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© Give a geometric construction of solutions to the Yang-Baxter
equations (YBE), where state spaces are critical cohomology of quiver
varieties of a symmetric @ with potential W.
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@ Show that the above generalizes Maulik-Okounkov's contruction of
solutions to YBE from cohomology of Nakajima quiver varieties.

© For every antidominant u (i.e. pu € ZS%), construct an algebra
Y,.(Q, W) using Faddeev-Reshetikhin-Takhtajan (FRT) formalism,
which is related to the shifted quiver Yangian YS™(Q, W) defined in
[Gelakhov-Li-Yamazaki]
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Maulik-Okounkov's stable envelopes

Consider a quiver @ = (Qo, Q1)
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Maulik-Okounkov's stable envelopes

Consider a quiver Q = (Qo, Q1)
Take a gauge dim vector v € Zg%, a framing dim vector d € Zg%
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Maulik-Okounkov's stable envelopes

Consider a quiver Q = (Qo, Q1)
Take a gauge dim vector v € Zg%, a framing dim vector d € Zg%

Nakajima quiver variety NV (v,d) : = (T*Repg(v, d))*"" /GL(v)
= (1 (0))"* JGL(v)
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Maulik-Okounkov's stable envelopes

Consider a quiver Q = (Qo, Q1)
Take a gauge dim vector v € Zg%, a framing dim vector d € Zg%

Nakajima quiver variety NV (v,d) : = (T*Repg(v, d))*"" /GL(v)
= (u1(0))**" JGL(v)
Suppose C* acts on framing with weight space decomposition:
d=ad +bd", where a, b are C*-equiv. wts. (a # b)

Then the C*-fixed points decomposes into disjoint union of products

N, d)¥ = | | NV, d)xN(",d")

v/ 4v'=v
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Let X = N(v,d), and consider torus equiv. cohomology Heq(X).

Yehao Zhou Stable envelope for critical loci QFT and Beyond - SEUYC 7/51



Let X = N(v,d), and consider torus equiv. cohomology Heq(X).

@ Equivariance is w.r.t C* x F, where F is a flavour group that scales
the symplectic form on X.
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Let X = N(v,d), and consider torus equiv. cohomology Heq(X).

@ Equivariance is w.r.t C* x F, where F is a flavour group that scales
the symplectic form on X.

@ E.g. F can be Cj that scales cotangent fiber in T*Rep.
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Proposition [MO, 2012]

There exists a unique Heq(pt)-linear map (called stable envelope)

Stab : Heq(XE") = Heq(X)

with the following properties:
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There exists a unique Heq(pt)-linear map (called stable envelope)

Stab : Heq(XE") = Heq(X)

with the following properties:Vy € Hg(N(Vv/,d") x N'(v”,d"))
O Stab(y) is supported on [Jssq Attr(N(v' — d,d") x N (v +4,d"))

:{XGX‘ tlir% t-xe N(v' —d,d") x N(v' + §,d") for some 6 >0}
—y
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—y

_ Euleq (Nrepelling ) 5

9 Stab('y)‘ N(v’,d’)xN(v”,d”)/X

N )N (v d")
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Proposition [MO, 2012]

There exists a unique Heq(pt)-linear map (called stable envelope)

Stab : Heq(XE") = Heq(X)

with the following properties:Vy € Hg(N(Vv/,d") x N'(v”,d"))
O Stab(y) is supported on [Jssq Attr(N(v' — d,d") x N (v +4,d"))

:{XGX‘ tlir% t-xe N(v' —4,d") x N(v' + §,d") for some § > 0
—y

repellin,
o Stab(')/)‘ = Euleq (NN?V’,d’)gXN(v”,d”)/X> i
N(V/,d")xN (v, d")
Q Vo >0,
repellin,
degc* Stab(y)‘ < rkNN](Dv’—(S,gd’)xN(v”+6,d”)/X

N(V/—8,d")x N (v//+8,d'")
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Introduce notation

Hd = @ HF(N(V,CI))
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Introduce notation

Hd = @ HF(N(V,d))

Collect stable envelopes for all v, and we get a map

Stab : Her @ Har — Ha, (d =d +
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Introduce notation

Hd = @ HF(N(V, d))
v
Collect stable envelopes for all v, and we get a map

Stab : Her @ Har — Ha, (d =d + d//).

We define the opposite stable envelope to be

Stab_ : Hyqr @ Har ﬂ) Har @ Har Stab for d U*—:fu Uy
d=d"’+d’ =
where He«(pt) = C[u].
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R-matrix and YBE

Define the R-matrix

R(u) := (Stab_)"! o Stab € End(Hg ® Hqr(u)).
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R-matrix and YBE

Define the R-matrix
R(u) := (Stab_)"! o Stab € End(Hg ® Hqr(u)).
Consider Hyg, ® Ha, ® Hg,, and let

Riz := (R-matrix for Ha, ® Hq,) ® Idy,,
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R(u) := (Stab_)"! o Stab € End(Hg ® Hqr(u)).
Consider Hyg, ® Ha, ® Hg,, and let
Riz := (R-matrix for Ha, ® Hq,) ® Idy,,
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R-matrix and YBE

Define the R-matrix
R(u) := (Stab_)"! o Stab € End(Hqa @ Har (u)).
Consider Hyg, ® Ha, ® Hg,, and let
Riz := (R-matrix for Hqg, ® Hq,) ® Idy,,

Similarly for other Rj;.

Theorem [MO 2012]

Yang-Baxter equation (YBE) holds:

R12(U)R13(U -+ V)R23(V) e R23(V)R13(U + v)ng(u).
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FRT formalism

Given a colletion of vector spaces {F;};c; with endomorphisms
Rij(u) € End(F; ® Fj(u))
satisfying YBE

ng(u)R13(u + V)R23(V) = R23(V)R13(U + V)ng(u).
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FRT formalism

Given a colletion of vector spaces {F;};c; with endomorphisms
Rij(u) € End(F; ® Fj(u))
satisfying YBE
Ri2(u)Ri3(u+ v)Ro3(v) = Ras(v)Ris(u + v)Ria(u).

Faddeev-Reshetikhin-Takhtajan (FRT) formalism produces an algebra

Y H End(Fj(a1) ® - ® F;,(an))

yeensin€l
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FRT formalism

Given a colletion of vector spaces {F;};c; with endomorphisms
Rij(u) € End(F; ® Fj(u))
satisfying YBE
Ri2(u)Ri3(u+ v)Ro3(v) = Ras(v)Ris(u + v)Ria(u).

Faddeev-Reshetikhin-Takhtajan (FRT) formalism produces an algebra

Y H End(Fj(a1) ® - ® F;,(an))

yeensin€l

The complete definition is wordy, roughly speaking, Y is gen. by the
matrix coeff. in the u — oo expansion of

Riy,in(u—ap) -+ Rigii(u—a1), forallig el
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Maulik-Okounkov Yangian

Definition
Given a quiver @, define the Maulik-Okounkov Yangian Ylgo to be algebra
obtained from applying FRT formalism to the vector spaces {Hd}dezoo

>0

with R-matrices constructed from stable envelopes as above.
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Maulik-Okounkov Yangian

Definition

Given a quiver @, define the Maulik-Okounkov Yangian Ylgo to be algebra
obtained from applying FRT formalism to the vector spaces {Hd}dezo‘)

>0
with R-matrices constructed from stable envelopes as above.

Examples

F?r the quiver with one node and no arrow, Y%IO = Y(gl,), the Yangian
O 9[2
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Maulik-Okounkov Yangian

Definition

Given a quiver @, define the Maulik-Okounkov Yangian Ylgo to be algebra
obtained from applying FRT formalism to the vector spaces {Hd}dezo‘)

>0
with R-matrices constructed from stable envelopes as above.

Examples

For the quiver with one node and no arrow, Y%IO = Y(gl,), the Yangian
of 9[2

More generally, for a finite ADE quiver Q, Y%IO >~ Y(go) ® Y(gl)®%,
where g is the simple Lie algebra associated to Q.
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Maulik-Okounkov Yangian

Definition

Given a quiver @, define the Maulik-Okounkov Yangian Ylgo to be algebra
obtained from applying FRT formalism to the vector spaces {Hd}dezo‘)

>0
with R-matrices constructed from stable envelopes as above.

Examples

For the quiver with one node and no arrow, Ylgo = Y(gl,), the Yangian
of gls.

More generally, for a finite ADE quiver Q, YJ© = Y(gq) ® Y (gl )%,
where g is the simple Lie algebra associated to Q.

For the Jordan quiver (one node with one self-loop), Y%IO = SHC, the
N — oo limit of spherical degenerate DAHA of type gly defined in
[Schiffmann-Vasserot 2012]. SH® = Y(gl;) ® Y(gly).
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Quiver with potential

Consider a quiver @ = (Qo, Q1)
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Quiver with potential

Consider a quiver @ = (Qo, Q1)

Take three vectors (gauge, incoming framing, and outgoing framing)

v, dim dout € Zg%
and denote d = (dj,, doyt)-
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Quiver with potential

Consider a quiver @ = (Qo, Q1)

Take three vectors (gauge, incoming framing, and outgoing framing)
v, dim dout € Zg%
and denote d = (dj,, doyt)-

Quiver variety M(v,d) := Repo(v,d)*2""/GL(v)
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Quiver with potential

Consider a quiver Q = (Qo, Q1)
Take three vectors (gauge, incoming framing, and outgoing framing)

v, dim dout € Zg%
and denote d = (dj,, doyt)-
Quiver variety M(v,d) := Repo(v,d)*2""/GL(v)

Here we choose cyclic stability condition (incoming framing generates

Q-rep).
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Quiver with potential

Consider a quiver Q = (Qo, Q1)
Take three vectors (gauge, incoming framing, and outgoing framing)

v, dim dout € Zg%
and denote d = (dj,, doyt)-
Quiver variety M(v,d) := Repo(v,d)*2""/GL(v)

Here we choose cyclic stability condition (incoming framing generates
Q-rep).

Suppose C* acts on framing with weight space decomposition:
d=ad +bd’, where a, b are C*-equiv. wts. (a # b)
Then the C*-fixed points decomposes into disjoint union of products

M, d)" = | | MW, d)x M, d")

I+V” =v

Yehao Zhou Stable envelope for critical loci QFT and Beyond - SEUYC  14/51



We fix a potential W on @, i.e. a linear comb. of cycles in Q.
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We fix a potential W on @, i.e. a linear comb. of cycles in Q.

o Let W' be an extension of W to the framed quiver, and we define
critical cohomology

Hcrit(M(Vag)a Wfr) = H(M(va)a therer(v,g))

where ¢,y is the vanishing cycle functor, w (v g) is the dualizing
complex.
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We fix a potential W on @, i.e. a linear comb. of cycles in Q.

o Let W' be an extension of W to the framed quiver, and we define
critical cohomology

Hcrit(M(Vag)> Wfr) = H(M(va)a therer(v,g))

where ¢,y is the vanishing cycle functor, w (v g) is the dualizing
complex.

@ Suppose F is a flavour symmetry such that W is F-invariant, we
define state space to be direct sum of equivariant critical
cohomologies:

H(‘i/‘/fr = @ HF,Crit(M(va)7 Wfr)
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Critical stable envelopes

Proposition [Cao-Okounkov-Z.-Zhou, 2025]

There exists a unique Heq(pt)-linear map (called critical stable envelope)
Stab : Heqg,erit (X, WT) = Hegerie(X, WT)

with the following properties:
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Critical stable envelopes

Proposition [Cao-Okounkov-Z.-Zhou, 2025]

There exists a unique Heq(pt)-linear map (called critical stable envelope)
Stab : Heqg,erit (X, WT) = Hegerie(X, WT)

with the following properties:Vy € He cit(M(V/,d’) x M(v”,d"), W)
© Stab() is supported on (Js5q Attr(M(v' — 6,d’) x M(v" +4,d"))

. repelling .
e Stab(’y) M(V, d/)XM(v” d”) = Euleq (NM(V’,Q’)XM(V”,Q”)/X> Y
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Critical stable envelopes

Proposition [Cao-Okounkov-Z.-Zhou, 2025]

There exists a unique Heq(pt)-linear map (called critical stable envelope)
Stab : Heqg,erit (X, WT) = Hegerie(X, WT)

with the following properties:Vy € He cit(M(V/,d’) x M(v”,d"), W)
© Stab() is supported on (Js5q Attr(M(v' — 6,d’) x M(v" +4,d"))

_ Euleq ( Nrepelling ) oy

e Stab('y)‘ M(V’,g/)XM(V",g//)/X

M d')x M(v"".d")
Q V>0,

repelling
deg(C* Stab(V) ‘M(V/_(; ) < rkNM(V'—dzg/)XM(V”+5,Q")/X
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Collect stable envelopes for all v, and we get a map

Stab : HY @ MY — HY".
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Collect stable envelopes for all v, and we get a map
Stab : Hg‘l// & Hg// HWfr.
We define the opposite stable envelope to be

17 swap 7 Stab fr ur——u fr
Stab_ : Hy @My B HY @ HY WY L2 HY

where He+(pt) = C[u].
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R-matrix and YBE

Define the R-matrix

R(u) := (Stab_)"* o Stab € End (Hgyl ® "Hg%”(u)) .

Yehao Zhou Stable envelope for critical loci QFT and Beyond - SEUYC  18/51



R-matrix and YBE

Define the R-matrix

R(u) = (Stab_)~! o Stab € End (Hg 2 HY (u )).
Consider ’HWI ® H 2® HW3, and let

Ri2 := (R-matrix for ’Hd " @ ’H ) ®Id e

d3.
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R-matrix and YBE

Define the R-matrix
R(u) = (Stab_)~! o Stab € End (Hg 2 HY (u )).
Consider ’HWI ® H 2® HW3, and let

Ri2 := (R-matrix for ’Hd " @ ’H ) ®Id e

d3.

Similarly for other Rj;.
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R-matrix and YBE

Define the R-matrix

R(u) := (Stab_)"! o Stab € End (Hg 2 HY (u )).
Consider ’HWI ® H ’® HW3, and let
Ri2 := (R-matrix for ’Hd " @ ’H ) @ Id_ w,

Similarly for other Rj;.

Theorem [COZZ 2025]

Assume that Q is symmetric (#i — j = #j — i) with anti-dominant
framings d; (d; ou < djjn) for i € {1,2,3}, then the Yang-Baxter equation
(YBE) holds:

Rlz(u)R13(U I V)R23(V) = R23(V)R13(U I V)R12(u).

—— == = ~
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The key step of the proof of the Yang-Baxter equation is the following.
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The key step of the proof of the Yang-Baxter equation is the following.
We construct a linear map (non-abelian stable envelope) for any quiver
with potential:
v Heq,crit( M(V,g) ) Wfr) — Heq,crit( S)ﬁ(v,g) 3 Wfr)
~—— ——

GIT quotient stack quotient
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The key step of the proof of the Yang-Baxter equation is the following.
We construct a linear map (non-abelian stable envelope) for any quiver
with potential:
v Heq,crit( M(V,g) ) Wfr) — Heq,crit( S)ﬁ(v,g) 3 Wfr)
~—— ——

GIT quotient stack quotient

Theorem [COZZ 2025]

Assume that @ is symmetric with anti-dominant framings d’ and d”, then
the diagram is commutative:

Heq,crit (m(vl’g/)y W/) ® Heq,crit(m(vu’g”)y W”) — Heq,crit(m(vyg)v Wfr)

Heq,crit(M(Vly g/)a W’) ® Heq,crit(M(Vﬁy g”)a W”) ﬁ) Heq,crit (M(Vag)a Wfr)

[cozZ]
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Using the compatibility between Stab and CoHA, one can show that the
proof of the Yang-Baxter equation boils down to the associativity of
CoHA:
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Using the compatibility between Stab and CoHA, one can show that the
proof of the Yang-Baxter equation boils down to the associativity of
CoHA:

V1 d1 ® fJVz d2 V37d3
Wa3 W12
ﬁv1 di ® “6\'2+V31d2+d3 V1+V27d1+d2 ® JjJ‘137d3
W123

\I1+V2+V3 ,di+do+d3

where ﬁ‘l,/}/gfr = Heq,crit(m(vvg)a Wfr)'
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Comparison with MO's stable envelopes

Suppose that @ is a quiver, define the doubled quiver @ by adding an
opposite arrow for each arrow of Q.
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opposite arrow for each arrow of Q.

Define the tripled quiver Q by adding a loop to each node of Q.
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Comparison with MO's stable envelopes
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opposite arrow for each arrow of Q.

Define the tripled quiver Q by adding a loop to each node of Q.
o Qis by construction symmetric.
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Comparison with MO's stable envelopes

Suppose that @ is a quiver, define the doubled quiver @ by adding an
opposite arrow for each arrow of Q.

Define the tripled quiver Q by adding a loop to each node of Q.
o Qis by construction symmetric.

@ We define the canonical cubic potential
Wean = Z Eili,
i€EQo

where p; is the moment map for Q at the i-th node.
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Comparison with MO's stable envelopes

Suppose that @ is a quiver, define the doubled quiver @ by adding an
opposite arrow for each arrow of Q.

Define the tripled quiver Q by adding a loop to each node of Q.
o Qis by construction symmetric.

@ We define the canonical cubic potential

Wean = Z Eilti,
i€Qo
where p; is the moment map for Q at the i-th node.

e Given a symmetric framing d (di, = doyt), we define the canonical
framed cubic potential

Wy = Wean + Y _ €iAB;
i€Qo

for Aj=incoming framing at i/, B;=outgoing framing at /.
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Proposition (Dimensional Reduction) [Davison, 2013]

Let di, = dout = d, then there is a natural isomorphism

dr: Heq,crit(Mé(Vag)7 ch;n) = Heq(NQ(Va d))
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Proposition (Dimensional Reduction) [Davison, 2013]

Let di, = dout = d, then there is a natural isomorphism

dr: Heq,crit(Mé(Vag)7 ch;n) = Heq(NQ(Va d))

Theorem [COZZ 2025]

The diagram is commutative:

Stab
Heq,crit(Ma(v', d'), Wezn) © Heq,crie (Mg (v, "), Wein) 1o,

dr®drl ldr
Stab-(—1)#

Hea(Nq(v',d")) @ Heq(No(v”,d")) Hea(Ng(v,d))

[MO]

Heq,crit (M Q (V7 g)’ ch;n)
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Table of Contents

@ Shifted Yangians from symmetric quivers with potentials
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FRT formalism, modified

Given two sets of vector spaces {F;}ics, {Ha}aca with endomorphisms
Rij(u) € End(F; ® Fj(u)), Tia(u) € End(F; ® Ho(u))
satisfying the RTT relation

R12(u) Tla(u + V) Tza(v) = T2a(v) Tla(u + V)Rlz(u).
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FRT formalism, modified

Given two sets of vector spaces {F;}ics, {Ha}aca with endomorphisms
Rij(u) € End(F; ® Fj(u)), Tia(u) € End(F; ® Ho(u))
satisfying the RTT relation
R12(u) Tla(u + V) Tza(v) = T2a(v) Tla(u + V)Rlz(u).

We define an algebra

YO [ End(Ha(a1)®---® Ha,(an))

ag,...,an€A

Yehao Zhou Stable envelope for critical loci QFT and Beyond - SEUYC  24/51



FRT formalism, modified

Given two sets of vector spaces {F;}ics, {Ha}aca with endomorphisms
Rij(u) € End(F; ® Fj(u)), Tia(u) € End(F; ® Ho(u))
satisfying the RTT relation
R12(u) Tla(u + V) Tza(v) = T2a(v) Tla(u + V)Rlz(u).

We define an algebra

YO [ End(Ha(a1)®---® Ha,(an))

ag,...,an€A

which is gen. by the matrix coeff. in the u — 0o expansion of

Tion(u—an) - Tig(u—a1), foralliel.
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More generally, assume that there is a vector space C with a map

w:A—=C, aw p(a)
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More generally, assume that there is a vector space C with a map
w:A—=C, aw p(a)
For every i € C, we define a algebra

Y, C H End(Ha,(a1) ® - - - ® Ha,(an))
QAg,...,n €A
wlan)+--Apan)=p

which is gen. by the matrix coeff. in the u — oo expansion of

Tia,(Uu—an)  Tin(u—a1), foralliel.
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More generally, assume that there is a vector space C with a map
w:A—=C, aw p(a)
For every i € C, we define a algebra

Y, C H End(Ha,(a1) ® - - - ® Ha,(an))
QAg,...,n €A
wlan)+--Apan)=p

which is gen. by the matrix coeff. in the u — oo expansion of

Tia,(Uu—an)  Tin(u—a1), foralliel.

It follows from construction that there is family of natural alg. hom.
Ay Y — Y @Yy which is coassociative:

(id ® Auzm) © Au17u2+u3 = (Am,uz ® id) © AM1+M27M3

i = — Ty
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The algebra Y, (Q, W)

Given a symmetric quiver @ with potential W, let

) = {m

dout < din, W' is an extension of W to d-framed reps}
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The algebra Y, (Q, W)

Given a symmetric quiver @ with potential W, let

) = {m

dout < djp, W' is an extension of W to d-framed reps}
Let u(d, W) := dout — din € Z, and define

{F;} = {Ht‘fvﬁ in the above

dout = din}
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The algebra Y,(Q, W)

Given a symmetric quiver @ with potential W, let

) = {m

dout < djp, W' is an extension of W to d-framed reps}
Let u(d, W) := dout — din € Z, and define

{F;} = {Ht‘fvﬁ in the above

dout = din}

Definition

For i € Zg%, define the algebra Y, (Q, W) to be algebra obtained from
applying the aforementioned modified FRT formalism to the vector spaces
{Fi} and {H,} with R-matrices constructed from critical stable envelopes.
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Example: trivial quiver, trivial potential

Q:Q W=0
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Example: trivial quiver, trivial potential

Q:Q W=0

Proposition [COZZ 2025]

Yu(Q, W) = Y, (gly1), the p-shifted Yangian of gly;.
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Example: trivial quiver, trivial potential

Q:Q W=0

Proposition [COZZ 2025]

Yu(Q, W) = Y, (gly1), the p-shifted Yangian of gly;.

To define Yu(gllll)' let
R(z) = zId + h P € End(C!! @ C!M)[z, 1],

where P(a® b) = (—1)I2Plp © a is the super permutation operator.
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Definition

For 1 <0, Y, (gly1) is the C[A]-algebra generated by
subject to relations

{em fn, 8n, hm}nEZzo,mEZZ_u'
R(u) Ti(u+ v) Ta(v) = To(v) T1(u + v) R(u),

where

1= (st ) (55 stn) (6 ) macmenmnc
=Y e f(2) = Y hr

n>0 n>0
z):l—{—Zg,,z_”_l, z)=z"+ Z hmz™ ™"
n>0 m>—p
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As a corollary, we see that Y_p,(gly1) acts on cohomology of

@ Y n+m
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As a corollary, we see that Y_p,(gly1) acts on cohomology of

@ O n+m

The stable envelopes and R-matrices can be explicitly computed using
CoHA.
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As a corollary, we see that Y_,(gly1) acts on cohomology of

()
7] (—Antm]
The stable envelopes and R-matrices can be explicitly computed using
CoHA.

e n=2,m=0. Let Cj, x C3, act on the two out-going arrows with
equiv. var. t; and tp respectively,
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As a corollary, we see that Y_,(gly1) acts on cohomology of

()
7] (—Antm]
The stable envelopes and R-matrices can be explicitly computed using
CoHA.

e n=2,m=0. Let Cj, x C3, act on the two out-going arrows with
equiv. var. t; and tp respectively,

u—+ty

R(u, t1, t) =

u—+ty t1 u+t—1t
u—t

It satisfies super YBE

Riz(u,t1,t2) Ri3(u-v,t1,t3) Ros (v, to, t3)=Ra3(v, ta, t3) Ris (u+v, t1, t3) Riz (u, b1, t2)
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As a corollary, we see that Y_,(gly1) acts on cohomology of

()
7] (—Antm]
The stable envelopes and R-matrices can be explicitly computed using
CoHA.

e n=2,m=0. Let Cj, x C3, act on the two out-going arrows with
equiv. var. t; and tp respectively,

u—+ty

R(u, t1, t) =

u—+ty t1 u+t—1t
u—t

It satisfies super YBE

Riz(u,t1,t2) Ri3(u-v,t1,t3) Ros (v, to, t3)=Ra3(v, ta, t3) Ris (u+v, t1, t3) Riz (u, b1, t2)

Special case: t; = to = h, R(u,h) = “jfff’ = fundamental R-matrix.
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@ n=1,m=1. Let C; act on the out-going arrow with equiv. var. ,
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@ n=1,m=1. Let C; act on the out-going arrow with equiv. var. ,

u+h

It satisfies super RLL equation

Ria(u — v, h)Ly(u, h)La(v, h) = La(v, h)Li(u, h)Riz2(u — v, k)
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@ n=1,m=1. Let C; act on the out-going arrow with equiv. var. ,

u—+h

It satisfies super RLL equation
Rio(u — v, h)L1(u, h)Lo(v, h) = Lo(v, h)Ls(u, h)Rizo(u — v, h)

Regarding the second C!1 in C1* @ C!! as a Clifford module:
V) =14, ¢l) =1), where {s,9"} =1, then

u+h —hy 1
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Example: Jordan quiver, W =0

Q: C<> W =0
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Example: Jordan quiver, W =0

Q: C() W =0

Proposition [COZZ 2025]

Y,u(Q, W =0) = Y,(gly), the p-shifted Yangian of gl,.
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Example: Jordan quiver, W =0

Q: C() W =0

Proposition [COZZ 2025]

Y,u(Q, W =0) = Y,(gly), the p-shifted Yangian of gl,.

To define Y),(gly), let
R(z) = zId + h P € End(C? ® C?)[z, h),

where P(a® b) = b® a is the permutation operator.
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Definition [equiv. to Frassek-Pestun-Tsymbaliuk 2020]

For 1 <0, Y,(gly) is the C[R]-algebra generated by
{en: fn, 8ns hm} ez g mez. _,» Subject to relations

R(u) Ti(u+ v) Ta(v) = Ta(v) Ti(u + v) R(u),

where

Ti(z) = <f(lz) 2) <ggz) g(z)oh(z)> <(1) e(lz )>eEnd(@?)w(g[z)«z-l»
e(2) =) ez " f(2) =) oz ",

n>0 n>0
g(2)=1+> gz " h(z) =2+ > hpz "}
n>0 m>—p
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As a corollary, we see that Y, (gl,) acts on any state space Y with
dout — din = 1 and a d-framed potential W that W/|unframed quiver = O-
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As a corollary, we see that Y, (gl,) acts on any state space Y with
dout — din = 1 and a d-framed potential W that W/|unframed quiver = O-

o (Kirillov-Reshetikhin module) Yo(gl,) acts on Heq crit of

“ w=BXx"A

KR module = SNC2.
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As a corollary, we see that Y, (gl,) acts on any state space Y with
dout — din = 1 and a d-framed potential W that W/|unframed quiver = O-

o (Kirillov-Reshetikhin module) Yo(gl,) acts on Heq crit of

“ w=BXx"A

KR module =2 SNC2.
o (Dual Verma module) Yo(gl,) acts on Heq crit Of

dual Verma module = C|z].
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o (Prefundamental module) Y_1(gl,) acts on Heq crit of

D= v

as a vector space, prefundamental = dual Verma = C|z].
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o (Prefundamental module) Y_1(gl,) acts on Heq crit of

as a vector space, prefundamental = dual Verma = C|z].

All the R-matrices between the above critical cohomologies are explicitly
computable, and agree with the known algebraic R-matrices for those
modules.
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Example: tripled Jordan quiver, W, .,

Q: Wean = Z[X, Y].
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Example: tripled Jordan quiver, W, .,

Q: Wean = Z[X, Y].

Proposition [COZZ 2025]

For every u € Z<g, there exists a natural surjective algebra homomorphism

0u : Yu(gl) = Yu(Q, Wean)-

Moreover, op is an isomorphism.
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For an integer yu € Z, the p-shifted affine Yangian of gly, Yu(é\ll) is
defined to be the C[hy, ho, hi3]/(fi1 + hp + h3) algebra generated by
{ej,j.8j: G} ez, subject to relations:
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For an integer yu € Z, the p-shifted affine Yangian of gly, Yu(é\ll) is
defined to be the C[h1, ho, hi3]/(h1 + k2 + h3) algebra generated by
{ej,j.8j: G} ez, subject to relations:

(Y0) lgi,9;] =0, c;j is central,

(Y1) eits, e5] — 3leit2, ejt1] + Bleit1, ejr2] — [es; €j43] + o2([eit1, e5] — [ess €541]) = o3{ei, €5},
(Y2) [fir3, f5] = 3lfix2, fi41] + 3[firs fire] — [fis fiva] + o2([fisrs £5] = [fi; fi1]) = —os{fs, £},
(Y3) lei, fi] = oshitj,

(Y4) [9i, €5] = eits)

(Y5) (9, fi] = — fivs>

(Y6) Symeg, [es,; [€i5: €i5+1]] =0,  Syme,[fir; [fizs fia+1]] = 0,

where o5 = hiyhip + hohiz + hshi, o3 = hyhiohiz, and the RHS of (Y3) is
given by

C

1+3>,50 hn—HZ_"_1:EXP<Zj>1 %Jrzk;o gkwk(z)>7

where (¥ (2))kez, is a sequence of functions such that
exp (P pso @Uk(2)) = [To; ZH=2 for all a€ C, and we set h_,,_; =1

s=1 z—hs—a

and hj =0forj < —p— 1.
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As a corollary, we see that Yu(é\[l) acts on any state space H}" with
dout — din = 1 and a d-framed potential W that extends W,y .
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As a corollary, we see that Yu(é\[l) acts on any state space H}" with
dout — diy = 1 and a d-framed potential W that extends W,,.
o (Kirillov-Reshetikhin module) Yo(gl;) acts on Heq crit of

., W=2Z[X,Y]+BZNA

Yehao Zhou Stable envelope for critical loci QFT and Beyond - SEUYC  37/51



As a corollary, we see that Yu(é\[l) acts on any state space H}" with
dout — diy = 1 and a d-framed potential W that extends W,,.
o (Kirillov-Reshetikhin module) Yo(gl;) acts on Heq crit of

., W=2Z[X,Y]+BZNA

o (@ of MacMahon modules) Y_L(é\ll) acts on Heq crit of

Z ) W:Wcan:Z[va]
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o (Free-field realization of Gaiotto-Rap&ak’s Y-algebra) Yo(gll) acts on
Heq,crit of

G (-
?'

s WZZ[X,Y]-ﬁ-BlXAl-i-BQ YA>+B3 ZA3
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o (Free-field realization of Gaiotto-Rap&ak’s Y-algebra) Yo(gll) acts on
Heq,crit of

s WZZ[X,Y]-ﬁ-BlXAl-i-BQ YA>+B3 ZA3

, W=Z[X,Y]+B1 X A14+-By YM Ay +-B3 ZN Ag
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All the above examples of modules of Yu(gll) are irreducible for generic
equiv. parameters. In fact, we gave geometric criterion for the
irreducibility of modules for Y ,(Q, W) of a general symmetric (Q, W).
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All the above examples of modules of Yu(gll) are irreducible for generic
equiv. parameters. In fact, we gave geometric criterion for the
irreducibility of modules for Y, (Q, W) of a general symmetric (Q, W).

v

For all ¢ € Z<o, 0y : Yu(gAll) — Y (Tripled Jordan, Weay) is an
isomorphism.

A\,
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All the above examples of modules of Yu(gAll) are irreducible for generic
equiv. parameters. In fact, we gave geometric criterion for the
irreducibility of modules for Y, (Q, W) of a general symmetric (Q, W).

For all i € Z<o, ou: Yu(gll) — Y, (Tripled Jordan, Wy ) is an
isomorphism.

It follows from generators and relations that Yp(gl;) 2 SHE, the N — oo
limit of spherical degenerate DAHA of type gl) defined in
[Schiffmann-Vasserot 2012].
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All the above examples of modules of Yu(gAll) are irreducible for generic
equiv. parameters. In fact, we gave geometric criterion for the
irreducibility of modules for Y, (Q, W) of a general symmetric (Q, W).

For all i € Z<o, ou: Yu(gll) — Y, (Tripled Jordan, Wy ) is an
isomorphism.

It follows from generators and relations that Yp(gl;) 2 SHE, the N — oo
limit of spherical degenerate DAHA of type gl) defined in
[Schiffmann-Vasserot 2012].

In fact, we have the following general result.
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Compare Yo(é, Wean) with Ygo

Theorem [COZZ 2025]

For any quiver Q, let Q be its tripled quiver, Wean = >, €ipi be the
canonical cubic potential. Then there is an algebra isomorphism

YO(Q7 Wcan) = YI(\Q/IO
such that the dimensional reduction isomorphism

dr : Heqarit(Mg(v, d), Wii,) = Heq(No(v.d))  (din = dou = d)

induces a module isomorphism.
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Compare Yo(é, Wean) with Ylgo

Theorem [COZZ 2025]

For any quiver Q, let (5 be its tripled quiver, Wean = >, €jptj be the
canonical cubic potential. Then there is an algebra isomorphism

YO(Q, Wcan) = Yl(\Q/IO
such that the dimensional reduction isomorphism

dr : Heqarit(Mg(v, d), Wii,) = Heq(No(v.d))  (din = dou = d)

induces a module isomorphism.

Y%IO acts on Heq,crit(/\/lé(v,g), W) with di, = doyt but W can be an
arbitrary d-framed potential that extends W, ;.

Yehao Zhou
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For example, take @ = affine A,_1
type quiver, then Ylgo acts on the
equivariant BM homology of moduli
space of parabolic sheaves on

P! x P! (affine Laumon space),
which has a realization as a chainsaw
quiver variety.
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For example, take @ = affine A,_1

type quiver, then Ygo acts on the

equivariant BM homology of moduli

space of parabolic sheaves on

P! x P! (affine Laumon space), Tl

which has a realization as a chainsaw H,q(chainsaw quiver variety) is

quiver variety. dimensional reduction of a critical
cohomology of form
Heq,crit(Mé(Vyg); W)
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For example, take @ = affine A,_1
type quiver, then Ylgo acts on the
equivariant BM homology of moduli
space of parabolic sheaves on
P! x P! (affine Laumon space), - -
which has a realization as a chainsaw H,q(chainsaw quiver variety) is
quiver variety. dimensional reduction of a critical
cohomology of form
Heq,crit(Mé(Vyg); W)

Conjecture (Parabolic AGT Correspondence)

The above action factors through the rectangular WW-algebra
W(g[nm mlp of type (rr .. r))
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Filtration on Yo(Q, W)

For arbitrary @ with arbitrary W, we have the following structure result.
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Filtration on Yo(Q, W)

For arbitrary @ with arbitrary W, we have the following structure result.

Theorem [COZZ 2025]
There is a natural filtration on Yo(Q, W):

0= F_lYo(Q, W) C FoYo(Q, W) C F1Y0(Q, W) Coco

and the associated graded is isomorphic to the univ. enveloping algebra

grYo(Q, W) = U(gq,w(z])

where gg w is a Lie superalgebra determined by (Q, W).
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Structure of go.w

We have the following facts for go w.
Q gowis Z%-graded:

QW=D ,q 9o [00,88]C8a+5 -
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We have the following facts for go w.
Q gowis Z%-graded:

QW=D ,q 9o [00,88]C8a+5 -

@ go is a maximal super-commutative subalgebra, which decomposes as
0=00D, V=@,cq KVi, D=@cq,KDi, (K=Frac Hoq(pt)),
V,-mHeq,crit(M(v,g),Wfr) by scalar v;,

DimHeq,Crit(M(vvg)vwfr) by scalar Cl(Din,i)_cl(Dout,i)
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Structure of go.w

We have the following facts for go w.
Q gowis Z%-graded:

QW=D ,q 9o [00,88]C8a+5 -

@ go is a maximal super-commutative subalgebra, which decomposes as
0=00D, V=@,cq KVi, D=@cq,KDi, (K=Frac Hoq(pt)),
V,-mHeq,crit(M(v,g),Wfr) by scalar v;,

DimHeq,Crit(M(vvg)vwfr) by scalar Cl(Din,i)_cl(Dout,i)

@ If go # 0, then either « > 0 or & < 0. And dim g, < oc.
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Structure of go.w

We have the following facts for go w.
Q gowis Z%-graded:

QW=D ,q 9o [00,88]C8a+5 -

@ go is a maximal super-commutative subalgebra, which decomposes as
0=00D, V=@,cq KVi, D=@cq,KDi, (K=Frac Hoq(pt)),
V,-mHeq,crit(M(v,g),Wfr) by scalar v;,

DimHeq,Crit(M(va)vwfr) by scalar Cl(Din,i)_cl(Dout,i)

@ If go # 0, then either « > 0 or & < 0. And dim g, < oc.
© There exists a non-degenerate super symmetric invariant bilinear form
()eiQ,w xgow—K

With respect to this form, we have g_, = g,.
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@ The restriction of (-,-)4 to go yields a non-degenerate symmetric
bilinear form on go = U @& D, which is explicitly given by the matrix

0 id
(ld Q> for QU:Za:i—)j ta+zb:j—>i thK .
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@ The restriction of (-,-)4 to go yields a non-degenerate symmetric
bilinear form on go = U @& D, which is explicitly given by the matrix

0 id
(ld Q> for QU:Za:i—)j ta+zb:j—>i thK .

@ The invariant tensor of (-, )4 is the classical R-matrix r, explicitly
r=rdiagt L aso Lo (60 +(-1)l71el) gel)),
raiag=>_;(Vi®D;+D;i@V;)=3"; . Q;V,®V;
(s)

where e, form a basis in the root space g, such that for a > 0

(e(r)vez(;))zfsﬁ,—a 5r,s .
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@ The restriction of (-,-)4 to go yields a non-degenerate symmetric
bilinear form on go = U @& D, which is explicitly given by the matrix

0 id
(ld Q> for QU:Za:i—)j ta+zb:j—>i thK .

@ The invariant tensor of (-, )4 is the classical R-matrix r, explicitly

r=rdiagt L aso Lo (60 +(-1)l71el) gel)),
raiag=>_;(Vi®D;+D;i@V;)=3"; . Q;V,®V;
where e&s) form a basis in the root space g, such that for a > 0

(e(r)vez(;))zfsﬁ,—a 5r,s .

@ For a >0,

[e8),e) 1=(— 1)1l 85 ¢ ho where ha=3"; ; Di=3;; Qy i V-
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Relation with BPS Lie algebra

Let GE,W = P ,~0 9a be the positive part
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Relation with BPS Lie algebra

Let QE,W = P ,~0 9a be the positive part

gzs w 1S isomorphic to the BPS Lie superalgebra g%Pﬁ/ defined in

[Davison-Meinhardt 2016].
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Relation with BPS Lie algebra

Let QE,W = P ,~0 9a be the positive part

Conjecture

gzs w 1S isomorphic to the BPS Lie superalgebra ggpﬁ/ defined in

[Davison-Meinhardt 2016].
For a tripled quiver Q with canonical cubic potential W,y, it follows from

previous theorem that 90 Woun — g%lo, the Maulik-Okounkov Lie algebra.

It is proven in [Botta-Davison 2023] that gl\go’+ = Q%PV?/

can

, so the above

conjecture is true in this case.
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Relation to the double of CoHA

Let S’Hrg}ﬁv be the spherical nilpotent critical CoHA of (Q, W), with
generators

{eiyn}ieoo,"62207 ei,":Cl([’Faut)nm[RepQ((si)n“p/(C*]
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Relation to the double of CoHA

Let S’Hmlp be the spherical nilpotent critical CoHA of (Q, W), with
generators

{eiyn}ieoo,"62207 ei,":Cl([’Faut)nm[RepQ((si)n“p/(C*]

let S’Hmlp ¥ be the the opposite algebra with generators {f; n}ic@,.nez-,-
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Relation to the double of CoHA

Let S’Hmlp be the spherical nilpotent critical CoHA of (Q, W), with
generators

{eiyn}iGQO,HEZE(V ei,":Cl(‘C'};aut)nm[RepQ((si)mlp/(C*]

let S’Hmlp ¥ be the the opposite algebra with generators {f; n}ic@,.nez-,-

Definition

Define DSHoo(Q, W) := free product sHy" «SH P +Clhi,p | i€Qo,neZ]
modulo relations

lei,rsf,s1=(=1)*8;7ihi r1s, where vi:=[T.;_,; te,
hi(z)ej(w)=Cjj(2)ej(w)hi(2),  hi(2)fi(w)=Cj(2)~ fi(w)hi(2),

Ilsi—j(z—ta—0;})
G@=CVHE e

ik where o; is the operator e ;—>¢j 11, fi —f ry1.
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Proposition [COZZ 2025]

For an arbitrary quiver @ with potential W, and arbitrary framing d with
d-framed potential W, there is a natural action

DSHoo (QW)HY =@, Hegcrie(M(v,d), WE)
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Proposition [COZZ 2025]

For an arbitrary quiver @ with potential W, and arbitrary framing d with
d-framed potential W there is a natural action

DSHoo (QW)HY =@, Hegcrie(M(v,d), WE)

where ej(z) and fj(z) act by Hecke correspondences, and h;(z) acts by
multiplication by Chern classes

(~1f 2™ Ue 1 (U), U=tV =ity VitDout,i—Din,i
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Proposition [COZZ 2025]

For an arbitrary quiver @ with potential W, and arbitrary framing d with
d-framed potential W there is a natural action

DSHoo (QW)HY =@, Hegcrie(M(v,d), WE)

where ej(z) and fj(z) act by Hecke correspondences, and h;(z) acts by
multiplication by Chern classes

(~1f 2™ Ue 1 (U), U=tV =ity VitDout,i—Din,i

Proposition [COZZ 2025]

Suppose that @ is symmetric, then the above action factors through
p-shifted double spherical CoHA

DSHL(Q,W):=DSHoo(QW) / (hi,e=0 for t<—p;—1, hj,_,.;—1=1)

where p = dgyt — din-
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Suppose that @ is symmetric, then the action induces an algebra
homomorphism

DSH,(Q,W)—End <7-Lg:1 (31)®---®'Hg:"(an)> with =37, (dj,out—di in)
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Suppose that @ is symmetric, then the action induces an algebra
homomorphism

DSH,(Q,W)—End <7-Lg:1 (31)®---®'Hg:"(an)> with =37, (dj,out—di in)

Proposition [COZZ 2025]

Assume moreover that i < 0, then the image of the above map is
contained in Y,(Q, W).
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Suppose that @ is symmetric, then the action induces an algebra
homomorphism

DSH,(Q,W)—End <7-Lg:1 (31)®---®'Hg:"(an)> with =37, (dj,out—di in)

Proposition [COZZ 2025]

Assume moreover that i < 0, then the image of the above map is
contained in Y,(Q, W).

The proof uses an explicit computation of certain matrix elements of the
. fr
R-matrix for ’H(‘;/)/ ® 7—[(‘,/‘/ :

B 1 0\ /gi(2) 0 1 ei(z2)
R(2)certain 2 x 2 block= ((_1)‘Ilt,. £(2) 1) ( 0 g,-(z)h,-(z)) (0 1 )

Vi
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The CoHA-double construction gives maps

Y, (Lie algebra g) — Y, (corresponding Q, W)
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The CoHA-double construction gives maps
Y, (Lie algebra g) — Y, (corresponding Q, W)

Examples:

o all symmetrizable Kac-Moody Lie algebras, including all classical
types (ABCDEFG)

o g[n\m and g[n\m
@ exceptional Lie super algebra D(2,1; \)

@ and more to explore...
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The CoHA-double construction gives maps
Y, (Lie algebra g) — Y, (corresponding Q, W)

Examples:

o all symmetrizable Kac-Moody Lie algebras, including all classical
types (ABCDEFG)

) g[n\m and g[n\m
@ exceptional Lie super algebra D(2,1; \)
@ and more to explore...

Explicit computation of R-matrices in these examples seems to be a
challenging problem.
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Other aspects of this story:
Q Heqait(X, W) is a module of equiv. quantum cohomology QHcq(X),

a, L) z¢
C]_(,C) * = Cl([,) U-— Z ((1)04|)(lcasa’u
a>0 Vo -
a-u=0
- Z 1)ll(a, £) 2 Casq,y, + scalar,
a>0
a-p#0

@ There is also a K-theoretic version of critical stable envelopes,
R-matrices, quantum loop groups, quantum critical K-theory, qKZ,
etc.
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Thank you!
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