N) (1 2N )

an independent computation of 2103.16580 matches this formula
[Yang, Jiang, Komatsu,Wu]

for n-points: similar manipulations as for the case of 3-points yield
a sum of ME correlators holds



4. what about NNME or beyond NME
things obviously get

a first look at 3-points, e.g. complicated BUT ...
72(N? — 1)(456000 + 96000N? — 134400N* + 34200N% — 4388N® + 295N 10 4 3N12
(TeTsTs) = ( )( A
216(N? — 1)(N? — 4)(30400 — 1600N? — 1040N* — 15N + 21 N8
(T6T6T14,2)) = | : : e )
576(N? — 1)(—34200 + 8400N?2 + 2220N* — 710N6 + 51N8 + 6N10
(T6T6T}3,3) = | ! NE )
1152(N?% — 1)(5700 — 2700N? + 630N* — 126 N® + 29N® , (o 1
(TsTeTi.0.5) = ( )( - ) Ancillary file in
[2007.09395]
final result much simpler than intermediate steps
NOT GUESSABLE
7200
(O6TeTs) = (300 + A2 + 36N2> (O6Og)
I GUESSABLE !

Other cases: final resul similarly simple
vs more and more complicated intermediate combinatorics



SUMMARY & CONCLUSIONS

We have explicit ways of writing the SP operators
We know the 2pt function normalisation

We know that SP interpolate between T and giant gravitons

We have a multi-point orthogonality theorem

instances of this were shown to be important for the
consistency of the AdS5xS5 truncation to the graviton multiplet

*E. D"Hoker, 1. frcfmenger, D. Z. Freedman and M. Perez-Victoria, [ﬁgo-tﬁ/ooogzléﬂ

We understand ME, NME correlators, well

SPECULATION?

after all the SP are dual to the Traces!
SP might enjoy integrable structure too !!
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