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Objectives

1 Give a geometric construction of solutions to the Yang-Baxter
equations (YBE), where state spaces are critical cohomology of quiver
varieties of a symmetric Q with potential W .

2 Show that the above generalizes Maulik-Okounkov’s contruction of
solutions to YBE from cohomology of Nakajima quiver varieties.

3 For every antidominant µ (i.e. µ ∈ ZQ0
≤0), construct an algebra

Yµ(Q,W ) using Faddeev-Reshetikhin-Takhtajan (FRT) formalism,
which is related to the shifted quiver Yangian YGLY

µ (Q,W ) defined in
[Gelakhov-Li-Yamazaki]

4 It will naturally follow from construction that

Yµ(Q,W ) ↷
⊕
v

Heq,crit(M(v, din,dout︸ ︷︷ ︸
dout−din=µ

),W fr)⇝ Crystals
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Maulik-Okounkov’s stable envelopes

Consider a quiver Q = (Q0,Q1)

Take a gauge dim vector v ∈ ZQ0
≥0, a framing dim vector d ∈ ZQ0

≥0

Nakajima quiver variety N (v,d) : = (T ∗RepQ(v,d))
stable///GL(v)

= (µ−1(0))stable//GL(v)

Suppose C∗ acts on framing with weight space decomposition:

d = a d′ + b d′′, where a, b are C∗-equiv. wts. (a ̸= b)

Then the C∗-fixed points decomposes into disjoint union of products

N (v,d)C
∗
=

⊔
v′+v′′=v

N (v′,d′)×N (v′′,d′′)
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Let X = N (v,d), and consider torus equiv. cohomology Heq(X ).

Equivariance is w.r.t C∗ × F, where F is a flavour group that scales
the symplectic form on X .

E.g. F can be C∗
ℏ that scales cotangent fiber in T ∗Rep.
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Proposition [MO, 2012]

There exists a unique Heq(pt)-linear map (called stable envelope)

Stab : Heq(X
C∗
) → Heq(X )

with the following properties:

∀γ ∈ HF(N (v′,d′)×N (v′′,d′′))

1 Stab(γ) is supported on
⋃
δ≥0Attr(N (v′ − δ,d′)×N (v′′ + δ,d′′))

=

{
x ∈ X

∣∣∣∣ lim
t→0

t · x ∈ N (v′ − δ,d′)×N (v′′ + δ,d′′) for some δ ≥ 0

}

2 Stab(γ)

∣∣∣∣
N (v′,d′)×N (v′′,d′′)

= Euleq

(
Nrepelling
N (v′,d′)×N (v′′,d′′)/X

)
· γ

3 ∀δ ≥ 0,

degC∗ Stab(γ)

∣∣∣∣
N (v′−δ,d′)×N (v′′+δ,d′′)

< rkNrepelling
N (v′−δ,d′)×N (v′′+δ,d′′)/X
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Introduce notation

Hd :=
⊕
v

HF(N (v,d))

Collect stable envelopes for all v, and we get a map

Stab : Hd′ ⊗Hd′′ → Hd, (d = d′ + d′′).

We define the opposite stable envelope to be

Stab− : Hd′ ⊗Hd′′
swap−−−→ Hd′′ ⊗Hd′

Stab for−−−−−→
d=d′′+d′

Hd
u 7→−u−−−−→∼=

Hd

where HC∗(pt) = C[u].

Yehao Zhou Stable envelope for critical loci QFT and Beyond - SEUYC 9 / 51



Introduce notation

Hd :=
⊕
v

HF(N (v,d))

Collect stable envelopes for all v, and we get a map

Stab : Hd′ ⊗Hd′′ → Hd, (d = d′ + d′′).

We define the opposite stable envelope to be

Stab− : Hd′ ⊗Hd′′
swap−−−→ Hd′′ ⊗Hd′

Stab for−−−−−→
d=d′′+d′

Hd
u 7→−u−−−−→∼=

Hd

where HC∗(pt) = C[u].

Yehao Zhou Stable envelope for critical loci QFT and Beyond - SEUYC 9 / 51



Introduce notation

Hd :=
⊕
v

HF(N (v,d))

Collect stable envelopes for all v, and we get a map

Stab : Hd′ ⊗Hd′′ → Hd, (d = d′ + d′′).

We define the opposite stable envelope to be

Stab− : Hd′ ⊗Hd′′
swap−−−→ Hd′′ ⊗Hd′

Stab for−−−−−→
d=d′′+d′

Hd
u 7→−u−−−−→∼=

Hd

where HC∗(pt) = C[u].

Yehao Zhou Stable envelope for critical loci QFT and Beyond - SEUYC 9 / 51



R-matrix and YBE

Define the R-matrix

R(u) := (Stab−)
−1 ◦ Stab ∈ End(Hd′ ⊗Hd′′(u)).

Consider Hd1 ⊗Hd2 ⊗Hd3 , and let

R12 := (R-matrix for Hd1 ⊗Hd2)⊗ IdHd3

Similarly for other Rij .

Theorem [MO 2012]

Yang-Baxter equation (YBE) holds:

R12(u)R13(u + v)R23(v) = R23(v)R13(u + v)R12(u).
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FRT formalism

Given a colletion of vector spaces {Fi}i∈I with endomorphisms

Rij(u) ∈ End(Fi ⊗ Fj(u))

satisfying YBE

R12(u)R13(u + v)R23(v) = R23(v)R13(u + v)R12(u).

Faddeev-Reshetikhin-Takhtajan (FRT) formalism produces an algebra

Y ⊂
∏

i1,...,in∈I
End(Fi1(a1)⊗ · · · ⊗ Fin(an))

The complete definition is wordy, roughly speaking, Y is gen. by the
matrix coeff. in the u → ∞ expansion of

Ri0,in(u − an) · · ·Ri0,i1(u − a1), for all i0 ∈ I .
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Maulik-Okounkov Yangian

Definition

Given a quiver Q, define the Maulik-Okounkov Yangian YMO
Q to be algebra

obtained from applying FRT formalism to the vector spaces {Hd}d∈ZQ0
≥0

with R-matrices constructed from stable envelopes as above.

Examples

For the quiver with one node and no arrow, YMO
Q

∼= Y (gl2), the Yangian
of gl2.
More generally, for a finite ADE quiver Q, YMO

Q
∼= Y (gQ)⊗ Y (gl1)

⊗Q0 ,
where gQ is the simple Lie algebra associated to Q.
For the Jordan quiver (one node with one self-loop), YMO

Q
∼= SHc, the

N → ∞ limit of spherical degenerate DAHA of type glN defined in
[Schiffmann-Vasserot 2012]. SHc ∼= Y (ĝl1)⊗ Y (gl1).
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Quiver with potential

Consider a quiver Q = (Q0,Q1)

Take three vectors (gauge, incoming framing, and outgoing framing)

v,din,dout ∈ ZQ0
≥0

and denote d = (din,dout).

Quiver variety M(v,d) := RepQ(v,d)
stable//GL(v)

Here we choose cyclic stability condition (incoming framing generates
Q-rep).
Suppose C∗ acts on framing with weight space decomposition:

d = a d′ + b d′′, where a, b are C∗-equiv. wts. (a ̸= b)

Then the C∗-fixed points decomposes into disjoint union of products

M(v,d)C
∗
=

⊔
v′+v′′=v

M(v′,d′)×M(v′′,d′′)
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We fix a potential W on Q, i.e. a linear comb. of cycles in Q.

Let W fr be an extension of W to the framed quiver, and we define
critical cohomology

Hcrit(M(v,d),W fr) := H(M(v,d), φtrW frωM(v,d))

where φtrW fr is the vanishing cycle functor, ωM(v,d) is the dualizing
complex.

Suppose F is a flavour symmetry such that W fr is F-invariant, we
define state space to be direct sum of equivariant critical
cohomologies:

HW fr

d :=
⊕
v

HF,crit(M(v,d),W fr)
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Critical stable envelopes

Proposition [Cao-Okounkov-Z.-Zhou, 2025]

There exists a unique Heq(pt)-linear map (called critical stable envelope)

Stab : Heq,crit(X
C∗
,W fr) → Heq,crit(X ,W

fr)

with the following properties:

∀γ ∈ HF,crit(M(v′,d′)×M(v′′,d′′),W fr)

1 Stab(γ) is supported on
⋃
δ≥0Attr(M(v′ − δ,d′)×M(v′′ + δ,d′′))

2 Stab(γ)

∣∣∣∣
M(v′,d′)×M(v′′,d′′)

= Euleq

(
Nrepelling
M(v′,d′)×M(v′′,d′′)/X

)
· γ

3 ∀δ ≥ 0,

degC∗ Stab(γ)

∣∣∣∣
M(v′−δ,d′)×M(v′′+δ,d′′)

< rkNrepelling
M(v′−δ,d′)×M(v′′+δ,d′′)/X
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Collect stable envelopes for all v, and we get a map

Stab : HW ′

d′ ⊗HW ′′

d′′ → HW fr

d .

We define the opposite stable envelope to be

Stab− : HW ′

d′ ⊗HW ′′

d′′
swap−−−→ HW ′′

d′′ ⊗HW ′

d′
Stab−−→ HW fr

d
u 7→−u−−−−→∼=

HW fr

d

where HC∗(pt) = C[u].
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R-matrix and YBE

Define the R-matrix

R(u) := (Stab−)
−1 ◦ Stab ∈ End

(
HW ′

d′ ⊗HW ′′

d′′ (u)
)
.

Consider HW1
d1

⊗HW2
d2

⊗HW3
d3

, and let

R12 := (R-matrix for HW1
d1

⊗HW2
d2

)⊗ IdHW3
d3

Similarly for other Rij .

Theorem [COZZ 2025]

Assume that Q is symmetric (#i → j = #j → i) with anti-dominant
framings di (di ,out ≤ di ,in) for i ∈ {1, 2, 3}, then the Yang-Baxter equation
(YBE) holds:

R12(u)R13(u + v)R23(v) = R23(v)R13(u + v)R12(u).
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The key step of the proof of the Yang-Baxter equation is the following.

We construct a linear map (non-abelian stable envelope) for any quiver
with potential:

Ψ : Heq,crit( M(v,d)︸ ︷︷ ︸
GIT quotient

,W fr) → Heq,crit( M(v,d)︸ ︷︷ ︸
stack quotient

,W fr)

Theorem [COZZ 2025]

Assume that Q is symmetric with anti-dominant framings d′ and d′′, then
the diagram is commutative:

Heq,crit(M(v′, d′),W ′)⊗ Heq,crit(M(v′′, d′′),W ′′)
CoHA

[KS]
// Heq,crit(M(v, d),W fr)

Heq,crit(M(v′, d′),W ′)⊗ Heq,crit(M(v′′, d′′),W ′′)

Ψ⊗Ψ

OO

Stab

[COZZ]
// Heq,crit(M(v, d),W fr)

Ψ

OO
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Using the compatibility between Stab and CoHA, one can show that the
proof of the Yang-Baxter equation boils down to the associativity of
CoHA:

HW1
v1,d1

⊗ HW2
v2,d2

⊗ HW3
v3,d3

m23

uu

m12

))
HW1
v1,d1

⊗ HW23
v2+v3,d2+d3

m

))

HW12
v1+v2,d1+d2

⊗ HW3
v3,d3

m

uu
HW123
v1+v2+v3,d1+d2+d3

where HW fr

v,d := Heq,crit(M(v,d),W fr).

Yehao Zhou Stable envelope for critical loci QFT and Beyond - SEUYC 20 / 51



Using the compatibility between Stab and CoHA, one can show that the
proof of the Yang-Baxter equation boils down to the associativity of
CoHA:

HW1
v1,d1

⊗ HW2
v2,d2

⊗ HW3
v3,d3

m23

uu

m12

))
HW1
v1,d1

⊗ HW23
v2+v3,d2+d3

m

))

HW12
v1+v2,d1+d2

⊗ HW3
v3,d3

m

uu
HW123
v1+v2+v3,d1+d2+d3

where HW fr

v,d := Heq,crit(M(v,d),W fr).

Yehao Zhou Stable envelope for critical loci QFT and Beyond - SEUYC 20 / 51



Comparison with MO’s stable envelopes

Suppose that Q is a quiver, define the doubled quiver Q by adding an
opposite arrow for each arrow of Q.

Define the tripled quiver Q̃ by adding a loop to each node of Q.

Q̃ is by construction symmetric.

We define the canonical cubic potential

Wcan =
∑
i∈Q0

εiµi ,

where µi is the moment map for Q at the i-th node.

Given a symmetric framing d (din = dout), we define the canonical
framed cubic potential

W fr
can = Wcan +

∑
i∈Q0

εiAiBi

for Ai=incoming framing at i , Bi=outgoing framing at i .
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Proposition (Dimensional Reduction) [Davison, 2013]

Let din = dout = d, then there is a natural isomorphism

dr : Heq,crit(MQ̃
(v,d),W fr

can)
∼= Heq(NQ(v,d))

Theorem [COZZ 2025]

The diagram is commutative:

Heq,crit(MQ̃
(v′, d′),W fr

can)⊗ Heq,crit(MQ̃
(v′′, d′′),W fr

can)

dr⊗dr

��

Stab

[COZZ]
// Heq,crit(MQ̃

(v, d),W fr
can)

dr

��
Heq(NQ(v

′, d′))⊗ Heq(NQ(v
′′, d′′))

Stab·(−1)♯

[MO]
// Heq(NQ(v, d))
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FRT formalism, modified

Given two sets of vector spaces {Fi}i∈I , {Hα}α∈A with endomorphisms

Rij(u) ∈ End(Fi ⊗ Fj(u)), Tiα(u) ∈ End(Fi ⊗ Hα(u))

satisfying the RTT relation

R12(u)T1α(u + v)T2α(v) = T2α(v)T1α(u + v)R12(u).

We define an algebra

Y ⊂
∏

α1,...,αn∈A
End(Hα1(a1)⊗ · · · ⊗ Hαn(an))

which is gen. by the matrix coeff. in the u → ∞ expansion of

Ti ,αn(u − an) · · ·Ti ,α1(u − a1), for all i ∈ I .
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More generally, assume that there is a vector space C with a map

µ : A → C, α 7→ µ(α)

For every µ ∈ C, we define a algebra

Yµ ⊂
∏

α1,...,αn∈A
µ(α1)+···+µ(αn)=µ

End(Hα1(a1)⊗ · · · ⊗ Hαn(an))

which is gen. by the matrix coeff. in the u → ∞ expansion of

Ti ,αn(u − an) · · ·Ti ,α1(u − a1), for all i ∈ I .

Remark

It follows from construction that there is family of natural alg. hom.
∆µ,µ′ : Yµ+µ′ → Yµ ⊗ Yµ′ which is coassociative:

(id⊗∆µ2,µ3) ◦∆µ1,µ2+µ3 = (∆µ1,µ2 ⊗ id) ◦∆µ1+µ2,µ3
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The algebra Yµ(Q,W )

Given a symmetric quiver Q with potential W , let

{Hα} :=

{
HW fr

d

∣∣∣∣ dout ≤ din, W
fr is an extension of W to d-framed reps

}

Let µ(d,W fr) := dout − din ∈ ZQ0
≤0, and define

{Fi} :=

{
HW fr

d in the above

∣∣∣∣ dout = din

}

Definition

For µ ∈ ZQ0
≤0, define the algebra Yµ(Q,W ) to be algebra obtained from

applying the aforementioned modified FRT formalism to the vector spaces
{Fi} and {Hα} with R-matrices constructed from critical stable envelopes.
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Example: trivial quiver, trivial potential

Q : W = 0

Proposition [COZZ 2025]

Yµ(Q,W ) ∼= Yµ(gl1|1), the µ-shifted Yangian of gl1|1.

To define Yµ(gl1|1), let

R(z) = z Id+ ℏ P ∈ End(C1|1 ⊗ C1|1)[z , ℏ],

where P(a⊗ b) = (−1)|a|·|b|b ⊗ a is the super permutation operator.
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Definition

For µ ≤ 0, Yµ(gl1|1) is the C[ℏ]-algebra generated by
{en, fn, gn, hm}n∈Z≥0,m∈Z≥−µ

, subject to relations

R(u)T1(u + v)T2(v) = T2(v)T1(u + v)R(u),

where

Ti (z) =

(
1 0

f (z) 1

)(
g(z) 0
0 g(z)h(z)

)(
1 e(z)
0 1

)
∈End(C2

i )⊗Yµ(gl2)((z
−1))

e(z) =
∑
n≥0

enz
−n−1, f (z) =

∑
n≥0

fnz
−n−1,

g(z) = 1 +
∑
n≥0

gnz
−n−1, h(z) = zµ +

∑
m≥−µ

hmz
−m−1
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As a corollary, we see that Y−m(gl1|1) acts on cohomology of

n +mn

The stable envelopes and R-matrices can be explicitly computed using
CoHA.

n = 2,m = 0. Let C∗
t1 × C∗

t2 act on the two out-going arrows with
equiv. var. t1 and t2 respectively,

R(u, t1, t2) =
1

u + t1


u + t1

u t2
t1 u + t1 − t2

u − t2

 .

It satisfies super YBE

R12(u,t1,t2)R13(u+v ,t1,t3)R23(v ,t2,t3)=R23(v ,t2,t3)R13(u+v ,t1,t3)R12(u,t1,t2)

Special case: t1 = t2 = ℏ, R(u, ℏ) = u+ℏP
u+ℏ = fundamental R-matrix.
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n = 1,m = 1. Let C∗
ℏ act on the out-going arrow with equiv. var. ℏ,

L(u, ℏ) =
1

u + ℏ


u + ℏ

u 1
−ℏ 1

1

 .

It satisfies super RLL equation

R12(u − v , ℏ)L1(u, ℏ)L2(v , ℏ) = L2(v , ℏ)L1(u, ℏ)R12(u − v , ℏ)

Regarding the second C1|1 in C1|1 ⊗ C1|1 as a Clifford module:
ψ∗| ↑⟩ = | ↓⟩, ψ| ↓⟩ = | ↑⟩, where {ψ,ψ∗} = 1, then

L(u, ℏ) =
1

u + ℏ

(
u + ℏψψ∗ ψ∗

−ℏψ 1

)
.
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Example: Jordan quiver, W = 0

Q : W = 0

Proposition [COZZ 2025]

Yµ(Q,W = 0) ∼= Yµ(gl2), the µ-shifted Yangian of gl2.

To define Yµ(gl2), let

R(z) = z Id+ ℏ P ∈ End(C2 ⊗ C2)[z , ℏ],

where P(a⊗ b) = b ⊗ a is the permutation operator.
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Definition [equiv. to Frassek-Pestun-Tsymbaliuk 2020]

For µ ≤ 0, Yµ(gl2) is the C[ℏ]-algebra generated by
{en, fn, gn, hm}n∈Z≥0,m∈Z≥−µ

, subject to relations

R(u)T1(u + v)T2(v) = T2(v)T1(u + v)R(u),

where

Ti (z) =

(
1 0

f (z) 1

)(
g(z) 0
0 g(z)h(z)

)(
1 e(z)
0 1

)
∈End(C2

i )⊗Yµ(gl2)((z
−1))

e(z) =
∑
n≥0

enz
−n−1, f (z) =

∑
n≥0

fnz
−n−1,

g(z) = 1 +
∑
n≥0

gnz
−n−1, h(z) = zµ +

∑
m≥−µ

hmz
−m−1
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As a corollary, we see that Yµ(gl2) acts on any state space HW
d with

dout − din = µ and a d-framed potential W that W |unframed quiver = 0.

(Kirillov-Reshetikhin module) Y0(gl2) acts on Heq,crit of

1X
A

B
W = BXNA

KR module ∼= SNC2.

(Dual Verma module) Y0(gl2) acts on Heq,crit of

1X
A

B
W = 0

dual Verma module ∼= C[z ].
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(Prefundamental module) Y−1(gl2) acts on Heq,crit of

1X
A

W = 0

as a vector space, prefundamental ∼= dual Verma ∼= C[z ].

Remark

All the R-matrices between the above critical cohomologies are explicitly
computable, and agree with the known algebraic R-matrices for those
modules.
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Example: tripled Jordan quiver, Wcan

Q :

Z

X Y

Wcan = Z [X ,Y ].

Proposition [COZZ 2025]

For every µ ∈ Z≤0, there exists a natural surjective algebra homomorphism

ϱµ : Yµ(ĝl1)↠ Yµ(Q,Wcan).

Moreover, ϱ0 is an isomorphism.
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For an integer µ ∈ Z, the µ-shifted affine Yangian of gl1, Yµ(ĝl1) is
defined to be the C[ℏ1, ℏ2, ℏ3]/(ℏ1 + ℏ2 + ℏ3) algebra generated by
{ej , fj , gj , cj}j∈Z⩾0

subject to relations:

where σ2 = ℏ1ℏ2 + ℏ2ℏ3 + ℏ3ℏ1, σ3 = ℏ1ℏ2ℏ3, and the RHS of (Y3) is
given by

1+
∑

n⩾0 hn−µz−n−1=exp
(∑

j⩾1

cj−1

j zj
+
∑

k⩾0 gkψk (z)
)
,

where (ψk(z))k∈Z⩾0
is a sequence of functions such that

exp
(∑

k⩾0 a
kψk(z)

)
=

∏3
s=1

z+ℏs−a
z−ℏs−a for all a ∈ C, and we set h−µ−1 = 1

and hj = 0 for j < −µ− 1.
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As a corollary, we see that Yµ(ĝl1) acts on any state space HW
d with

dout − din = µ and a d-framed potential W that extends Wcan.

(Kirillov-Reshetikhin module) Y0(ĝl1) acts on Heq,crit of

1Z

Y

X

A

B
, W = Z [X ,Y ] + BZNA

(
⊗

of MacMahon modules) Y−L(ĝl1) acts on Heq,crit of

LZ

Y

X

A
, W = Wcan = Z [X ,Y ]
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LZ

Y

X

A
, W = Wcan = Z [X ,Y ]
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(Free-field realization of Gaiotto-Rapčák’s Y-algebra) Y0(ĝl1) acts on
Heq,crit of

N

LM
Z

X Y
A3 B3

A1

B1A2

B2 , W=Z [X ,Y ]+B1XA1+B2YA2+B3ZA3

(A degenerate module of Y-algebra) Y0(ĝl1) acts on Heq,crit of

1

11
Z

X Y
A3 B3

A1

B1A2

B2 , W=Z [X ,Y ]+B1X LA1+B2YMA2+B3ZNA3
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1

11
Z

X Y
A3 B3

A1

B1A2

B2 , W=Z [X ,Y ]+B1X LA1+B2YMA2+B3ZNA3

Yehao Zhou Stable envelope for critical loci QFT and Beyond - SEUYC 38 / 51



Remark

All the above examples of modules of Yµ(ĝl1) are irreducible for generic
equiv. parameters. In fact, we gave geometric criterion for the
irreducibility of modules for Yµ(Q,W ) of a general symmetric (Q,W ).

Conjecture

For all µ ∈ Z≤0, ϱµ : Yµ(ĝl1) → Yµ(Tripled Jordan,Wcan) is an
isomorphism.

Remark

It follows from generators and relations that Y0(ĝl1)
∼= SHc, the N → ∞

limit of spherical degenerate DAHA of type glN defined in
[Schiffmann-Vasserot 2012].

In fact, we have the following general result.
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Compare Y0(Q̃,Wcan) with YMO
Q

Theorem [COZZ 2025]

For any quiver Q, let Q̃ be its tripled quiver, Wcan =
∑

i εiµi be the
canonical cubic potential. Then there is an algebra isomorphism

Y0(Q̃,Wcan) ∼= YMO
Q

such that the dimensional reduction isomorphism

dr : Heq,crit(MQ̃
(v,d),W fr

can)
∼= Heq(NQ(v,d)) (din = dout = d)

induces a module isomorphism.

Corollary

YMO
Q acts on Heq,crit(MQ̃

(v,d),W ) with din = dout but W can be an
arbitrary d-framed potential that extends Wcan.
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For example, take Q = affine An−1

type quiver, then YMO
Q acts on the

equivariant BM homology of moduli
space of parabolic sheaves on
P1 × P1 (affine Laumon space),
which has a realization as a chainsaw
quiver variety.

Heq(chainsaw quiver variety) is
dimensional reduction of a critical
cohomology of form
Heq,crit(MQ̃

(v,d),W ).

Conjecture (Parabolic AGT Correspondence)

The above action factors through the rectangular W-algebra
W(glnr , nilp. of type (rr · · · r))
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Filtration on Y0(Q,W )

For arbitrary Q with arbitrary W , we have the following structure result.

Theorem [COZZ 2025]

There is a natural filtration on Y0(Q,W ):

0 = F−1Y0(Q,W ) ⊂ F0Y0(Q,W ) ⊂ F1Y0(Q,W ) ⊂ · · ·

and the associated graded is isomorphic to the univ. enveloping algebra

gr Y0(Q,W ) ∼= U(gQ,W [z ])

where gQ,W is a Lie superalgebra determined by (Q,W ).

Yehao Zhou Stable envelope for critical loci QFT and Beyond - SEUYC 42 / 51



Filtration on Y0(Q,W )

For arbitrary Q with arbitrary W , we have the following structure result.

Theorem [COZZ 2025]

There is a natural filtration on Y0(Q,W ):

0 = F−1Y0(Q,W ) ⊂ F0Y0(Q,W ) ⊂ F1Y0(Q,W ) ⊂ · · ·

and the associated graded is isomorphic to the univ. enveloping algebra

gr Y0(Q,W ) ∼= U(gQ,W [z ])

where gQ,W is a Lie superalgebra determined by (Q,W ).

Yehao Zhou Stable envelope for critical loci QFT and Beyond - SEUYC 42 / 51



Structure of gQ,W

We have the following facts for gQ,W .
1 gQ,W is ZQ0-graded:

gQ,W=
⊕

α∈ZQ0
gα, [gα,gβ ]⊆gα+β .

2 g0 is a maximal super-commutative subalgebra, which decomposes as

g0=V⊕D, V=
⊕

i∈Q0
K·Vi , D=

⊕
i∈Q0

K·Di , (K=Frac Heq(pt)),

Vi↷Heq,crit(M(v,d),W fr) by scalar vi ,

Di↷Heq,crit(M(v,d),W fr) by scalar c1(Din,i )−c1(Dout,i )

3 If gα ̸= 0, then either α ≥ 0 or α ≤ 0. And dim gα <∞.
4 There exists a non-degenerate super symmetric invariant bilinear form

(·,·)g:gQ,W×gQ,W→K

With respect to this form, we have g−η ∼= g∨η .
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5 The restriction of (·, ·)g to g0 yields a non-degenerate symmetric
bilinear form on g0 = V⊕D, which is explicitly given by the matrix 0 id

id QQQ

 for QQQ ij=
∑

a:i→j ta+
∑

b:j→i tb∈K .

6 The invariant tensor of (·, ·)g is the classical R-matrix rrr , explicitly

rrr=rrrdiag+
∑

α>0

∑
s

(
e
(s)
α ⊗e

(s)
−α+(−1)|α|e

(s)
−α⊗e

(s)
α

)
,

rrrdiag=
∑

i (Vi⊗Di+Di⊗Vi )−
∑

i,j QQQ ijVi⊗Vj

where e
(s)
α form a basis in the root space gα such that for α > 0

(e
(r)
β ,e

(s)
α )=δβ,−α δr,s .

7 For α > 0,

[e
(s)
α ,e

(t)
−α]=(−1)|α| δs,t hα where hα=

∑
i αi Di−

∑
i,j QQQ ij αi Vj .
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Relation with BPS Lie algebra

Let g+Q,W :=
⊕

α>0 gα be the positive part

Conjecture

g+Q,W is isomorphic to the BPS Lie superalgebra gBPS
Q,W defined in

[Davison-Meinhardt 2016].

Remark

For a tripled quiver Q̃ with canonical cubic potential Wcan, it follows from
previous theorem that g

Q̃,Wcan

∼= gMO
Q , the Maulik-Okounkov Lie algebra.

It is proven in [Botta-Davison 2023] that gMO,+
Q

∼= gBPS
Q̃,Wcan

, so the above

conjecture is true in this case.
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Relation to the double of CoHA

Let SHnilp
Q,W be the spherical nilpotent critical CoHA of (Q,W ), with

generators

{ei,n}i∈Q0,n∈Z≥0
, ei,n=c1(Ltaut

i )n∩[RepQ(δi )
nilp/C∗]

let SHnilp,op
Q,W be the the opposite algebra with generators {fi ,n}i∈Q0,n∈Z≥0

.

Definition

Define DSH∞(Q,W ) := free product SHnilp
Q,W ∗SHnilp,op

Q,W ∗C[hi,n | i∈Q0,n∈Z]
modulo relations

[ei,r ,fj,s ]=(−1)♯δijγihi,r+s , where γi :=
∏

e:i→i te ,

hi (z)ej (w)=ζij (z)ej (w)hi (z), hi (z)fj (w)=ζij (z)
−1fj (w)hi (z),

ζij (z)=(−1)♯
∏

a:i→j (z−ta−σj )∏
b:j→i (z+tb−σj )

, where σj is the operator ej,r 7→ej,r+1, fj,r 7→fj,r+1.
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Proposition [COZZ 2025]

For an arbitrary quiver Q with potential W , and arbitrary framing d with
d-framed potential W fr, there is a natural action

DSH∞(Q,W )↷HW fr

d =
⊕

v Heq,crit(M(v,d),W fr)

where ei (z) and fi (z) act by Hecke correspondences, and hi (z) acts by
multiplication by Chern classes

(−1)♯zrk Ui c−1/z (Ui ), Ui=
∑

a:i→j taVj−
∑

b:j→i t
−1
b Vj+Dout,i−Din,i

Proposition [COZZ 2025]

Suppose that Q is symmetric, then the above action factors through
µ-shifted double spherical CoHA

DSHµ(Q,W ):=DSH∞(Q,W )
/
(hi,t=0 for t<−µi−1, hi,−µi−1=1)

where µ = dout − din.
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Suppose that Q is symmetric, then the action induces an algebra
homomorphism

DSHµ(Q,W )→End

(
HW1

d1
(a1)⊗···⊗HWn

dn
(an)

)
with µ=

∑n
i=1(di,out−di,in)

Proposition [COZZ 2025]

Assume moreover that µ ≤ 0, then the image of the above map is
contained in Yµ(Q,W ).

The proof uses an explicit computation of certain matrix elements of the
R-matrix for HW

δi
⊗HW fr

d :

R(z)certain 2 × 2 block=

 1 0
(−1)|i|ti

γi
fi (z) 1

gi (z) 0
0 gi (z)hi (z)

1 ei (z)
0 1


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The CoHA-double construction gives maps

Yµ(Lie algebra g) → Yµ(corresponding Q, W )

Examples:

all symmetrizable Kac-Moody Lie algebras, including all classical
types (ABCDEFG)

gln|m and ĝln|m

exceptional Lie super algebra D(2, 1;λ)

and more to explore...

Explicit computation of R-matrices in these examples seems to be a
challenging problem.
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Other aspects of this story:

1 Heq,crit(X ,W ) is a module of equiv. quantum cohomology QHeq(X ),

c1(L) ⋆ · = c1(L) ∪ · −
∑
α>0
α·µ=0

(α,L) zα

(−1)|α| − zα
Casα,µ

−
∑
α>0
α·µ̸=0

(−1)|α|(α,L) zαCasα,µ + scalar ,

2 There is also a K-theoretic version of critical stable envelopes,
R-matrices, quantum loop groups, quantum critical K-theory, qKZ,
etc.
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Thank you!

Yehao Zhou Stable envelope for critical loci QFT and Beyond - SEUYC 51 / 51


	Objectives
	Maulik-Okounkov's stable envelopes and Yangians
	Critical stable envelopes
	Shifted Yangians from symmetric quivers with potentials

