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Introduction and summary: Macdonald polynomials and Instanton counting

Macdonald polynomials

Ay, :=Z[xy,...,2,]%" : Ring of the symmetric polynomials in 21, ..., z,.
An 3 f(l’l,.%'Q,...,xn), f(xl,xg,...,l'n) :f(xa(l),mg(z),...,xa(n)), o €S,
We may extend the coefficients to any field F to define Ap := A, ®z F.

The Macdonald polynomials Py(x;q,t) indexed by the partition A give a distinguished basis
of Ar, where F = Q(q,t); the field of rational functions in parameters (g, t).

@ When ¢ =t, P\(x;q,t) reduce to the Schur polynomials s)(x).
@® The Macdonald polynomials Py(x;q,t) are invariant under (q,t) — (g~ 1, ¢t~ 1).
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Introduction and summary: Macdonald polynomials and Instanton counting

Pieri formula for the Macdonald polynomials
The Pieri formula for the multiplication of P =p1 =21+ 22 +---;

b1 - P)\ JE q; Zw“/)\ qa IL’ Q7t)7

where the sum is over the partitions p such that y;, = Ay + dy; for some j and the expansion
coefficients are

g1 Ni—Aj pj—i—1 Ni—Aj—1pj—it1

(L—gh V) (A —gh Yt
V(g t) = — — 1 u=X+1,
/A H (1_q)\7, )\Jt]—z)(l_q)\z Aj lt]—z) J

The simplest example is

(1—q)(1—1?) ,
)i B= oD

When ¢ = t, namely for Schur polynomials sy (z), Q/J;L/)\(q,q) =1.

Po(x;q,t) - Pa(v;q,t) = pf = B(x;q,t) +
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Introduction and summary: Macdonald polynomials and Instanton counting

Relation to the gl, quantum toroidal algebra

Macdonald polynomials Py(x;q,t) provide a basis of a level zero representation of
the gl; quantum toroidal algebra (DIM algebra) with the generating currents;

kEZ kEZ

E(z) = ZEszk, F(z)= Zszfk, K*(z2) = ZKjfnzm.
n=0

Level zero representation = the Cartan modes Kin are mutually commuting.

|A) := Py(x;¢,t): simultaneous eigenstates of KT ; £()\): the length of the partition ),

() () +1 32,
K- ()N = [T v '=/0) " T ela'ez/00), () = E—L=
s=1 s=1

where (q,t) = (q1,q5 ") with q1g2q3 = 1 and x4 := ¢} g5~ L.
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Actions of the raising and lowering operators;

A)+15-1
( )|A xs/xj (q:;.’l}s/xj)il(s(qu’jU/Z)‘)\ﬁ‘1j),
j=1 s=1
o) e
F(2)|A) = _1 Z H Y(xs /1)) H V(gy xs/xj (ij/Z)|/\ - 1j).
j=1s=75+1 s=j+1
Up to the normalization factor 1 , the action of the zero mode Ejy gives the Pieri rule;
LA)+15-1

- (1—qo xs/:vg))(l — g3(xs/75)) .
an Bl = ]2231 o (=g Yws/2y) (1 = (ws/75)) At 1)

As—A; s—1 As—Ni 1j—
xs/mj:ql Jq2 j:q jt] 8.
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Relation to the instanton counting

The fixed points of the torus action on the moduli space Hilb!*/(C2) of U/(1) instantons are
labeled by the partitions. From the equivariant character for a pair of fixed points (A, u);

l 1 — _
Xoun(ultnte) = w- | S 67w OO LN RO a4 ) = (g7,
SEX tep

Nakajima-Yoshioka (2003)

we obtain the Nekrasov factor
N (ulg, t) = H (1 — ug Niti—1g 1+ (1 — ughi = —it)
(i3 €A (i.4)€p

_ ﬁ (ugh =2t~ ) oo (ut? 5 @) o
B (ughi =Nt @)oo (utd =L ) oo

4,j=1

which is a basic building block of the instanton (Nekrasov) partition function.
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We define the integral form of the Macdonald polynomial by Jy = c) P,

where ¢ appears in the norm of the Macdonald polynomial (P)|Py) = % with

ey = H(1 — g O+, &, = H(l EPIORRION
SEA SEA

The Pieri coefficients for the integral form are

jtj—k+1

/ C 1—k 1- q
. =t - .
Vowrom oo H = Nk
J#k

On the other hand, from the infinite product form of the Nekrasov factor, we compute

1 N)\/\ ulg,t 0 1— q>\k_>\jtj_k‘+1
mReSUZO <’(’) — H : )

Naata(ulg:t) ) o 1= ghm =k
Jk
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The discrepancy of a monomial factor is adjusted by introducing the factor t(») with

n(A) =Y O(s)= Y (i-1)=> (i-1X, nA+1)-nA)=k—1L
SEX (i,5)EX i=1

In summary we have [Feigin-Tsymbaliuk (2009)]

1 N)\ )\(u’(L t) > /
—— Resy—q | —2——F7""— | = oA
=g ot <N/\,)\+1k(u’q7 t) Yoo a7

The left hand side allows a natural interpretation by the action of the DIM algebra on
the K theory group of Hilb[ (C2), which is constructed by the method of “correspondence”.

We are going to generalize this story to the case of supersymmetric Macdonald polynomials.
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Main message of the talk

We are going to show the following generalization;

Macdonald polynomial Py(z;q,t) Super Macdonald polynomial M (z,8;q,t)
Partition: Young diagram A Super partition: super Young diagram A
Fock space of a free boson Fock space of (a free boson @ a free NS fermion)

Quantum toroidal algebra of type gl Quantum toroidal algebra of type gl
Instanton counting on C? or P? Instanton counting on C2 or P2 (blow-ups)
BPS states on C3 BPS states on the resolved conifold
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Description in terms of the quiver with potential

W =Tt (33 [By, Bs] + Bgu) W =Tt <A131A232 + A ByAyBy + AJJ)
Delete the framing (the blue part) = Quiver data for the quantum toroidal algebra

Delete the red edge = Quiver data for the instanton moduli space
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Super partition and super Macdonald polynomials

Super Macdonald polynomials

The super Macdonald polynomials M (z, 8;q,t) generalize the Macdonald polynomials
to the super space with additional Grassmann coordinates #;. They are invariant under
simultaneous permutations of the commuting and the anti-commuting coordinates;

MA(.fCi,HZ‘;q,t) - MA(xo(i)agcr(i);Q7t)7 o € Sp.

The super Macdonald polynomials M (z,0;q,t) are indexed by the set of super partitions.
[Blondeau-Fournier, Desrosiers, Lappinte, Mathieu (2011-12)]

A super partition is a non-increasing sequence of non-negative elements in Z/2;
A12AQZZAZZZA5(A)>O, AiE(Z/2)207

where ¢(A) is the number of non-zero components in A.

Zs grading of Z/2 : integral elements are even and non-integral elements are odd.
We require that if Ay is odd (A, € Z + %) the inequality is strict Ax_1 > Ap > Agaq.
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Super Macdonald polynomials up to |[A| < 2

In terms of the bosonic and the fermionic power sum polynomials defined by

n n
- k . k—1
P = E xg, T 1= g Oix; ",
i=1 i=1

we have a ) )
q(l -1 —q
M(%):Wl, M(l):pla M(%):l—iqtplm—i_l—th%
1 14qg)(1—t 14+%)(1—gq
M(L%) =p17m1 — T2, M(Q) D) <( 1 j(qt )p% + ( 1 )—(qt )P2> )
1
Maqy = 5(?? — p2), M(%é) = m2Ty.

@ Even if we set ¢ = t, there remains one parameter in the super “Schur” polynomials.
@® The super Macdonald polynomials M (x,8;q,t) are not invariant under
(g:t) = (g1 t7).
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Super partition and super Macdonald polynomials

Super Young diagram and Fock space

It is convenient to identify a super partition with a super Young diagram, which consists of full
boxes and upper half boxes. If a row is even, the end of the row is a full box [J and if it is odd,
the end of the row is an upper half box X which is counted as %

The generating function of the numbers of super partitions is

00 k—1
14+ yx
n,m __
2y =1l 5=
A k=1
where n is the number of [J and m is the number of X. With |[A| = n + 7, we have
00 2k—1
| %
A i1 174

This is nothing but the character of the tensor product of the Fock spaces of a free boson a,,
and a free (NS) fermions ;.
The bosonic and the fermionic creation operators a_,, (n € Z~q) and ¢_, (r € Z>o + %)

correspond to a bosonic row of length n and a fermionic row of length r, respectively.
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Super partition and super Macdonald polynomials

We also employ the following descriptions of super partitions;
® A= ()\0), where \ is a partition and @ = (0;), 0; € {0,1}.

1
A=)\ — 50’@.

The k-th row is bosonic or fermionic according to o = 0 or o, = 1.

® A = (Y,S5) by a Young diagram Y and a subset S of removable boxes in Y.
We call elements in S marked boxes, which are identified with X.

For a pair of two marked boxes s # ', we associate an irrelevant box in Y.
If two end points of the hook of a box in Y are both marked, we call the box irrelevant.

We will include the marked boxes to the set of irrelevant boxes and define the set of relevant

boxes as the compliment of the set of irrelevant boxes. The number of the irrelevant boxes is

tm(m+1).
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Super partition and super Macdonald polynomials

[ Ix] elel [ [ [x]

Figure: Left: Super partition A = (11,3,2,1, 1) with fermion number m = 3. The marked boxes are
counted as % For each row and each column the number of the marked box is at most one.
Right: For each pair of marked boxes we associate a box with e. The irrelevant boxes are boxes with x

or . The number of irrelevant boxes is 3 + % = 6.

We employ the notations Y® =Y and Y* =Y \ S. We also use the notations A® and A*.

Both A® and A* are ordinary Young diagrams such that the skew diagram A® \ A* = S.
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Quantum toroidal algebra of type gl

One of the ways to define the super Macdonald polynomials is to use the representation theory

of the quantum toroidal algebra U/, 1 (é\[lll)' which is a quantum group (we have a coproduct

A) with generators Ei,k,FM,Kfﬂ (¢ =1,2) and a central element C.
[Galakhov-Morozov-Tselousov (2024)]

Introduce the generating currents;

EZ(Z) = ZEi,szk, FZ(Z) = ZFi,szk, Kzi(z) = ZKz':f::trZ:':T'

keZ keZ >0
E;i(z) and F;(z) are odd currents.
Level zero representations: C =1 = Kiiﬂ are mutually commuting.

Super Macdonald polynomials are simultaneous eigenstates of Kfﬂ
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Representations of the super DIM algebra

Other commutation relations are (the shift parameters r; appear in general).
K (2)Ej(w) = ¢/ (z,w) Ej(w) K[ (2), K[ (2)Fj(w) = ¢’ (z,w) " Fj(w) K (2),
w . _
(B (=), Fy(w)] = 60 () (="K (2) = K;-(w)).
Ei(2)Ej(w) = (1) - ¢’ 7! (z,w) Bj(w) Ei(2),  Fi(2)Fj(w) = (=1) - ¢! 7 (z,w) " Fj(w) Fy(2).
The structure function ©'=7(z,w) is determined by the quiver data;
[Galakhov-Li-Yamazaki (2021), Noshita-Watanabe (2021)]
O (2, w) = HIE{j—)i}Qs(Q_IIS%w) 7
Hle{i—>j} <Z>(q1 3 % w)

\(617 _61)

G‘) 7 ('9 P (z,w) = $272(z,w) =

(627 _62)
zw) = "7

zw) "= Oa2; 2, w)P(a3 5 2,w) (2 — gw)(z — g5 'w)

1:>2( .
d)((h; 2, w)qs(Q;l; 2, w) (Z - Q1“))(Z B q‘?lw)

¥
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Representations of the super DIM algebra

Super Fock representation

We can construct a level zero representation on the vector space spanned by super partitions.
The action of odd currents E;(z) and F;(z) on the super partitions is described as follows;

pe TI1] — =[x

Eip:|Al — [Al+ 5 and Fip: [A] — [A] — 3.

FEq, F5 : boson — fermion, while E5, F} : fermion —> boson.
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Representations of the super DIM algebra

Generating functions of the eigenvalues

In the super Fock representation the Cartan generators Kiiir are simultaneously diagonalized

on the set of super partitions. The Cartan currents Kzi(z) are nothing but the generating
functions of the eigenvalues.

i oA _
Ko = |l [T
A P el S I
L = +
' N pdd
+ L oA z—qh
K5 (z)= [(z = (t/q)2t” “ ))Hﬁ )
i=1 # — 4 A 22

L +
where [f(z)]+ denotes the (Laurent) expansion of f(z) around z = 0o or z = 0. Since the

numbers of factors in the denominator and the numerator are not balanced, we need the shift

parameters r; = —1 and ro = 1, which is a result of the appropriate regularization of
a semi-infinite tensor product.
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Representations of the super DIM algebra

Pieri rule from the action of the zero modes £

oA +1
E;ol\, ) Z dJ t) - Oigzp 1| A+ 1g - 61,0 + 1),

The coefficients of the Pieri rule are

k-1 Xi—Ap—0 th—i—1
(1) FyTT L= 't
¢ (qvt) (_1) *) H 1— q)\i—)\k—ﬁitk—i ’
i=1

k-1 1— >\i—)\kt1+k—i

P (g, t) = (1 =) (~=1)F® H q

1 _ q)\i—/\ktk—i )

i=1
k—1
where F(k) := ZEZ- is the number of fermionic rows above the k-th row.
i=1

The sign factor (—1)7(®) comes from the fermionic nature of F;(z).
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Relation to instanton counting on the blow-up

Quiver description of the instanton moduli space on the blow up

31,2

P 7
d

i J
r

Figure: ADHM-like quiver for the framed sheaves E on the blow-up with the exceptional curve C.
rk(E) :==r =dimW, vo :=dim Vp and v; := dim V;.

~ 1
k:=—(c1(E),C) = v1—uvo, n = (co(B)—(r—1)ci(E)?/(2r),P?), n—i——r = —(vo+uv1).
(B, Ba,d,i,j) := BidBs — BadBy +ij = 0, F-term condition
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Torus fixed points and Nekrasov factor

The torus fixed points in the moduli space are in bijection to r-tuples of pairs (Yy, Sqs) of a
Young diagram Y, and a subset S, of removable boxes such that

SoIsal = (enlCD D lal= /ch2+1<c1,[01>.

The equivariant character for a pair of super partitions A, = (Y4, S,) and Ag = (Y3, S3) is
computed as follows;

9

_a * « () /(s)—¢' o (H)—a (s
X(Aa,hp) (5 Zt v avg (-1 >t +1,° $ g -

seEYF tEYO SESa,tESﬂ

Nakajima-Yoshioka (2008)

where ¢'(i,j) =i —1, d'(i,j) = j — 1 are co-leg length and co-arm length, respectively.
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Relation to instanton counting on the blow-up

From the formula of X(AmAB)(q,t), we obtain the Nekrasov factor for the instanton counting
on the blow-up;

NAa ,AB (q’ t)
() (7 )

11

i,j=1 (q

1

H _ U (8)=H(t) pa’ (t)—a’(s) *
ey, 1 TGO

®Y . _ *). . . ..
(Y5 )i~ (Y2 )ltzfj; q)oo(tzfjJrl; q)

Assume that the k-th low of A is bosonic. Let us add a marked box to this low, which makes
the row fermionic. The change of the Nekrasov factor under this operation is
Naa(ulg,t) — 1—ut ﬁ 1—ug
Naa+s, (ulg,t)  1—u (1= ugeiti—k)97;.0”
i#k

)\kf)\i+5itifk+1

Note that the denominator becomes trivial for fermionic rows of A.
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Relation to instanton counting on the blow-up

Similarly we assume that the k-th row of A is fermionic. Namely the last box of the row is
marked. Let us remove the marking, which makes the row bosonic.
The change of the Nekrasov factor under this operation is

Naa(ulg,t) 1 10 1
NA,AUZ'IC—)D}C)(U"(L t) 1—wu eF 1-— quk—Aitl—k

In this case, only the fermionic rows contribute to the matrix element.

The factor
g t) = J[ @ —ta@rlgue®),
seB(A)
where B(A) denotes the set of the relevant boxes, appears in the conjecture for the norm of
super Macdonald polynomials. It is natural to define the integral form of the super Macdonald

polynomial by
|.7A = EA(Qat)MA
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Relation to instanton counting on the blow-up

Base change to the super Macdonald basis

By identifying the fixed point bases of the K-theory group of the instanton moduli space with
the integral form. we have

¢, ® k—1 ety =
Rosu_y | NaA(e:0) ) Cam(a.t) ) DB -0 ]] L—th g
T\ Nawsm, (wlg,t)) el ) 0T U =mip
c k=1 . ,
N , T c t 1 — th—itl =
Resy=1 ( aAule,?) > A(@j—ﬂk)(q ) _ (_1)F(k)(1 — 1) H - g_)\
NAJ\(xk—)Dk)(UMJS) CA(q,t) 1—¢ i

i=1

Up to the factor 1 — ¢ the right hand sides are the Pieri coefficients for the super Macdonald
polynomials.
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