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Outline



Quantum Invariant: volume conjecture, QMF, DAHA

Quantum invariants (Jones polynomial, HOMFLY polynomial, WRT invariant,… )

• Geometry: Volume conjecture for Kashaev invariant ⟨K⟩N = JN(K; 𝜁N) (the
equality with the colored Jones poly is due to Murakami-Murakami)

lim
N→∞

2π
N
log |⟨K⟩N| = Vol(S3 ∖ K) 𝜁N = e2πi/N

• Number theory: Quantum modular form

Kontsevich–Zagier series (Kashaev invariant for T3,2)
Lawrence–Zagier (WRT invariant for Poincaré homology sphere Σ2,3,5)

Motivation: Study geometric/number theoretic aspects of refined quantum

invariants such as superpolynomial PR(K; a, q, t) proposed by

Dunfield–Gukov–Rasmussen.

Cherednik constructed PR(Ts,t; a, q, t) using DAHA (double affine Hecke algebra)

Problem: Construct generalized DAHA for hyperbolic knots

2 / 19



Quantum invariants: volume conjecture & QMF



Skein algebra & Jones polynomial

The Jones polynomial J2(K; q) for knot K are given from the skein algebra

= A + A−1 , = −A2 − A−2

The colored Jones polynomial JN(K; q) is defined from

N-dim rep of𝒰q(sl2). For K = Ts,t Rosso–Jones obtained

JN(Ts,t; q) =
q

1
4 st(1−N

2)

qN/2 − q−N/2
(N−1)/2
∑

r=−(N−1)/2
(qstr

2−(s+t)r+ 12 − qstr
2−(s−t)r− 1

2 )

It is a finite sum, and similar to the character of log-VOA.

T3,14

For some cases, we have q-hypergeometric series expression e.g. q = e2πiτ

JN(T2,3; q) = q1−N
∞
∑
n=0

q−nN(q1−N)n, (x)n =
N
∏
i=1
(1 − xqi−1)

which shows ⟨T2,3⟩N = 𝜁NF (1/N) where the Kontsevich–Zagier series F(τ) =
∞
∑
n=0

(q)n.
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Quantum modular form: number theory from quantum invariants

Zagier (2001) showed that F(τ) is a typical example of quantum modular forms,

i.e., f ∶ ℚ → ℂ s.t. the function

hγ(x) ∶= f (x) − 𝜒(γ)(cx + d)−kf (
ax+b
cx+d

) , γ = ( a bc d ) ∈ Γ ⊂ SL(2;ℤ)

has “some properties” of continuity or analyticity.

In fact, using the “strange identity” F(τ) =
∞
∑
n=0

(q)n ≐
∞
∑
n=0

n𝜒12(n)q
n2−1
24 (Eichler

integral of the Dedekind η-function), S-transformation is given as

𝜁24/NF(1/N) ≃ − (N
i
)
3/2
e−

πi
12NF(−N)+

∞
∑
k=0

T(k)
k!

(
π
12iN

)
k
, sin(2x) sin(3x)

sin(6x) =
∞
∑
n=0

T(n)
(2n+1)!x

2n+1

The volume conjecture suggests that JN(Ts,t; q) is also QMF. Indeed we have

⟨Ts,t⟩N = e
s2t2−s2−t2

2stN πiΦ̃(s−1,1)
s,t (1/N) which fulfills

Φ̃(n,m)
s,t (z) + (iz)−3/2 ∑

n′,m′
Sn′,m′

n,m Φ̃(n′,m′)
s,t (− 1

z
) =

�
sti
8π2 ∫

i∞

0

Φ(n,m)
s,t (τ)

(τ − z)3/2
dτ

where
Φ(n,m)
s,t (τ)
η(τ) is the character of Virasoro minimal model, and Sn′,m′

n,m is the

S-matrix thereof.
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Quantum modular form: WRT

The S-transformation for ⟨Ts,t⟩N is analogous to a weight 3/2mock modular forms.

The Ramanujan mock theta functions are weight 1/2 MMF. In quantum topology,

they are related to the WRT invariant τN(M) via Habiro’s unified WRT invariant

Iq(M)
τN(M) = evq=𝜁N Iq(M)

For examples, the WRT for the Brieskorn homology sphere M = Σp1,p2,p3 are

1 + q(1 − q) Iq(Σ2,3,5) =
∞
∑
n=0

qn(qn)n = 1 + q + q3 + q7 − q8 − q14 − q20 − q29 +…

(1 − q) Iq(Σ2,3,7) =
∞
∑
n=0

q−n(n+2)(qn+1)n+1

which have similar S-transformation with the 5-th/7-th order mock theta

functions respectively.

Asymptotic behaviors of the quantum invariants for hyperbolic manifolds are

very different.
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Volume conjecture: geometry of quantum invariants

As an important example of hyperbolic manifolds, we pay attention to 41, whose
N-colored Jones polynomial has the Habiro series

JN(41; q) =
∞
∑
n=0

(−1)nq−
1
2 n(n+1)(q1−N)n(q1+N)n

This expression gives D(z) = Im Li2(z) + arg(1 − z) log |z|.

lim
N→∞

2π
N
log⟨41⟩N = 2D(eπi/3) = 2.02988…

which is the hyperbolic volume Vol(S3 ∖ 41) consisting of the two regular ideal

tetrahedra.

S3 ∖ ≅
A

C

B
D

∪
D

B

A
C
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Quantum modular form: hyperbolic manifolds

The asymptotic expansion for hyperbolic knots looks like

⟨41⟩N ≃ N
3
2 e2D(e

πi
3 ) N2π

1
31/4

⎛

⎝
1 +

11

36√3
π
N
+
697
7776

(
π
N
)
2
+…

⎞

⎠

There are several works on perturbative expansions [e.g.,

Dimofte–Gukov–Lenells–Zagier, Garoufalidis–Zagier, Fantini–Wheeler] using

resurgence, state-integral, and so on.

“Quantum modularity” of hyperbolic manifolds needs further works.

We expect that a refined quantum invariant may help to get some insights in

studying asymptotics.
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DAHA & skein algebra



Refined quantum invariants & DAHA

Aganagic–Shakirov (2011) defined refined invariant for Ts,t, and pointed out a

relationship with the Macdonald polynomials.

Cherednik constructed DAHA-Jones polynomial for Ts,t which is related to

Dunfield–Gukov–Rasmussen superpolynomial

PR(K; a, q, t) = ∑
i,j,k
aiqjtk dimH (K)i,j,kR

P�(K; a, q, t)

HOMFLY

P(K; a, q)
Khovanov

Kh(K; q, t)

Jones

J2(K; q)
Alexander

Δ(K; q)

t = −1a = q2

t = −1 a = q2
a = 1

Explicit forms of superpolynomial are known only for several knots e.g.

PSN(T2,3; a, q, t) =
N
∑
k=0
qNktk

(q)N(−a/t)k
(q)k(q)N−k

[Dunin-Barkowski–Mironov–Morozov–Sleptsov–Smirnov, Fuji–Gukov–Sulkowski]
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A1 DAHA

A1 DAHA is defined by e = t+T
t+t−1

Hq,t = ⟨T, X, Y
||||||

XTXT = 1, YT−1YT−1 = 1
(T + t)(T − t−1) = 0, X−1Y−1XYT−2 = q−1

⟩ , SHq,t = eHq,te

whose polynomial representation is (sf )(x) = f (x−1), (ðf )(x) = f (qx)

T ↦ t−1s + (t−1 − t)
1

x2 − 1
(s − 1), X ↦ x, Y ↦ ðsT

This gives

(Y + Y−1)e ↦ (
tx − t−1x−1

x − x−1
ð +

t−1x − tx−1

x − x−1
ð−1) e

The eigen-polynomials are the A1 Macdonald polynomials

(Y + Y−1)Mn(x; q, t) = (tqn + t−1q−n)Mn(x; q, t)

which is explicitly written as

Mn(x; q, t) =
(q2; q2)n
(t2; q2)n

n
∑
k=0

(t2; q2)n−k(t2; q2)k
(q2; q2)n−k(q2; q2)k

xn−2k
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Skein algebra on once-punctured torus SkA(Σ1,1) & A1 DAHA Hq,t

The relationship between SkA(Σ1,1) and Hq,t has been studied by Cherednik,

Berest, Morton, Samuelson,… .

SkA(Σ1,1) is generated by simple closed curves 𝕩,𝕪, 𝕫 satisfying

A𝕩𝕪 − A−1𝕪𝕩 = (A2 − A−2)𝕫, ⋯ (cyclic in 𝕩,𝕪, 𝕫)⋯

𝕓 = A𝕩𝕪𝕫 − A2𝕩2 − A−2𝕪2 − A2𝕫2 + A2 + A−2 b

x

y

z

Known is an isom. 𝒜 ∶ SkA=q−1/2(Σ1,1) → SHq,t ch(X) = X + X−1

𝕩 ↦ ch(X)e, 𝕪 ↦ ch(Y)e, 𝕫 ↦ ch(q
1
2 XY)e, 𝕓 ↦ − ch(t2q−1)e

It is known that SL2(ℤ) acts on DAHA, whose generators are

τR = ( 1 10 1 ) ∶

⎡
⎢⎢⎢
⎣

T

Y

X

⎤
⎥⎥⎥
⎦

↦

⎡
⎢⎢⎢
⎣

T

q1/2XY
X

⎤
⎥⎥⎥
⎦

, τL = ( 1 01 1 ) ∶

⎡
⎢⎢⎢
⎣

T

Y

X

⎤
⎥⎥⎥
⎦

↦

⎡
⎢⎢⎢
⎣

T

Y

q−1/2YX

⎤
⎥⎥⎥
⎦
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Automorphism Aut(Hq,t) of DAHA & Dehn twists

Topologically the generators of Aut(Hq,t)

τR = ( 1 10 1 ) ∶ [
T
Y
X
] ↦ [

T

q
1
2 XY
X

], τL = ( 1 01 1 ) ∶ [
T
Y
X
] ↦ [

T
Y

q−
1
2 YX

]

denote Dehn twistD−1
𝕩 ,D𝕪, respectively.

66 CHAPTER 3

a

b

Da(b)

Da

Figure 3.2 A Dehn twist via cutting and gluing.

to cut along α, twist one of the two pieces of the cut surface by 2π, and
then reglue; this would give the identity homeomorphism of S. The key is
to twist just the neighborhood of one boundary component.

Dehn twists via the inclusion homomorphism. In general, if S is a closed
subsurface of a surface S′, there is an induced homomorphism Mod(S) →
Mod(S′); see Theorem 3.18 below. Given any inclusion of the annulus A
into a surface S, we obtain a homomorphism Mod(A) → Mod(S). The
image of a generator of Mod(A) is a Dehn twist in Mod(S).

Action on simple closed curves. We can understand Ta by examining its
action on the isotopy classes of simple closed curves on S. If b is an isotopy
class with i(a, b) = 0, then Ta(b) = b. In the case that i(a, b) "= 0 the
isotopy class Ta(b) is determined by the following rule: given particular
representatives β and α of b and a, respectively, each segment of β crossing
α is replaced with a segment that turns left, follows α all the way around,
and then turns right. This is true no matter which way we orient β; the reason
that we can distinguish left from right is that the map φ used in the definition
of Ta is taken to be orientation-preserving.

Left versus right.We emphasize that, once an orientation of S is fixed, the
direction of a twist Ta does not depend on any sort of orientation on a. This
is because turning left is well defined on an oriented surface. (Similarly, a
left-handed screw is still a left-handed screw when it is turned upside-down.)
The inverse map T−1

a is simply the twist about a in the other direction; it is
defined similarly to Ta, with the twist map T replaced by its inverse T−1.

For the torus knot Tr,s, Cherednik’s DAHA-Jones polynomial is

Pn(Tr,s; x, q, t) = γr,s(Mn−1(Y; q, t)) ⋅ 1 γr,s = [ ∗ r∗ s ] ∈ SL2(ℤ)

Cherednik found that the AN DAHA-polynomial gives the superpolynomial

PSN(A, q, t; T2,3) =
N
∑
i=1
(XiYi)

2Xi(1)
N
∑
i=1
xni ↦

An − A−n

tn − t−n

The relationship with SkA(Σ1,1) is a reason why DAHA is useful in quantum

invariants. It is natural to expect a similar relationship for other DAHA.
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Automorphism Aut(Hq,t) of DAHA & Dehn twists

Topologically the generators of Aut(Hq,t)

τR = ( 1 10 1 ) ∶ [
T
Y
X
] ↦ [

T

q
1
2 XY
X

], τL = ( 1 01 1 ) ∶ [
T
Y
X
] ↦ [

T
Y

q−
1
2 YX

]

denote Dehn twistD−1
𝕩 ,D𝕪, respectively.

66 CHAPTER 3

a

b

Da(b)

Da

Figure 3.2 A Dehn twist via cutting and gluing.

to cut along α, twist one of the two pieces of the cut surface by 2π, and
then reglue; this would give the identity homeomorphism of S. The key is
to twist just the neighborhood of one boundary component.

Dehn twists via the inclusion homomorphism. In general, if S is a closed
subsurface of a surface S′, there is an induced homomorphism Mod(S) →
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C∨C1 DAHA

As a rank 1 DAHA, we recall C∨C1 DAHA Y = T1T0, X = (T∨1 T1)
−1

Hq,t = ⟨T0, T1, T
∨
0 , T

∨
1

||||||||||

T∨1 T1T0T
∨
0 = q−1/2

(T0 − t−10 )(T0 + t0) = 0, (T1 − t−11 )(T1 + t1) = 0
(T∨0 − t−12 )(T∨0 + t2) = 0, (T∨1 − t−13 )(T∨1 + t3) = 0

⟩

whose polynomial representation is

T0 ↦ t−10 sð −
q−1(t−10 − t0)x2 + q−1/2(t−12 − t2)x

1 − q−1x2
(1 − sð), T∨0 ↦ q−1/2T−10 x

T1 ↦ t−11 s +
(t−11 − t1) + (t−13 − t3)x

x2 − 1
(s − 1), T∨1 ↦ x−1T−11

This gives

(Y + Y−1) e ↦ (A(x)(ð − 1) + A(x−1)(ð−1 − 1) + t0t1 + (t0t1)−1) e

A(x) = t0t1
(1 − x

t1t3
) (1 + t3

t1
x) (1 − q1/2

t0t2
x) (1 + q1/2t2

t0
x)

(1 − x2)(1 − qx2)
whose eigen-polynomial is the Askey–Wilson polynomial

(Y + Y−1) Am(x; q, t) = (q−mt0t1 + qm(t0t1)−1) Am(x; q, t)
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Skein algebra on 4-punctured sphere SkA(Σ0,4) & C∨C1 DAHA Hq,t

SkA(Σ0,4) is gen. by 𝕩,𝕪, 𝕫, satisfying

A2 𝕩𝕪 − A−2𝕪𝕩 = (A4 − A−4) 𝕫 + (A2 − A−2) (𝕓2𝕓3 +𝕓1𝕓4)

A2𝕪𝕫 − A−2𝕫𝕪 = (A4 − A−4) 𝕩 + (A2 − A−2) (𝕓1𝕓2 +𝕓3𝕓4)

A2𝕫𝕩 − A−2 𝕩𝕫 = (A4 − A−4) 𝕪 + (A2 − A−2) (𝕓1𝕓3 +𝕓2𝕓4)

b1 b2

b3 b4

x

y

z

A2 𝕩𝕪𝕫 = A4 𝕩2 + A−4𝕪2 + A4𝕫2 + A2 (𝕓1𝕓2 +𝕓3𝕓4) 𝕩 + A−2 (𝕓1𝕓3 +𝕓2𝕓4) 𝕪

+ A2 (𝕓1𝕓4 +𝕓2𝕓3)𝕫 +𝕓2
1 +𝕓2

2 +𝕓2
3 +𝕓2

4 +𝕓1𝕓2𝕓3𝕓4 − (A2 + A−2)2

Oblomkov found 𝒜 ∶ SkA=q−1/4(Σ0,4) → SHq,t ch(X) = X + X−1

𝕩 ↦ ch(X)e 𝕪 ↦ ch(Y)e 𝕫 ↦ ch(T1T∨0)e

b1 ↦ ch(it0)e b2 ↦ ch(it2)e b3 ↦ ch(iq1/2t1)e b4 ↦ ch(it3)e

As before, SL2(ℤ) action on Hq,t

σR = ( 1 10 1 ) ∶
⎡
⎢
⎣

T0
T1
T∨0
T∨1

⎤
⎥
⎦
↦

⎡
⎢
⎣

T0T
∨
0T

−1
0

T1
T0
T∨1

⎤
⎥
⎦
, σL = ( 1 01 1 ) ∶

⎡
⎢
⎣

T0
T1
T∨0
T∨1

⎤
⎥
⎦
↦

⎡
⎢
⎣

T0
T1
T∨1

T∨−11 T∨0T
∨
1

⎤
⎥
⎦

can be regarded as the (half) Dehn twists.

b1 b2

b3 b4

σL

σR

These give the DAHA polynomials for simple closed curves on Σ0,4.
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Skein algebra on genus 2 surface SkA(Σ2,0)

SkA(Σ2,0) is generated by 𝕜1, … ,𝕜6 with many relations.

The mapping class group is generated by the Dehn twistsDi

along 𝕜i Di,j,…,k = DiDj…Dk

MCG(Σ2,0) = ⟨D1, … ,D5

||||||||||||||

Di,i+1,i = Di+1,i,i+1 for 1 ≤ i ≤ 4
Di,j = Dj,i for |i − j| > 1

(D1,2,3,4,5)
6
= 1

(D5,4,3,2,1,1,2,3,4,5)
2
= 1

⟩

k3 x

k1

k5

k2

k4

k6

We need to construct a polynomial representation of generators 𝕜a by use of

generalized C∨C1 DAHA.

Arthamonov–Shakirov initiated studies on DAHA for

SkA(Σ2,0) based on A1 DAHA. We took a different

approach based on C∨C1 DAHA, which contributes to

SkA(Σ0,4).
k3

x

k1 k1

k5 k5
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DAHA for SkA(Σ2,0)

With C∨C1 DAHA Ta, we have the Iwahori–Hecke operators (ð0g)(x0) = g(q1/2x0)

T0 ↦ i x

q
1
2 −x

(−
q
1
2 +x x20
x x0

s ð + x0 + x −1
0 ); Gn(x0; x) =

−x−n0
1−x20

ð0 +
xn0 (q

1
2 x+x20)(q

1
2 +x x20)

q
1
2 x(1−x20)

ð−10

T1 ↦ i ( 1+q
1
2 x

q
1
2 (1−x2)

q
1
2 x+x21
x1

(s − 1) − q
1
2 x−11 ); Kn(x0; x) =

−x−n0
1−x20

ð0 +
xn0 (q

1
2 x+x20)(q

3
2 x+x20)

q x(1−x20)
ð−10

U0 ↦
q−

1
4 x

q
1
2 −x

K0(x0; x−1) s ð −
q−

1
4 x

q
1
2 −x

G0(x0; x)

U1 ↦ − x(1+q
1
2 x)

q
1
4 (1−x2)

K0(x1; x) (s − 1) +
q
1
4

1−q
1
2 x

(G0(x1; x) − q
1
2 x K0(x1; x))

Then the simple closed curves 𝕜a are
𝕜1 ↦ ch (i T0) e 𝕜2 ↦ ch (i U0) e

𝕜3 ↦ ch(T1T0) e = ch(T0T1) e, 𝕜4 ↦ ch (i q−
1
2U1) e

𝕜5 ↦ ch (i q−
1
2 T1) e 𝕜6 ↦ ch (U1U0) e

𝕩 ↦ ch(x)e

k3 x

k1

k5

k2

k4

k6
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Iwahori–Hecke relations

We have

(T0 + i x0) (T0 + i x−10 ) = 0,

(T1 + i q−1/2x1) (T1 + i q1/2x−11 ) = 0,
⎛

⎝
U0 +

q−1/4x
q1/2 − x

(G0(x0; x) − K0(x0;
1
x ))

⎞

⎠

⎛

⎝
U0 +

q−1/4

q1/2 − x
(x G0(x0; x) − q1/2K0(x0;

x
q ))

⎞

⎠
= 0,

⎛

⎝
U1 −

q1/4

1 − q1/2x
(G0(x1; x) − q1/2x K0(x1; x))

⎞

⎠

⎛

⎝
U1 −

q3/4

q3/2 − x
(G0(x1;

x
q ) − K0(x1;

q
x ))

⎞

⎠
= 0.
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Conway rational tangle & automorphism of gen. DAHA

Conway rational tangle is an isomorphismℚ → tangle, which is given using a

continued fraction
p
q ∈ ℚ

p
q
= [a1, a2, … , an] = a1 +

1

a2 +
1

⋱ +
1

an−1 +
1
an

)

�y

�x

Here aodd and aeven are the numbers of half Dehn twistsD𝕩 andD𝕪 respectively.

In our generalized DAHA side, the full Dehn twists are automorphisms

T𝕩 ∶
⎡
⎢⎢
⎣

T0
T1
X
U0
U1

⎤
⎥⎥
⎦
↦

⎡
⎢⎢⎢
⎣

XT0X
−1

T1
X

XU0X
−1

U1

⎤
⎥⎥⎥
⎦

, T𝕪 ∶
⎡
⎢⎢
⎣

T0
T1
X
U0
U1

⎤
⎥⎥
⎦
↦

⎡
⎢⎢⎢⎢
⎣

T0
T1

(T0T1)
−1
XT1T0

q−1/4(T0T1)
−1
U0

q1/4U1T0T1

⎤
⎥⎥⎥⎥
⎦
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Examples of rational tangle

• 41 ∼ 5
2 = 2 +

1
2 ↔ 𝕪̃5/2 = (D𝕪D

−1
𝕩 ) (𝕪̃),

T −1
𝕩⟼

T𝕪
⟼

𝒜(𝕪̃5/2) = ch (U1T0T1 (T∨0T1T0)
−1
T−10 U0T1 (T

∨
0T1T0)) e

• 52 ∼ 7
2 = 4 +

1
−2 ↔ 𝕪̃7/2 = (D−1

𝕪 D
−2
𝕩 ) (𝕪̃),

𝒜(𝕪̃7/2) = ch (U1T−11 T−10 (T1T0T
∨
1 T

−1
0 ) T1T0T

∨
1 T1U0 (T1T0T

∨
1 T

−1
0 )

−2
) e

We have checked that the Jones polynomial recover from

Constð0(𝒜(𝕪̃5/2))(1)|x0=x1=−x=q
1
2
=
q−2 − q−1 + 1 − q + q2

(1 − q)(1 − q2)

Constð0(𝒜(𝕪̃7/2))(1)|x0=x1=−x=q
1
2
=
q(1 − q + 2q2 − q3 + q4 − q5)

(1 − q)(1 − q2)
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Concluding Remarks



Concluding Remarks

We have emphasized that the quantum invariants of knots & 3-manifolds are

interesting both from geometry & number theory.

• volume conjecture

• quantum modularity

In this talk, we have discussed the topological aspects of DAHA using the skein

algebra on surfaces. We are at a initial stage in studying DAHA polynomials. We

want to work

• relationship with the refined invariants

• DAHA for SkA(Σg,n)
• quantum modularity

感謝
Thanks to Suzuki-san and Okazaki-san for organizing Workshop.
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